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Abstract – The atomistic tight binding simulator NEMO 3-D has
previously been validated against the experimental data for
quantum dots, wells, and wires in the InGaAlAs and SiGe
material systems. Here, we demonstrate our new capability to
compute optical matrix elements and transition strengths in tight
binding. Systematic multi-million atom electronic structure
calculations explore the quantum confined stark shift and the
ground state optical transition rate for an electric field in the
lateral [100] direction. The simulations treat the strain in a ~15
million atom system and the electronic structure in a subset of ~9
million atoms. The effects of the long range strain, the optical
polarization anisotropy, the interface roughness, and the nondegeneracy of the p-states which are missing in continuum
methods like effective mass approximation or k•p are included. A
significant red shift in the emission spectra due to an applied inplane electric field indicating a strong quantum confined stark
effect (QSCE) is observed. The ground state optical transition
rate rapidly decreases with the increasing electric field
magnitude due to reduced spatial overlap of ground electron and
hole states.
Keywords - Stark effect, Strain, Quantum Dot, lateral field,
transition rate.

I – INTRODUCTION
Self-assembled InAs-GaAs quantum dots [1, 2] have
been extensively studied for their potential applications in the
quantum dot lasers [3], optical communication devices at long
wavelength [4-8], photo-detectors [9], and as quantum gates
for quantum computing applications [10]. While the
asymmetric quantum confined stark effect (QCSE) and the
presence of a permanent dipole moment due to a vertically
applied electric field are well known and have been studied in
detail in the past [11-14], very little is known about the
dependence of the ground state transition energy, the optical
transition rate and the carrier wave function response to an
applied in-plane electric field. In contrast to the vertical field
results, experiments [15, 16] have demonstrated the absence of
an in-plane dipole moment in the lateral direction. No
theoretical study of this experimental evidence is present in
the literature to date. This paper provides a theoretical study to
qualitatively and quantitatively analyze the behavior of the
quantum dot structures for an applied [100] electrical field.
A full band atomistic tight binding model is applied to
study the ground state optical transition rate. The inter-band
optical transition rate is calculated using the Fermi’s Golden
[17] which has been well-known in the quantum physics.
However, its application to multi-million atom systems has not
been shown in the literature to date. Although a couple of
previous studies [18, 19] have computed optical matrix

elements with the effective mass or k•p approximation, such
continuum methods are limited in missing the optical
polarization anisotropy, the interface roughness, and the nondegeneracy of the p-states. Here we show that a small
(possible experimentally hard to measure) lateral dipole
moment exists. We also show that electric field decreases the
spatial overlap between electron and hole wave functions
significantly, resulting in a rapid decrease in the optical
transition rate.
II – METHODOLOGY
NEMO 3-D can atomistically simulate realistic systems
as large as containing up to 52 million atoms [20]. The
electronic structure is calculated using a twenty band sp3d5s*
nearest neighbor empirical tight binding model [21] and the
strain with an atomistic valence force field (VFF) method
[22]. The sp3d5s* tight binding parameters are fit to reproduce
the bulk properties of GaAs, InAs, AlAs, Si, and Ge with
respect to room temperature band edges, effective masses,
hydrostatic/bi-axial strain behavior, and relative band edges
[24] using a global minimization procedure based on a genetic
algorithm [25]. Rather than using an averaged potential
representation, the strain and electronic structure properties of
alloys and interfaces are reproduced through an explicit
disordered atomistic representation [24]. For realistic nanoscale systems, our sp3d5s* tight binding approach employed in
NEMO 1-D, and NEMO 3-D, has been validated
experimentally through 1) high bias, high current, quantitative
resonant tunneling diode modeling [26], 2) photoluminescence
in InAs nanoparticles [27], 3) modeling of the Stark effect of
single P impurities in Si [28], 4) distinguishing P and As
impurities in ultra-scaled FinFET devices [29] 5) the valley
splitting in miscut Si quantum wells on SiGe substrate [30]
and 6) InAs/InGaAs/GaAs quantum dot designs without any
material parameter adjustments [31].
From Fermi’s golden rule, the optical matrix element T
is computed from Eq. 1, where the momentum matrix M is
given in equation 2 [32]:

T =|< Φ c | M | Φ v >|2

M=

m0 G
[ n, H ]
i=

(1)
(2)

where, Φ c / v are the wave functions describing the ground
electron and hole state, respectively, H is the single particle
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Hamiltonian and the light is assumed to cause a polarization
along the direction n and m0 is the free electron mass.
Previous studies use the charge overlap [33, 34] to
estimate the optical transition rate (Eq. 3) that does not include
the polarization of the induced light. In this study, we have
used the first moment of spatial overlap in x direction (Eq. 4)
to take into account the polarization of the incident light. In
section five, we compare the results of two methods for the
[100] applied bias:

<| Φ c |2 || Φ v |2 >
G
|< Φ c | n | Φ v >|2

(3)
(4)

III – SIMULATED SYSTEM

the QD. Numerical experiments validate that the electronic
structure computation can be performed in a smaller region
(50nm in the lateral dimension and 56nm in the growth
direction consisting of 8.96 million atoms) around the InAs
QD without the loss of accuracy, after the atom positions have
been computed in the large domain, therefore including the
long-range strain interaction. The smaller electronic box
assumes closed boundary conditions with passivated dangling
bonds [35]. These multi-million atomic simulations run on
~80 CPU’s for about 15-20 hours. A constant electric field Ex
varying from -20kV/cm to +20kV/cm is applied in the [100]
direction. Figure 1(c) shows the potential energy (Ue = e.Ex.d,
where e is the electron charge, Ex is the applied electrical field
and d is the distance along [100] direction) profile along [100]
direction through the center of the quantum dot [y=30nm,
z=31nm].
The last two rows of the figure 1 show the ground
hole (h1) and electron (e1) wave functions. The ground
electron wave function have a very symmetric round shape
while the hole wave function is aligned along [110] direction.
This alignment of hole wave function can be attributed to the
long range strain effects that breaks the crystal symmetry and
favors the [110] and [110] directions. Similar explanation for
[110] and [110] aligned excited electron states can be found in
the literature [36, 37]. The alignment of the hole wave
functions along [110] direction will result in the stronger
dipole moment and larger optical transition rate in this
direction as compared to the [100] direction. We are currently
studying this effect and the results will be published
elsewhere.
Figure 1 shows that the application of the external
electrical field shifts the hole and electron wave functions in
the opposite direction significantly. The hole wave function is
moved much more significantly and can be seen concentrated
on the boundary of the quantum dot for non-zero electric field
magnitude. This significantly reduces the overlap between the
wave functions, thus causing rapid decrease in the optical
transition rate described in section IV.

Figure 1: (a, b) Schematic views of the system simulated in [100, 001] and
[100, 010] planes. A dome shaped InAs quantum dot with diameter 20nm and
height 5nm is placed on a 0.5 nm InAs wetting layer. A 60x60x66nm GaAs
buffer surrounds the quantum dot. (c) Potential energy profile in the [100]
direction as a function of the distance for the applied [100] electric fields of
values 20kV/cm and -20kV/cm. Bottom two rows show the Top view of the
ground state hole (h1) wave function and electron (e1) wave functions for the
applied electric field Ex of 0kV/cm, -10kV/cm, -10kV/cm, +20kV/cm, and 20kV/cm. Only the quantum dot and surrounding region is shown for clarity.
Green color shows the quantum dot boundary. Blue and red color show the
intensity of the magnitude (red is highest and blue is lowest)

Figure 1(a, b) shows the schematic of the system
simulated which consists of a dome shaped InAs quantum dot
(QD) of 5nm height and 20nm base diameter on a 1ML InAs
wetting layer. A large GaAs buffer (a total volume of
60x60x66 nm3) containing 15.6 million atoms surrounds the
whole structure which is used for the atomistic strain
calculation. The strain simulations fix the atom positions on
the bottom plane to the GaAs lattice constant, assume periodic
boundary conditions in the lateral dimensions, and open
boundary condition on the top surface. Physical intuition tells
us that the states of interest are confined in the region around

IV – QUANTUM CONFINED STARK EFFECT
Figure 2 (a, b) shows the plot of ground electron and
hole energy levels respectively as a function of the applied inplane electric field Ex. Figure 3 plots the ground state
transition energy (the optical gap) of the system (eT = e1 – h1)
as a function of the applied in-plane electric field. A
significant amount of red shift is observed for the applied
electric field due to the quantum confined stark effect (QCSE).
A parabolic red shift of 10.3meV for 20kV/cm applied electric
field is observed.
The dependence of the transition energy eT on the
applied electric field is defined by a quadratic relation in the
literature [11-16],
eT(E) = eT(0) + ρE + βE2

(5)

where eT(0) and eT(E) are the ground state transition energies
with the applied electric field values of zero and E,
respectively. ρ depends on the built in dipole moment and β is
a measure of the polarizibility of the electron and hole wave
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functions. This is evident from the figure 3 that the very
symmetric dependence of the transition energy on the electric
field with respect to |E| = 0kV/cm results in only a small
dipole moment in the plane of the quantum dot [12, 13] along
the [100] direction. The maximum value of eT occurs at
E0=+1.4kV/cm. This value may be too small to detect in real
systems with other non-idealities. From a least square fit to
the equation (5), we find a value of -1.8x10-16 (cm.eV/kV) for
dipole moment ρ and a value of 13.96 μeV/(kV/cm)2 for
polarizibility β. The polarizibility has a negligibly small
dependence on the direction of the applied electrical field in
the [100] direction, highlighting a large degree of [100]
isotropy for the quantum dots. Such high symmetry conditions
are very desirable in view of the generation of entangled
photon pairs [16]. The fact that the in-plane dipole moment is
very small reduces equation (1) to:
eT(E) = eT(0) + β* (E-E0)2

transition rate is directly related to the reduced spatial overlap
between the electron and hole ground states [18]. Figure 1
(last two rows) plots the ground hole (h1) and electron (e1)
wave functions for the applied electric fields Ex of 0kV/cm,
+10kV/cm, -10kV/cm, +20kV/cm, and -20kV/cm. As the
magnitude of the electric field increases, the electron and hole
wave functions move in the opposite direction decreasing their
spatial overlap.

(6)

From a least square fit to the equation (6) for the
calculated data, we find that the polarizibility β* has a value of
about -14 μeV/(kV/cm)2 which is very close to the value of β
found from equation 5 earlier, again implying that the [100]
dipole moment is very weak. Our calculated value is close to
the experimentally found values of -4 μeV/(kV/cm)2 in Ref.
15, and -2 to -5 μeV/(kV/cm)2 in Ref. 16.

Figure 3: The ground state transition energy (eT = e1-h1) is plotted as a
function of the applied electrical field Ex. Scale on the right shows the stark
shift in meV. The transition energy dependence on the electric field is highly
symmetric with respect to |E| = 0kV/cm indicating a very weak dipole
moment “ρ”.

Figure 2: (a) Ground electron and (b) hole energy level as a function of the inplane electric field Ex.

V – OPTICAL TRANSITION RATE
Figure 4 plots the normalized ground state optical
transition rate in the x direction as a function of the applied
electric field computed in three methods of Eq. 1-4.. The
ground state transition rate is calculated as the modulus
squared of the optical matrix element for the ground hole and
electron state transition summed over the degenerate spin
states. The quantum dot under consideration is very flat with a
low aspect ratio (height/base = 0.25). For such quantum dots,
the ground state matrix element is much larger for the light
polarized in the x-y plane than it is for the light polarized
along the growth direction z [18]. We find that the transition
rate in the z direction is about two orders of magnitude smaller
than the transition rate along x-y direction, thus verifying the
already published evidence [18].
For the x polarized light, we find that as the
magnitude of the applied electric field increases, the optical
transition rate decreases rapidly. The reduction in the optical

Figure 4: The normalized values of the ground state optical transition rate,
first moment of the spatial overlap in the x direction, and the charge overlap
are shown as a function of the applied electric field. The transition rate rapidly
decreases as the applied field magnitude increases. First moment and charge
overlap methods give good estimation of the transition rate.
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We have used two methods to estimate the decrease
in the transition rate described by equations 3 and 4. Figure 4
also plots the normalized values of the charge overlap (Eq. 3)
and the first moment in the x direction (Eq. 4). Although we
believed that the first moment method will give the better
estimation of the transition rate because it considers the
direction of the polarization of the incident light, both methods
show similar results for this particular study. This is because
the spatial overlap of the wave functions does not have
significant x dependence. We are currently exploring these
two methods for different quantum dot heights and base
diameters. In our future work, we will show a detailed
comparison of these two methods for various quantum dot
geometries.

[5]

In conclusion, our atomistic tight binding simulator
NEMO 3-D is used to present a study of the in-plane electrical
field dependence of the ground state transition energy and the
interband optical transition rate in an InAs/GaAs QD system.
A quantum confined stark effect (QSCE) of ~3.2meV for the
ground state electron-hole transition is observed when the
electrical field magnitude increases from 0 to 10kV/cm. Our
calculations show a very weak build-in dipole which may be
too small to observe experimentally. Finally, we find that the
optical transition rate drastically decreases as the electrical
field is increased.

[11]

This work serves as a validation of our new optical
matrix calculation method. We used first moment of spatial
overlap and charge overlap methods to calibrate our new,
more complete optical transition rate calculation method. In
this study, all methods give similar results. A detailed study of
these methods for various quantum dot geometries is being
done.
The anisotropy of the ground hole wave function will
result in the stronger dipole moment and larger optical
transition rates. This has not been explored in previous studies
and we are in the process of studying this interesting problem
in detail. The results will be published elsewhere.
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