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Abstract

Consider a giver pattern H and a random text T generated by a Markovian source of
any order. We study Lhe frequency of pattern occurrences in a random tex. when over-
lapping copies of the pattern are counted separately. We provide exact and asymptotic
formulze for all moments (including the variance), and probability of » paltern occurrences
[or three different regions of 7, namely: (i) r = O(1}, (ii) central limit regime, and (iii) large
deviations regime. Qur approach is uniform and secms to be novel: We first conslruct some
language expressions that characterize pattern occurrences which are later translated into
generating [unctions. Finally, we use analytical methods to extract asymptotic behaviors
of the pattern frequency. Applications of these results include molecular biclogy, source
coding, synchronization, wircless communications, approximate pattern matching, games,
and stock market analysis. These findings are of particular interest to information theory
(e.g., second-order propertics of the relative frequency), and molecular biology problems
(e.g., finding patterns with unexpected high or low frequencies, and gene recognition).
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1 Introduction

Repeated patterns and related phenomena in words (sequences, strings) are known to play a
central role in many facets of computer science, telecommunications, and molecular biology.
One of the most fundamental questions arising in such studies is the frequency of pattern
occurrences in another string known as text. Applications of these results include wircless
communications (cf. [1]), approximate pattern matching (cf. [21]), molecular biology (cf.
(30]), games, code synchronization, (cf. [16, 17, 18)]), source coding (c[. [7], stock market
analysis, and so forth. In fact, this work and the one by Fudos et al. [12] was prompted
by questions posed by E. Ukkonen, T. Imielifiski and P. Pevzner concerning approximate
pattern matching by g-grams (cf. [21]), developing performance analysis models for database
systems in wireless communications (c[. [1]), and gene recognition in a DNA sequence
(cf. [30]), respectively. Actually, one of the earliest application appears to be Lo code
synchronization (cf. [16]).

We study the problem in a probabilistic {ramework in which the text is generated ran-
domly cither by a memoryless source (the so called Bernoulli medel) or by a Markovian
source (the so called Markovian model). In the former, every symbol of a finite alphabet 8
is created independently of the other symbols, and the probabilities of symbol generation
are not the same (if all probabilities of symbol generation are the same, the model is called
symmelric Bernoulli model). In the Markovian model, the next symbol depends on a finite
number previous symbols.

Pattern occurrences in a random string is a classical problem. Feller [10] already in
1968 suggested some solutions in his book. Several other authors also contributed to this
problem: e.g., see [3, 5, 20, 25] and refercnces there. However, the most important recent
contributions belong to Guibas and Odlyzko, who in a series of papers (cf. [16, 17, 18])
laid the foundations of the analysis for the symmetric Bernoulli model. In particular, the
authors of [18] computed the moment generating function for the number of strings of
length = that do not contain any one of a given set of patierns. Certainly, this suffices to
cstimate the probability of at least one pattern occurrence in a random string gencrated by
the symmetric Bernoulli model. Furthermore, Guibas and Odlyzko (18} in a passing remark
also presented some basic results for several pattern occurrences in a random text for the
symmetric Bernoulli model, and for the probability of no occurrence of a given pattern in
the asymmetric model. Recently, Fudos et al. [12] computed the probability of exactly =
occurrences of a pattern in a random text in the asymmelric Bernoulli model, just direclly
extending the results of Guibas and Odlyzko. The Markovian model was tackled by Li [25],




Chrysaphinou and Papastavridis [6] who extended the Guibas and Qdlyzko result of no
pattern occurrence to Markovian texis. Recently, Prum et al. [31] (see also [33]) obtained
Lthe limiting distribution for the number of pattern occurrences in the Markovian model.
Some other conlributions are [3, 14, 22, 23, 28, 30, 36).

In this paper, we provide a complete characlerization of the frequency of pattern occur-
rences in a random text generated according either to the Bernoulli model or the Marko-
vian model using a methodology that might be of interest to other problems on words.
Our method treats uniformly both models, and therefore we concentrate on discussing the
Markovian model. Let O, denote the number of occurrences of a given pattern H in a
random text when overlapping copies of the pattern are counted separately. We compute
exactly the mean EQ,, and the variance Var O,. Evaluation of the variance was quite chal-
lenging n the past as poinled out in [30] and [31). It turns out that the variance depends
on the internal structure of the pattern through the so called autocorrelation polynomial.
Actually, Prum et al. [31] suggested two quite sophisticated methods to estimate the vari-
ance, and this should be compared witl our computations {cf. Theorem 2.2, and Section
3).

Woe also estimate asymptotically the probability of exact 7 occurrences of the pattern
[or three different ranges of 7 (cl. Theorem 2.2}. Namely, (i) r = O(1), (ii) r = EO, +z/n
for x = O(1) (i.e., central limit regime), and (iii) 7 = (1 + §)EO, (i-c., large deviations
regime). For our results Lo hold we assume that nP(H) — oo (see [14] for other regimes
of nP(H)). However, for a given pattern H it is natural to assume that the length of the
pattern is constant wilh respect to n (and [or simplicity of the presentation we adopt this
assumption).

Our results should be of particular interest to information theory (e.g., relative fre-
quency, code synchronization, source coding, etc.) and molecular biology. Two problems of
molecular biology can benefit from these results. Namely: finding patterns with unexpected
(high or low) frequencies (the so called contrast words) [13], and recognizing genes by sta-
tistical properties [9]. Statistical methods have been successfuily used from the early 80's to
extract information [rom sequences of DNA. In particular, identifying deviant short motifs,
the frequency of which is either too high or too low, might point cut unknown biological
information (cf. [9] and others for the analysis of functions of contrast words in DNA texts).
From this perspectlive, our results give estimates for the statistical significance of deviations
of word occurrences from the expected values and allow a biologist to build a dictionary of
conirast words in genetic texts.

Another biological problem for which our results might be useful is the gene recog-




nition. Most gene recognition techniques rely on the observation that statistics of pat-
terns/molifs/codon usage in coding and non-coding regions are different. Our findings
allow to cstimate the slatistical significance of such differences, and one can construct the
confidence interval for pattern occurrences.

One can also use these results to recognize statistical properties of various other infor-
mation sources such as images, text, etc. In information theory, relative frequency defined
as A, = Opf(n —m + 1), where m is the length of the patlern, is often used to ecstimate
Lthe information source. IL is well known [7, 27] that A, converges almost surely to the
probability P(H) of the pattern H, but less is known about second-order properties such
as limiting distribution, large deviations, and rate of convergence. Rate ol convergence to
the source entropy — which is related to the rate of convergence of the relative frequency
[27] - have recently appearcd in the formulation of some results on data compression (cL.
(26, 34, 35, 38]). Marton and Shields [27] proved that A, converges exponentially fast to
P(H) for sources satisfying the so called blow-up property (e.g., Markov sources, hidden
Markov, etc). Our results characterize precisely such a convergence in the central limit
regime and the large deviations regime. Finally, results of this paper should shed some light
on second-order properties of the powerlul method of typical types [7).

This paper is organized as follows. In e next section we present our main results and
their consequences. The proofs are delayed until the last section. Qur derivation in Section
3.1 use a language approach, thus is also valid for Markovian models since no probabilistic
assumption is made. In Seclion 3.2 we translale language relationships into associated
generating functions, and finally we use analytical tools in Section 3.3 to derive asymplotic

results.

2 Main Results

Let us consider {wo strings, a pattern string H = Ajhy ... Ay, and a text string T = 4125, . .2,
of respective lengths equal to m and n over an alphabet S of size V. We shall write
S = {1,2,...,V} to simplily the presentation. Throughout, we assume that the pattern
string is fixed and given, while the texl siring is random. More precisely, the text string 7'

is:

(B) either a realization of an independently, identically distributed sequence of random
variables (i.i.d.), such that a symbol s € S occurs with probability P(s) (i.e., Bernoulli
model)




(M) or the text is a realization of a stationary Markov sequence of order K, that is, proba-
bility of the next symbol occurrence depends on K previous symbols. In most deriva-
tions we deal only with the first order Markov chain, and then we define the transition
matrix P = {p;;}ijes where pi; = Pr{tyy1 = jlix = i}. By ® = (71,...,7v) we
denote the stationary distribution satisfying #P = w. For stationary Markov chains
Pr{ty =i} =m; foral & > 0.

Our goal is to estimate the frequency of multiple pattern occurrences in the text as-
suming either Bernoulli or Markovian model. To present our main findings we adopt some
notation (cf. also {3, 16, 17, 20]). Below, we write P(H}) = Pr{CI‘I-’;!'_",:c = H7} for the proba-
bility of the substring Hf = h;...h; occurrence in the random text TI.-";_'}:‘ between symbols
i+ k and j + & for any k.

We find it convenient and useful to express our findings in terms of languages. A
language £ is a collection of words satisfying some properties. We associate with a language

L a generating function defined as below:

Definition 1 For any language L we define ils generating function L(z) as

L(z) = Y P(w)z"l (1)

wel
where P(w) is the stationary probability of the word w, [w)| is the length of w, and we adopt
a usual convention that P(e) = 1.

We define its H-conditional generating function as
Lu(z) = Z P(wlw_m = by - w_y = hy)zll (2)
weL

where w_; stands for a symbol preceding the first character of w ai distance i.

It turns out that several properties of pattern occurrences depend on the so called

autocorrelation polynomial that we define next for the above two probabilistic models.

Definition 2 (i) (BErRNOULLI MODEL) Given a string H we define the autocorrelation
polynomial A(z), as fellows:

A=) = Z P(H!?H)zm_ka (3)
keHH

where H H is the set of positions of H for which a prefiz of H is equal to a suffiz of H, e.g.,
k € HH means that the last k symbols of H are equal to the first k symbols of H .




(ii) (MAaRKOVIAN MODEL) The autocorrelation polynomial in the Markov model becomes
An(z)= 3 P(HD, ", (4)
kcHH
We can now proceed to formulate our main results. In the sequel, we denote by Oy (H)
(or simply by O,) a random variable representing the number of occurrences of H in a
random lext T of size n. We introduce the generating function of Lthe language 7; of words
that contain exactly 7 occurrences of H: 77} (z) = 20 Pr{On(H) = r}2" for 2] < 1. We
also define a bivariate generating function as follows:
T(z,u) = iT(’}(z)u" = i Y Pr{O.(H) = r}z" . (5)
r=1 r=1 n=0
Our main results for the Markovian model are summarized in the following two theorems.
The first theorem presents exact formulas for the generating functions T} (z) and T(z, u),
and can be used to compute exactly all parameters related to the pattern occurrence O, { H).
In the second theorem, we provide asymptotic formulas for Pr{QO,,(H) = r} for three regimes
of r, namely: (i) » = 0(1), (ii) » = EO, + z+/Var O, when z = O(1) (i.e., local central
limit), (itt) » = (1 4+ 8)F0, for some § (i.e., large deviations). All proofs are presented in
the next section. The method of derivation is interesting of its own right. The proof of
Theorem 2.1 is presented in Section 3.2 while the proof of Theorem 2.2 can be found in
Section 3.3.

Theorem 2.1 Let H be a given pailern of size m, and T be a random test of length n
generated according to a stationary Markov chain (of any order) over @ V-ary alphabet S.

The generating functions ’I‘f")(z) and T(z,u) can be computed as follows:

T z) = R(2)M'(2)Un(z) , (6)
T(z0) = Ry Un(2), (7

where, after defining
Dy(z) = (1 - 2)(Au(2) + (Pu(H)~ P(I))z™) + ™ P(H) , (8)

we derive,
=1
Mu(z) = 1+ }T(Z) ) (9)
2 = 1 — Mu(z) _ | -

Ualz) = — 5= Dy(z)’ (10)
R(z) = 2"P(H)Uu(z) . (11)

In the above, P(H)= P(w = I} and Py(/I) = P(w = H|lw_T" = H).
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The above theorem is a key to the next asymptotic results. These results are derived in

the next section using analytical tools.

Theorem 2.2 Let the hypotheses of Theorem 2.1 be fulfilled, and in addition nP(H) — oo.
The following results hold.
(i) MOMENTS. There ezists R > 1 such that
EO.(H)
Var O, (H)

P(H)(n—m+1), (12)
nP(H)e, + P(I ez + O(R™™) , (13)

where

P(H)(2A5(1) - 1 - (2m - 1)P(H) + 2(P(H) - P(H))),
P(H)((m — 1)(3m — 1)P(H) + (1 — m)(2Ap(1) — 1) — 2A%,(1)
2(2m — 1)(Py(H) — PUI)) .

C1

c2

(ii) Cask 7 = O(1). Let py be the smallest root of Dy(z) = 0 outside the unit circle |z| < 1,
and let p > py. Then:

r+1 . n B B
PHOMH) =7} = Y (-Lg; (j » 1)pH‘“+J’ +0(™, (14)
where P ( 1),._1
S PH pu—
T Dy (19)

and the remaining cocfficients can be computed according to the standard formula, namely

1 ) drti-i
a, = -
P k1= g)l by damHISd

(T0()(z - pu)™) (16)
with § = 1,2, .7,
(iii) CASE 7= EO, + z+/Var O,. Let z = O(1). Then:

1 1_2 1
P = = -2 —_—
HOWH) = 1} = Zm—eh (1 +0 (ﬁ)) , (17)
(iv) Case r = (14 8)EO,. Leta=14+6 and § £ 0. Define p(t) to be the root of

1-e'My(e”)=0, (18)




and w, to be the root of

pllw) =a. (19)
Then:
1 1
= = —_— —[[n—rn-{—l)][a] -
Pr{Ou(H) = 1} = ——c (1 +0 (n)) (20)

where [(a) = aw, — p(w,).

As mentioned before, the above results have abundance of applications in information
theory and molecular biology. Hereafter, we are concerned with the relative frequency

defined as
On(H)

n—m+1"
Relative frequency appears in the definition of types and typical types (cf. [7]), and is often

A,(H)=
used to estimate information source statistics. As a corollary to Theorem 2.2, we obtain
the following second-order characterization of A,(H):

Corollary 2.1 Under hypotheses of Theorem 2.2, the following holds:
(i) (CENTRAL LIMIT REGIME) For z = O(1)

PH{AAH) = P(H) + axJerf(m— m + 1)} = \/Qime-%ﬂ (1 +0 (%)) . @)

(ii) (LARGE DEVIATIONS) Fora= 1+ 8 with § > 0

Pr{|An(H) - P(H)| > 6P(H)} = ﬁe-f“-m“)“ﬂ} (1+0 (3) @

where w, and I(a) are defined in Theorem 2.2 (%ii).

The above results should be compared with first-order properties of A,(H#) discussed in
7, 27).

3 Analysis

The key clement of our analysis is a derivation of the generating function T(z, 1) presented
in Theorem 2.1. The first part of below derivation is quite general and works uniformly
for both the Bernoulli model and the Markovian model. It is based on constructing some
special languages and finding relationships among them. Later in Scction 3.2 we translate

them into generating functions.

-



3.1 Combinatorial Relationships on Certain Languages

A collection of words sharing a given property is commonly called a language. This section
is devoted to present some combinatorial relationships between certain languages that help
to derive some results in a uniform manrer. In this section we do not make any probabilistic
assumptions.

We start with some definitions:

Definition 3 Given ¢ pallern H:

(1) Let T be a language of words containing at least one occurrence of H, and for any

integer v, let T, be the language of words conlaining evactly r occurrences of H.

(ii)) We define Ry and Ly as languages containing only one occurrence of H at the right

and respectively left end of a word belonging lo these languages. We also define Uy as
Lu=H Uy (23)

where the operation - means concatenation of words. In other words a word u € Uy if

1lu has ezactly one occurrence of H al the left end of Hu.

(iii) Let My be a language such that H My has ezacily two occurrences of H al the left and
right end of @ word from My, that is, My = {w: Hw has exactly two occurrences of H
one at the right end and the other at the left end}.

(iv) Finally we defined a set Ay associated with the autocorrelation of H, thal is:
Ay = {Hg‘_ﬂ : ke H.H} ’
where HH is the aulocorrelation sequence introduced in Definition 2.

We now can describe the languages 7 and 7; in terms of other languages just introduced.
This will further lead to a simple formula for the generating function of On(H). We prove

below the following:
Theorem 3.1 The language T satisfies the fundamental equation:

T =Ry -Mg-Uy . (24)
Nolably, the language T, can be represented for any r > 0 as follows:

T, =Ru- M- Uy . (25)




Proof: We first prove (25) and obtain our decomposition of 7; as follows: The first oc-
currence of H in a word belonging to 7, determines a prefix p that is in Ry. Then, one
concatenates a non-empty word w that creates the second occurrence of H. Hence, w is in
M. This process is repeated r — 1 times. Finally, one adds after the last H occurrence
a suffix w that does not create a new occurrence of H. Equivalently, Hu is in £y, which
means that u is in Iy, and w is a proper subword of Hu. Finally, a word belongs to T il
for some | < r < oo it belongs to 7;. The set union [J22, M yields precisely M. u
We now prove the following result that summarizes relationships between the languages

introduced in Definition 3.

Theorem 3.2 The sets My, Uy and Ry salisfy:

UMb = WL+ Ay~ {e}, (26)
k>1

U -§ = My +Ua - {e}, (27)
H-Myg = S-Ru—~(Ru-H), (28)

where W is the set of all words, S is the alphabet set, ¢ is the empty word and @ and © are
disjoint union and subiraction of languages. In particular, a combination of (27) and (25)
gives

H-Ug - (S-—6)=(S—- )Ry . (29)

Additionally, we have:
Tho-H=Ry-Ay . (30)

Proof: All the above relations are proved in a similar fashion. We first deal with (26). Let
k be the number of H occurrences in W - H. By definition, & > 1 and the last occurrence
is on the right: this implies that W - H C | Ji», M§y. Furthermore, a word w in Usks1 ME
is nol in W - II iff its size |w| is smaller than |H|. Then, the second H occurrence in Hw
overlaps with 1[, which means that w is in Ajy.

Let us turn now to (27). When onc adds a character s right after a word « from Uy,
two cases may occur. Either Hus still does not contain a second occurrence of H, which
means that us is a non-empty word of Uy. Or a new H appears, clearly at the right end.
Then, us is in My. Furthermore, the whole set My + (Uu — €) is attained, ie., a strict
prefix of My cannot contain a new H occurrence. Hence, it is in Uy, and a strict prefix of
a iy-word is in Uy.

We now prove (28). Let 2 = sw be a word in H- My where s is a symbol from S. As =z

contains exactly two occurrences of H located at its left and right ends, w is in Ry and z is

10




in §-7Ry — Ryu. Reciprocally, if a word swH from & - Ry is not in Ry, then swll contains
a second H occurrence starting in sw. As wH is in Ry, the only possible position is on the

lelt end, and then z is in H - Mp. We now rewrite:
S Ru—-Ru=58 Rnu —(RaNS-Ru)=85-Ry -—(RH—H)

which yields H- My — I = (S —¢€) - Ry.

Deriving (30) is only a little more intricate. Let ¢ be some word in 73. We consider
the factorization ¢ = wyws such that w; is the largest suffix that also is a (m — k)-prefix
of H, with ¥ € HH and m = |H|. In other words, w, is the largest suflix satisfying the
equation wy - # = H - a, where a is in Ay. If w1H were nol in Ry, a second occurrence
of H would occur in w41l starting in w;. As wyHa = w,w;H, this contradicts the maximal
property of wp. Therefore, To- H C Ry - Ag. Finally, we consider a word w; He in Ry - Aj.
We may rewrite it as H -a = wy - If. It suflices now to show that wywy € 7. Indeed,
since |wa] < |H|, any occurrence ol H would go across w; and wyH would contain two
occurrences ol H, which is contradicts the definition fo Ry. This proves Ry - Ap C 7y- H,

and completes the prool of Theorem 3.2. m

3.2 Associated Generating Functions

In the previous section we did not make any probabilistic assumptions. Thus, Theorem
3.2 is true lor any model, including Bernoulli and Markovian ones. In this section, we
translale the language relationships into generating functions. Therelore, we need back our
probabilistic assumptions. Most of our derivations deal with the Markovian model.

To Lransler our language relations into generaling functions, we need a few rules associ-
ated wilh lwo operations on languages. Namely: the disjoint union @ and concatenation -
become the sum operation + and the multiplication operation on generaling functions. We

start with the following simply property holding in both probabilistic models:

(P1) Let £1 and £ be two arbitrary languages with generating functions (cf. (1)) Ly(z)
and Ly(z), respectively. Then, the union language £ = £; @ £ is translerred into the

generating [unction L(z) such that

L(z) = In(2) + La(2) -

To Lransiate the concatenation operation, one needs to consider the Bernoulli and the

Markovian models separately. We start with the Bernoulli model:

11




(P2) Let us now consider a new language L that is, constructed [rom the concatenation
of two other languages, say £; and Lo, that is £ = £; - £5. In the Bernoulli model, the

generating function L(z) of £ becomes
L(z) = In(2)L+(7)

since P(wv) = P(w)P(v) for w € £, and v € £2. In particular, the generating function
L(z)ol £L=8-Lyis L(z) = zL(z), where S is the alphabet set.

In the Markovian model P{wv) # P(w)P(v), thus property (P2) is not any longer
true. We have to replace it by a more sophisticated one. We have to condition £y on
symbols preceding a word from £, (i.e., belonging to £1). In general, for a K order Markov
chain, one must distinguish VX ending states for £; and V¥ initial states for for Ly. Tor
simplicity of presentation, we only consider first-order Markov chains (i.e., K = 1), and we

write £(w) for the last symbol of a word w. We need the following definitions:

Definition ¢ Given a language £, we define:
Li(2) = 3" P(w, f(w) = jlwy = i)zl (31)
wel
Additionally:
Li(z) =) Li(z) .

Jj€S
The following is a simple consequence of our previous definitions:

Corollary 3.1 Let L be a language that does not contain the empty string. Ils two gener-

aling functions defined respectively in (1) and (2) satisfy:

L(z) = > mLy(2) (32)
kes
v

Lu(z) = Y pegnyrlel(z) (33)
kES

where, we recall, Ly (z) represents a language whose words are preceded by H.

Now, we can present the corresponding property (P2) for the Markovian model.

(P2’) Let £L = W V. Then, according to definition (31) we have

Li{2)= Y puWi(2)Vi(2). (34)
1,7C5

12




To prove this, let w € W and v € V. Observe that

Plwy) = Z Plwv, fw) = 7)

jes

= > P(w, {(w)= j)P(v|¢(w) = j)
jes

= Y 3" P(w, fw) = §)p;iP(v]v = 1) .
jesies

After conditioning on the first symbol of W and the last symbol of V, we prove (34).
Now, we are ready to translate our basic relations from Theorems 3.1 and 3.2 into asso-
clated generating functions. Before proceeding with it, let us observe that one actually must
deal only with two kinds of words. Namely, (i) we have words w for which no assumplion
is made on the preceding words (e.g., these are the words in Ry with generating function
R(z)); (ii) the only assumption we ever made on the preceding word is that it admits I
as a suffix (c.g., words in Uy; and My whose generating functions arc Ug(z) and My(z),
respectively). We also recall that P(H) = P(w = H) and Py(H) = P(w = Hlw " = H).

Lemma 3.1 The generating funclions associated with languages My, Uy and Ry satisfy:

1- ﬂllﬁ(:-:) = Pgﬁ)zm + An(z)+ (P(H) - Py(H))=" , (35)
Un(z) = —M}i(i)lhl , (36)
Rz) = PO -Un(z) (37)

provided the underlying Markov chain is slationary.

Proof: We first prove (36). Interestingly, it needs no stationarity assumption. Let us
consider the language relationship (27) from Theorem 3.2 which we re-write as Uy -(S —¢) =
My —c. Observe that the left side of this equation, after conditioning on a left occurrence
of H, yields:

D UMD iz —1) = Y Uf(z) (2~ 1) = Un(2) - (z - 1) .
ies JES ies
Of course, Mjr — ¢ translates into My (=) — 1, and (36) is proved.
We now Lurn our attention to (37). By (28), we observe that & - Ry — Ry can he

translate as follows (no assumption is made on H occurring on the left):

E Tz Z;pj‘;R.'(z) — Z miRi(z) .

JES 1= €5

13




But, due to the stationarity of the underlying Markov chain
D TP =T,
j

which yields (z — 1) 3°; #i Ri(z), and since Ry does not contain an empty string, we finally
obtain (z — 1)R(z). Furthermore, # - My translates into P(H)z™ - (Mu(z) — 1). But, by
(36), this becomes P(H)z™ - Un(z)(z — 1), and after a simplification, we prove ( 37).

Finally, we deal with (35), and prove il using (26) of Theorem 3.2. The left-hand side
of (26) involves the language My, hence we must condition on the left occurrence of . In
particular, |J,5, M} + € of (26) translates into m—,}m Now we deal with W . H of the
right-hand side of (26). Conditioning on the left occurrence of A, we have

Yo i PwHlwoy = (M) =30 S P Plwhy|w_y = LH)PH|H, = hy)2™ |

n21 [w|=n n2>1]w|=n

Due to the stationarity, left conditioning disappears, and for 2 > 1 we obtain:

> Pluwhlw_y = ¢H))y= > Plwlw_y = {H)rs, = m), ,

[wl=n |lwl=n

where, we recall, {(H) is the last character of /I. Hence, the language (W — {¢}) - H
contributes = P(/T)z™, while the languages {H}®. Ay —{e} introduces Py (H)z"+ An(z)—
¢. This completes the proof of the theorem. m

Finally, the next result completes the proof of Theorem 2.1.

Lemma 3.2 The generating function T(z,u) of the language T of words conlaining ai least

one eccurrence of H becomes

T(z,u) = R;;(z)ﬁm(fﬁ(z) , (38)

TN 2) = R(z)MS(2)Un(z) , (39)
where Ly(z), Mu(z) and Uu(z) are expressed as in Lemma §.1.

Proof. The proof is a direct consequence of (34) and Theorems 3.2 and 3.1. m

Remark. The gencrating functions 77(z) of ’Iaj in the Markov casc were previously derived
by Chrysaphinou and Papastavridis in [5]. We avoid here such a tedious computation since
they are unnecessary to derive our results. A simply derivation of Tp(2) follows from (30)

and Lemma 3.1.
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3.3 Moments and Limiting Distribution

In this final, subsection we derive the first two moments of O, as well as asymptotics for
Pr{0O, = r} for different ranges of =, that is, we prove Theorem 2.2. Actually, we should
mention that using general results on Markov chains and renewal theory one immediately
guesses that the limiting distribution must be rormal for r = EO, + O(,/n). However, here
the challenge is to estimate precisely the variance. Qur approach offers an easy, uniform, and
precise derivation all of moments, including the variance, as well as local limit distributions

(including the convergence rate) for the central and large deviations regimes.
A. MOMENTS

First of all, from Theorem 2.1 we conclude that

T'(z,1) = %@EQ,
T”(z,l) — 23“P(J?3ﬁfli()';)DH(z) )

Now, we observe that both expressions admit as a numerator a function that is entire beyond
the unit circle. This allows for a very simple computation of the expectation and variance,
based on the following basic formuta:

[2"](1 = 2P = ot P)

Pn+ 1) (40)

To obtain FO,, we proceed as follows:
EO, = [z"|T'(z,1) = P(H)["™|(1-z)} = (n —m + 1)P(H) .
Denoting
é(z) = 22" P(H)Mu(z)Du(z)
we get

EOw(0n — 1) = [e")1"(2,1) = (1) 2 2N 4 D)

1
+ )+ 1)+ 56'(1)
Observing that My(z}Du(z) = Du(2)+(1-=2), we use MAPLE to obtain a precise formula
on the variance (cf. (13) of Theorem 2.2).
B. Case r=0(1)

Now, we prove part (ii) of Theorem 2.2, that is, we estimate Pr{Q,, = 7} for r = O(1).
We first re-write the formula on T(")(z) as follows:

" P(H)(Dr(z) + 2= 1)1

T(r)(z) = D;}"l (z)

(41)
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To establish an asymptotic expression for Pr{O, = r} one needs to extract the coefficient
at 2" of T{")(z). By Hadamard’s theorem (cf. [32]) we conclude that the asymptotics of
the coefficients of T(")(#) depend on the singularities of 7(")(z). In our case, the generating
function is a rational function, thus we can only expect poles (which cause the denominator

Dp(z) to vanish). The next lemma establishes the existence of at least one such a pole.

Lemma 3.3 The egquation Dy(z) = 0 has at least one solulion; the solution of smallest
modulus, py, is real positive and salisfies pyr > 1. All the other solutions p satisfy p > py
iff H is not periodic.

Proof: The roots of Dy are the poles of m}m. As it is the generating function of a
language, it has no pole in |z[ < 1 and all the coefficients are real and positive. Hence,
the root of smallest modulus, py, is real and positive. Moreover, there is only one root of
modulus py ifl Dy is not a function of z¢ for some d > 1, e.g., if H is not periodic. B

In view of the above, we can expand the gererating function T"){(z) around z = py in

the following Laurent’s series {cf. [32, 37]):

r41

TO)(2) = Z

P )J + T(2) (42)
J_l

where T (z) is analytical in || < py. The term T)(z) contributes only to the lower terms
in the asymptotic expansion of T{")(z). Actually, it is easy to see that for p > py we have
T} (z) = O(p™™) (cf. [37]). The constants a; can be computed according to (16) with the
leading constant a_,_; having the explicit formula (15).

We need an asymptotic expansion for the first terms in (41). This is rather a standard
computation (cf. [37]), but for the completeness we provide a short proof. The following

chain of indentities is easy to justify for any g > 0:

r+1 3 r41 ﬂuJ("l)J
Z(z— - J-;pj(%(z/p)f
— - ig —.‘.' nt+j-1
B 52(_1) Z-.::( )(P)
oo min{r+1,n} ) n .

After some algebra, we prove part (ii) of Theorem 2.2.

C. CasE r = EOQ, + 20(y/n) FOR z = O(1)
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We now establish part (iii) of Theorem 2.2, that is, we compute Pr{0, = r} for r =
EO, + z+/Var O,, when z = O(1) (the so called central limit regime). Lel y,, = EO.(H)
and @2 = Var O,(H). To establish normality of (On(H) — py)/0n, it suffices, according to
Levy’s theorem, to prove the following

lim e_t"""""Tn(c‘f"") = e’/2 (43)

R—=x)

for some complex t around zero. The computations are standard and go as below. The
equation
1-e'Mu(ef) =0 (44)

implicitly defines in some neighbourhood of ¢ = 0 a unique C function p(2), satisfying

p(0) = 0. Then, an elementary application of the residue theorem leads for some B > 1 Lo
Ta(e') = C(t)elm+1—me) L o(R™™) (45)

and one has, uniformly in 2, p(t) = tp'(0) + p"(0)t2/2 4+ O(#*). From the cumulant formula,
it appears that EOn(H) = [¢]logTha(t) ~ np'(0) as well as Var O, ~ np”(0), where [t7]T(t)
denotes the the coefficient of 7°(¢) at ¢".

After some algebra, this leads (cf. [2]) to

2
C_tﬂ"’('g"Tn(e!{Un) = cxp (%-l— O(nt3/0‘3))

e/ (14 0(1/Vn))

which completes the proof of the result.

Actually, we can proceed as in Greenc and Knuth [15] or Hwang [19] Lo obtain much
more refined local limit result. For example, direct application of results from [15] (cf. Chp.
4.3.3) leads to the following for z = o(n'/%)

1 _Llg2 K z3 -
Pr{On = EOy +a/her} = —pmmezc™ (1 - m (f” - 3)) +0(==%), (46)
1

where k3 a constant (j.e., the third cumulant).
D. Cask r = (1+ 6)EO, — LARGE DEVIATIONS

Finally, we consider a large deviations result. From (45) we conclude that

lim Iog_T“@:p(t)_

n—co n
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Thus, directly from Gértner-Ellis theorem [4, 8] we prove Lhat

lim log Pr{0, > na} = —1(a)

n—oo n

where, after defining w, as a solution of p’(?) = @, we obtain
I(a) = aw, — plwa)

But, due to our precise asymptolics for 7}, (e*) we can do much better, as already sug-
gested in [4, 15, 19]. We only sketch the approach. As in the central limit regime, we could
use Cauchy’s formula to compute the probability Pr{O, = r} for r = EQO, 4+ 20(+/n). But,
formula (46) is only good for z = O(1). To expand its validity, we follow Greene and Knuth
[15), and apply the so called “shift of mean”, that is, we shift the mean of the generating
function 75,(u) to a new value, say m = an, so we can again apply the central limit formula
(46) around the new mean. To accomplish this, we introduce a new parameter o such that

[2™)T(n) = ch:)[zm] (TTSE:;)) -

The point to observe is that the new generating function T{au)/T(«) has a new mean at
a?'(a)/T (). Selection of « is easy. For example, for 7'(x) given by (45) we compute a

according to

ap'(a)  m

pl@) n
for m = an. The details of the computation can be found in [19], and for our specific
case are reported in part (iv} of Theorem 2.2. This also completes the proof of the whole

Theorem 2.2.
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