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Abstract

To solve the real nonsingular linear system Az = b on parallel and vector machines, multi-
splitting methods, m-step preconditioners and m-step additive preconditioners are considered.
In this work, in particular: i) We extend the method and the corresponding convergence re-
sults in [14]. ii) We determine suitable relaxed m-step preconditioners ([1], [6]) and solve the
problem of minimizing the related condition number, with respect to the relaxation (extrapo-
lation) parameter involved. iii) Finally, we extend the theory for determining suitable m-step
additive preconditioners [2] and complete the theoretical solution of the problem of determining
the optimum SOR-additive iterative method [2] for 2-cyclic positive definite matrices.
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1 Introduction

For solving the large nonsingular linear system of equations

Az =b, (1.1)

where A € IR™", b € IR™, parallel iterative methods, called multisplitting methods, were introduced
in [12]. According to [12], given a multisplitting of A

A= Mg~ Ng, det(Mg)#0, k=1(1)p, (1.2)
the corresponding multisplitting method is defined by
P p
™) = N DM Nee™ 1Y DM, m=0,1,2,.., (1.3)
k=1 k=1

where Dy is a diagonal matrix, with Dg > 0, k = 1(1)p, and >_%_, Dj = I. Setting

P P
H=E DkMk_lNk and G:E DkMk—l, (1.4)
k=1 k=1
(1.3) takes the form
gt = g™ e m=0,1,2,..., (1.5)

where ¢ = Gb. Moreover we have

H=I-GA. (1.6)

According to [18], Thm. 2.6, p. 68, (1.5) is consistent with (1.1). Furthermore (1.5) is completely
consistent with (1.1) iff G is nonsingular. From now on we assume that (1.5) is completely consistent
with (1.1); hence it is obvious that (1.5) can be obtained using the splitting

A=G'-G'H. (1.7)

It is well known that (1.5) converges to A~1b for any starting vector z(©) iff p(H) < 1, where
p(-) denotes spectral radius. Convergence results of (1.5), under various assumptions, can be found
in the literature (see, e.g., [4], [5], [7], [8], [11], [12], [14], [16], [17], [19]).

In [1], [6] for the linear system (1.1), where A is positive definite (cf. [18], p. 21) a splitting
A= M - N,det(M) # 0, is considered, where M is positive definite and p(M~*N) < 1, and the
associated preconditioning matrix or m-step preconditioner is defined by

Mp=MI+G+G*+...+G™ ), m>1, (1.8)

where G = M™'N. If A~ M, then M,, is an improved approximation to A and is used instead of
M for accelerating the rate of convergence of Chebyshev and Conjugate Gradient methods. Also
in [2] for the same purpose m-step additive preconditioners are defined, which are connected with
the multisplitting method (1.5) for p = 2 and Dy = Dy = 11. In particular, in [2] the SOR-additive
preconditioner is defined and an optimal value w,,; for the parameter w of the 2-cyclic SOR-additive
iterative method is also determined.

In the present paper we give in Section 2 two theorems concerning the convergence of the
method (1.5), when: (i) 4 in (1.1) satisfies A~! > 0 and (1.2) are weak regular splittings (cf. [3])
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and (ii) A is positive definite and (1.2) are P-regular splittings (see [13]). Also in Section 2 we
extend the two-splitting method (method of the arithmetic mean) treated in [14] and prove some
theorems which generalize Thms 1, 2, 3 in [14]. In Section 3 we give a method for finding a suitable
m-step preconditioner M,,, m > 1, for system (1.1). The given preconditioner contains a parameter
w and we determine the optimal value of w so that the condition number of M,;! A is minimized.
We also extend the procedure given in [2] for defining m-step additive preconditioners and give
in a theorem sufficient conditions for determining suitable additive preconditioners. Finally, in
Section 4 we complete the theoretical solution of the problem of determining the optimal w of the
SOR-additive iterative method studied in [2] to include all possible theoretical cases too.

2 Convergence Results

We consider the linear system (1.1) and the multisplitting method (1.5). Then we obtain the fol-
lowing results which are useful in the sequel (see also Thm 1 (2), (b) in [12] and Thm 1 and Cor 1
in [17]).

Theorem 2.1

Let in (1.1) A~ > 0 and (1.2) be weak regular splittings of A. Then (1.7) is also a weak regular
splitting of A; hence (1.5) converges (p(H) < 1).

Proof: It follows from Thm 1 and Cor 1in [17]. O

Theorem 2.2 '

Let A in (1.1) be positive definite, (1.2) be P-regular splittings of A and Dy = axl with
a > 0, >-P_, ar = 1. Then (1.7) is also a P-regular splitting of A4; hence (1.5) converges.

Proof: From the hypothesis M}, is nonsingular and My + Nk is positive real (see {18], Thm 2.9,
p. 24), i.e., My + Ny + (My + Ni)T is positive definite or equivalently My + M — A, k = 1(1)p,
is positive definite (CT denotes the transpose of C). Since A is positive definite, according to [18],
Thm 5.3, p. 79, it suffices to show that

M+MT—A:%[M+N+(M+N)T]
is positive definite, where M = G™!, N = G™'H (A= M — N), or equivalently that
M3IM+MT —AM T =M T+ M- MAM T =Q
is positive deﬁnjté. Thus we have
Q = T aMT+ Y0, et — (They M) A (They ar b T)

= T oM+ M - MO AMET) + 0, kM AMCT

- (Th @) 4 (Shoy adiT).
The matrix §1 = Y0_ ar(MpT + MY ~ M7 AMTT) = S8 apeM7H(My + MT - A)MT

is positive definite, since a; > 0 and Mk_l(M;c + M- A)Mk—l%, k = 1(1)p, is positive definite.
Moreover, for the symmetric matrix 2 = Q — S; we have



$1 = Thoy aeMIAMT - (D0, aeM;t) A (The, ax M T)
(Zperes) (Choy ar M AMTT) = B8 1 apa; M AMT

S akai (M T AMET — M AMT.

It

Hence
28, = 83+ 87T

= Chym1 arai (M AMET — MAMET) + T8 oy apay (M7 AMET — MTHAMET)

Y8 oy akai (M AMET - M7 AMT + MPAMET - M AMET)
= P o wa; [(M = M7DAME - M.

S2, as a sum of nonnegative definite matrices, is nonnegative definite. This implies that @ = S1+.9;
is positive definite and that A = G™! — G™1H is a P-regular splitting of A; hence p(H) < 1. O

Remark: The proof just given parallels that in [12]. However, it is simpler because it is based
on Thm 5.3, p. 79 of [18], instead of on the more complicated one used in [12].

In the following an extension of the method of the arithmetic mean of [14] is suggested. Qur
extension is mainly two-fold: i) Instead of a forward-backward Gauss-Seidel type process, we pro-
pose a forward-backward SOR-type one, and ii) Instead of having a 2-processor MIMD machine in
mind and after each complete iteration taking the arithmetic mean of the two iterates as the next
iteration, which is sent back to the two processors, a 2g-processor one is considered and a convex
combination of the 2q iterates is taken as the next iteration (see, e.g., [19]).

Let A= D—-L—-U, D = diag(A) and L,U be strictly lower and upper triangular matrices,
respectively. Consider the multisplitting of 4

A= Mg — N, det(Mp)#0, k=1(1)2g, - (2.0)
where
1
My = =D+ W~ 1L, Nk:(jj—l)D+Wk+U, k=1(1)g, (2.2)
1 1
Mk:;D+Wk-—U, NkZ(;-—l)D-{- Wi+ L, k=gqg+1(1)2q. (2.3)

In (2.2), (2.3) Wi(> 0) is a diagonal matrix with positive diagonal entries and w a real positive
parameter. For the corresponding multisplitting method (1.5), where p = 2¢ and My is given by
(2.2), (2.3), k¥ = 1(1)2q, we prove the theorems below, which generalize Thms 1, 2, 3 in [14]. We
simply mention that in [14], p=2,w =1, Wy = W, and D; = Dy = %I.

Theorem 2.3
Let 4 in (1.1) be irreducibly diagonally dominant L-matrix ([15], p. 23 and [18], p. 42), My be

given by (2.2), (2.3), k = 1(1)2¢, with 0 < w < 1, and Dy = axl. Then the multisplitting method
(1.5), where p = 2¢, converges.



Proof: The matrix My is nonsingular, since D > 0, Wy > 0 and w > 0, kK = 1(1)2q. According
to the hypothesis (see [15], Cor 1, p. 85) A is a nonsingular M-matrix with 47! > 0. Obviously
Mj is a strictly diagonally dominant L-matrix, & = 1(1)2q; hence My is an M-matrix and therefore
M7 >0, k = 1(1)2g. We also have Ny > 0, k = 1(1)2¢. Consequently, (2.1) are regular splittings
of A and hence weak regular splittings of A. Now, by Thm 2.1 we have p(H) < 1. O

Remark: Thm 2.3 holds true for any choice of the nonnegative diagonal matrices Dy in (1.3)
and holds, therefore, also for the multiprocessor model considered in [4].

Theorem 2.4
Let A in (1.1) be a positive real matrix. Let M} be given by (2.2), (2.3) with w = 1. Let also
Wi = pil, D = axI, k = 1(1)2q = p, and

max{0, —¥=} for k=1(1)g
Pk > (2.4)
max{0, —%‘;} for k=q+ 1(1)2g,

where A, is the smallest eigenvalue of A+ AT and 7,,, 6, are the smallest eigenvalues of the matrices
(D-L)D-L)YT~UUT and (D-U)D-U)T— LLY, respectively. Then the multisplitting method
(1.5) converges.

Proof: Since A is positive real, we have that A is nonsingular, B = A + AT is positive definite
and D > 0. Consequently My is nonsingular, k¥ = 1(1)2q, since px > 0. Moreover we have A,, > 0.
The matrices Cy = (D — L)(D — L)Y — UUT and C, = (D — U)(D — U)T — LLT are symmetric
and for any 2z € IR"™, z # 0, we have

ZL(pkB + C1)z
2Tz
Because of (2.4), (2.5) implies that the matrices px B+ C1, k = 1(1)g, and px B+ C2, k = ¢+ 1(1)2g,
ate positive definite. Setting Gx = M ' Ny, k = 1(1)2q, it can be shown that

piB + Cy = My(I - GkGD)ME, k= 1(1)g, (2.6)

2T(prB + C2)z
2Tz

> pkAm + T s > pk/\m + O, - (25)

piB + Co = My(I - GLGIME, k=q+1(1)2q. - (2.7)

From (2.6), (2.7) we have that I — G,GT, k = 1{1)2q, are positive definite; hence the eigenvalues
of GGT belong to [0,1), k = 1(1)2¢. Thus we obtain ||Gk||2 = [p(GkGT)]? < 1, k = 1(1)2g, and

2q 2q 29
Hll2= 11D axGill2 < D akllGilla < D ar =1,
k=1 k=1 k=1

implying that the method converges. O

Remark: From the proof of Thm 2.4 one may observe that the assumption Dy = a1, &k =
1(1)p, in Thm 2.4, could be replaced by Y5_,||Dkl]lz < 1. However, it can be shown that
> %—1lIDkll2 < 1 is not consistent with Y ?_, Dy = I while 37_, |[|Dk|l2 = 1 is equivalent to
Dy = arl, k=1(1)p.

Theorem 2.5
Let A in (1.1) be a positive definite matrix, M} be given by (2.2), (2.3), Dy = arl, p = 2¢, and
0 < w < 2. Then the multisplitting method (1.5) converges.



Proof: In this case we have U = LT and A = D — L — LT, D > 0. The splittings (2.2), (2.3)
are P-regular splittings, since M}, is nonsingular and My + Nx + (Mg + Ni)T = 2(My + MT - A) =
2[(322)D + 2Wy], k = 1(1)2g. Thus by Thm 2.2 we obtain the desired result. O

3 m-Step Preconditioners

We consider the linear system (1.1), where A is positive definite. If

A=M-N, det(M)#0, (3.1)

then using the iterative method

Mzm+) = No(™ L m=0,1,2,...,

we solve in every iteration a linear system of the form

My =c. (3.2)
It is known that M is chosen so that it approximates A as well as possible (A = M) and p(G) < 1,

where G = M~'N. Choosing a positive definite M (A ~ M) with p(G) < 1, we can find improved
approximations to A using the Neumann expansion (see, e.g., [1], [2], [6])

A'=(I-G) "M ' =(I+G+G*+.. )M L. (3.3)

Thus we have

Ax My, =MI+G+G*+...+4G™H, m>1. (3.4)

It can be shown (see Thm 3.1 of [6]), that under the above assumptions M, is also positive definite
and therefore M,! is usually used to accelerate the convergence of the Conjugate Gradient method.
The matrix M, is the preconditioning matrix or m-step preconditioner. One comment here: In
Thm 1 of [1], it was proved that for m odd the hypothesis “A and M are positive definite” is
sufficient for M,, to be positive definite. However, this hypothesis does not guarantee that M, will
be a better than M approximation to A, since then '

M N = M (M — A) =1 = (I+G+...+ G™ )T - G) = G™

Therefore the condition p(G) < 1 should be included in our assumptions for all m (odd or even).

Taking into consideration the theory mentioned previously (see also [10]), in order to find
suitable m-step preconditioners for (1.1), we can work as follows: We choose some positive definite
matrix M and write A = M — N. Then G = M~!N has real eigenvalues \; such that \; < 1,
i = 1(1)n. Suppose that A\; < Ay <...< A, < 1. Then, the eigenvalues v; = 1 — A; of I — G, which
will be used more often in the sequel, will satisfy

O<v, <...<1n<n.

We consider now the splitting

A=M-N, (3.5)



where M = SM. As is known the splitting (3.5) defines the extrapolated method based on the
original splitting. Obviously M is positive definite for w > 0 and it is p(M'N) < 1if 0 < w < 3—1
Hence an m-step preconditioner, which is positive definite and approximates A well, is given by

My =MUI+G+G*+...+G™ Y)Y, m>1, (3.6)

where G = M~!'N and w € (0, %) Certainly M,, depends on w and the problem, as how to choose

w for a fixed m so that the condition number k(M5 A) of M;'A is as small as possible, arises. It
is easy to show that

I-MJ3A=G"=[I-wl -G (3.7)
hence
1 max; /‘§m)
K.(M.m A) = .—(;{)“, (38)
ming j;
where pl(-m), i = 1(1)n, are the eigenvalues of M;!A. The eigenvalues of G' are ordered as follows

—1<l-wr<l—wrn<...<1l—-wy, <1. (3.9)
So, because of (3.7), (3.8) becomes

max;{1 — [1 — wy;]™}

M;*A) = > 1. 3.10
(M A) min;{1 - [1 — wy;|™}’ = (3.10)
It can be shown, as in [1], that for w € (0, %
P Cpn 0 if m is odd,

1—[min; |1 -wy|]™

Tlmax: [T=ww 7 if m is even.

In the sequel, we solve the problem of determining min, K(M,ZIA) completely, first for any
even m > 2 and then for any odd m > 3. The results are given in Thms 3.2 and 3.4. In these
theorems it is assumed that v, < vy (or Ay < A,), for if 14 = v, then N(M,;IA) =1 for all m and
all admissible values of w.

To derive the optimal results for even m > 2 first, we introduce the notation “a ~ b” to denote
that the expressions a and b are of the same sign and then state and prove the lemma below, a
basic key to the proof of two of our main results.

Lemma 3.1
For any even m > 2 the function

xm—l ™
bm = Pm(z) 1= 2 %€ (-1,1) (3.12)
is a strictly increasing function of # in (—1,1). For any odd m > 3 the function ¢,, strictly decreases
with z € (—1,0] and strictly increases with z € [0,1).
Proof: In the case m even, differentiating (3.12) with respect to = we obtain
0¢m

Pl m~1)—mz + 2™ =(m—-1)(1=-2)—z(1-z™?). (3.13)
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If z € (-1, 0], the rightmost expression in (3.13) is positive since 1—z > 0, —z > 0and 1—-z™7" > 0,
implying that ¢, strictly increases in (~1,0]. For z € [0,1) let

z=z(z):=(m-1)-mz+2™, =z€l0,1). (3.14)
Then on differentiation we take 2 = —m(1 — 2™ ') < 0 and therefore z(z) strictly decreases in

[0,1) with lim,_,;- z(z) = 0 and 2(0) = m—1 > 0. Hence z(z) takes on positive values only and by

virtue of (3.14) and (3.13) so does 8m' Consequently ¢, strictly increases in [0,1). In the case
z
m odd, the proof is similar and is omitted. O

In the sequel we state and prove two theorems that solve the problem of determining the opti-
mal extrapolation parameter for all even m > 2.

Theorem 3.1
Let the eigenvalues v;, i = 1(1)n, of [ — G in (3.7) satisfy

O0< v, <...<w<1=2-v, (v <1q). (3.15)

Then the condition number &, = k,(w) of M;'A, given by (3.11) for even m > 2, is minimized
with respect to w € (0, %) for

Wopt = 1. (3.16)

Proof: Let 1 —vy; and 1 -v;44,1 € {1,2,...,n— 1} be the absolutely smallest nonpositive and

nonnegative eigenvalues of G, respectively. Two cases are distinguished depending on the sign of
2—v; —viq1- '
Case I: Let v; + v;41 > 2. (The subcase v; + ;41 = 2 can be trivially examined after the analysis is
complete.) We subdivide the interval for w, (0, ;2]-), into a number of (at most 2n + 1) subintervals.
For continuity arguments to apply, all of them are taken to be closed, except the first and the last
ones. The subdivision points are

1 2 1 2 1 2 1 1 2

'+ v vetry’ Uy vt v v Vi + iy’
The last point is either % for some 7 € {i+1,i+2,...,n}iff ;1; < % < uj+?/,-+1 or l/j_12+l/j for some
jJe{i+2,i+3,...,n}iff VJ__12+VJ, < % < ;1; Let I, {2, I3, . . ., Ip;, 241, Ioig2, . - . be the successive

subintervals of (0, %) defined by these points. Let also

Ae(W):=1—-wyg, k=1(1)n. (3.17)

The ordering of the eigenvalues \(w) of G = Gy, is that in (3.9). We then claim that: “kp = Km(w)
is a strictly decreasing function of w in each subinterval Iy, £ = 1(1)27+ 1, and a strictly increasing
one in each Iy, £ > 2i + 2”. The proof of our claim will prove (3.16). For this we shall distinguish
four cases: (a) w € Iy, £ =2(2)2¢, (b)) w € Ip, £ =1(2)2i+ 1, (c)w € [;, £ =214+ 2,2+ 4,...,and
(d)wel, =2i4+3,2i+5,.... In case (a),w € [Vl—k, ;fukT], k =¢€/2. 1t can be readily checked
that Ag(w) and Agyq(w) are, respectively, the absolutely smallest nonpositive and nonnegative
eigenvalues of G with 0 < —Ag(w) < Agri1(w). On the other hand 0 < —X;(w) < A, (w). So,
km(w) will be given by the expression



km(w) = i{%—% (3.18)

Since m is even, and both A¢(w) and A,(w) strictly decrease with w increasing it is concluded that
the numerator and the denominator of the expression in (3.18) decreases and increases, respectively,
making k., (w) be a strictly decreasing function of w € Iy. In case (b),w € [m Vk] k= i (I1
is open on the left with bound 0 and I5;4, is closed on the right with bound 1.) Now —A._ (w) >
Ak(w) > 0, so that k,(w) will be given again by (3.18). However, this time both terms of the
fraction strictly increase with w. Thus, differentiating with respect to w one obtains

B~ (L= AR (@) = (L= AP@)wATTH ) (5.19)
AP A m— A .
U) _ ATA) =, () ~ $n(Mn(@)),

because of wv; = 1 - A;(w), j = k,n, and in view of (3.12). Since w varies in Iox_y C (0,1] and
Ak(w) € Ap(w) Lemma 3.1 applies, implying that Q—'Em < 0, with equality concerning limiting cases
only. Therefore k,,(w) strictly decreases in Ipx_1. In case (c), where Iy, £ = 2i + 2,2i+ 4,..., is
of the general type [, — 12 el Vk] k = £/2, except the first and maybe the last interval, we have a
similar situation to that in case (a). This time x,,(w) is given by the expression

1 -7 (w)
km(w) = Tg"(w)

Since Ag(w) > 0 > Ay(w) and both Ag(w) and A;(w) decrease with w increasing, s, (w) strictly
increases with w. In case (d) we have a similar situation to that in case (b). The interval I,
¢ =2i+3,2i+5,...,is of the general type [i, Vk+?’k+1 I, k= (£— 1)/2, except maybe the last one,
and K, is given by (3.20), where this time 0 > Ax(w) > Aj(w), so both terms of the fraction in
(3.20) decrease with w increasing. On differentiation we have a series of relationships similar to

those in (3.19) but this time

(3.20)

OKkm,

G~ b (M) = B (M1 (). (3:21)

Based now on Lemma 3.1 we have again the desired result, namely that «,,(w) strictly increases
on I;. Summarizing the conclusions of cases (a)-(d) leads to (3.16).

Case II: In case v;;; + v; < 2 we work in a similar way as in Case I. This time 1 € [V , u.+i,+1)
and we have 2¢ subintervals to the left and at most 2(n — ¢) + 1 ones to the right of 1. The
function x,,(w) behaves in exactly the same way as before in the subintervals which are to the left

and to the right of 1, as is readily checked. Consequently we arrive at exactly the same conclusion. O

Suppose now that the eigenvalues of I — G in (3.7) satisfy

0<v, <...<p <y, (3.22)

that is without the further assumption 14 = 2 — v, of Thm 3.1. Suppose also that we extrapolate
G using any parameter w € (0, %) The answer to the question “What is the value of wey; in this
case?” can be given immediately. This is because “The extrapolation with a parameter w, of an
extrapolation with parameter wy is also an extrapolation with pa,rameter w = wowq”, which can
be checked (see [9]), leads us to writing w as w = wawy, where wy = - +U . But the eigenvalues
Vi =wi, 1 = 1(1)n, of I — Gy, satisfy all the assumptions of Thm 3.1. Spec1ﬁca.].1y,




0< v, <...<v

IN

v, =2-1. (3.23)

So, extrapolation of G,;,, becomes optimal iff wy, = 1. Thus we have just proved:

Theorem 3.2
Let the eigenvalues v;, 1 = 1(1)n, of I — G in (3.7) satisfy (3.22). Then the condition number
Km = Kkm(w) of M1 A, given by (3.11) for even m > 2, is minimized with respect to w € (0, %) for
2

1+ v,

(3.24)

Wopt =

As an immediate corollary we have:

Corollary 3.1

Let A be real symmetric positive definite and point (or block) 2-cyclic consistently ordered and
M, in the splitting A = M — N, be the diagonal (or the block diagonal part corresponding to the
block partitioning) of A. Then the condition number &,, = &, (w) of M;;'4, given by (3.11) for
even m > 2, is minimized for wyp; = 1.

Note: If the only information available on the spectrum of G is its spectral radius p(G) = A, <
1, then w,,; should be taken to be 1.

In Thm 3.2 it was proved that the optimal value of w(w,p:) is independent of m. This makes
easy to examine how K., (wopt), given by

1 — (min; |1 - Tﬁ'hl)m
I-( =53

Km(Wopt) = , m(>2) even, (3.25)

behaves when m increases. The behavior is a consequence of the statement below.

Lemma 3.2
Let 0 < z < y < 1. Then the sequence

1—2z™

am:W’ m:1,2,3,..., (3.26)
strictly decreases, with
Jim e, = 1. (3.27)

Proof: (3.27) trivially holds. Now, {a,,}_, strictly decreases iff

1—z™ 1—ym
1 — gm+1 > 1 — ym+1

(3.28)

holds. Since (0 <)z < y(< 1), to prove (3.28) is equivalent to proving that the function f(z) :=
%’;—1 strictly decreases in [0,1). One readily finds out that

F(2) ~ 2™ (m+ 1)z —m =: g(2)



and g’(z) ~1— 2™ > 0. Since ¢(0) = —m and lim,_,;- g(z) = 0, it is implied that f'(z) < 0 and
the strictly decreasing nature of the sequence in (3.26) is proved. O

Based on Lemma 3.2, we immediately obtain.

Theorem 3.3
Under the assumptions of Thm 3.2, Ky, (wopt), given by (3.25), strictly decreases as a function
of m, with lim,,_,e0 Km(Wopt) = 1.

We turn now our attention to the determination of miny Kk, in case m(> 3) is odd, where
Km = Km(w) is given by the first expression in (3.11). After some simple manipulation we obtain

Orm [l = (1= wp)™(1 = wig)™ !

— l/n[]. — (1 - wyl)m](]_ - wyn)m—-l = X(w)- (3.29)

On differentiation of the function x(w) in (3.29) and after simple operations, one obtains

%wﬂ ~ - 1/12[1 — (1 —wup)™|(1 - wul)m‘2
+ V1 - (1 =)™l - wvp)™ 2 = Pp(w).

Based on the expressions of the functions x(w) and %(w) in (3.29) and (3.30), respectively, we
prove the validity of the following statement.

(3.30)

Theorem 3.4

Let the eigenvalues v;, i = 1(1)n, of I — G in (3.7) satisfy (3.22). Then the condition number
km = km(w) of M;'A given by (3.11) for odd m > 3 is minimized with respect to w € (O,%
(m)

opt - The optimal value w™ is the unique real root, in the interval (—1— 2 ),of the

opt v’ untn

for w = w
(2m — 4)** degree polynomial equation:
1
wnvp (v, — 1)
where x(w) was defined in (3.29). (Note: 2m — 4 = 2,6,10,..., for m = 3,5,7,....)
Proof: For w € (0, LIT] we have that

x(w) =0, (331)

Tm(w) 1=

0< Mw)=1-wr < A(w)=1-wy, <1. (3.32)

A careful inspection of (3.29) and (3.32) reveals that the present situation is similar to that in Case
Ib of Thm 3.1. Therefore by virtue of the second part of Lemma 3.1, &,, strictly decreases. For

L mind 2 LY 5
we (ul,mln{ ' o )1t 1s
—l<Mw)=1-wn <0< A(w) =1 —-wy, < 1. (3.33)

In this case one has to appeal to the expression of 9(w) in (3.30). It is readily checked that in view
of (3.33), ¥(w) > 0 for all w in the interval of interest. This implies that y(w) strictly increases.
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On the other hand, it is found out that

X (ﬁ) = —vn (1- 5;1)"1_1 <0,

x () = 2vm [1+ (1-2Za) 4ot (1- ’%g)m—?] >0, if 2 <2, (3.34)
x(&)=n(-2)"" >0
1

Therefore «,, strictly decreases for w increasing from o up to a certain value and then for w

increasing up to min } Km strictly increases. One more case remains to be examined. More

ul’u

specifically, the one where w € [U , u]) This time it is

—l<Mqw=1—-wry < Ap(w)=1—-wr, <0. (3.35)

Apparently, this case exists iff ; < 2v,. Again we have a situation similar to that in Case Id of
Thm 3.1. Consequently from the second part of Lemma 3.1, we have what x,, strictly increases
in the interval in question. Summarizing our partial conclusions so far regarding the monotonic

behavior of x,, we obtain the desired result by observing that i 7 +U < min { 2 11 and that
2 _ (Vl - Vn)m m—1 I
X (vl + un> T (N 4 v,)im2 (2 +va) (1 =) >0 (3.36)

while simple manipulation on x(w) results the expression for 7,,(w) in (3.31). O

As is obvious from the degree 2m — 4 of the polynomial equation 7, (w) = 0 in (3.29), the only

odd value of m > 3 for which w, t) can be found explicitly is m = 3. In all other cases w( ot Call
only be found computationally from the values of 14, and v,. Specifically, for m = 3 we have

Corollary 3.2
@) .

Under the assumptions of Thm 3.4 with m = 3, the optimal value w; is given by
3 3
Wl = : (3.37)
Vi 4 Un + VR V2 -,
Proof: Using (3.29) and (3.31) it can be found out that
T3(w) 1= 1vpw? — 2(11 + v )w + 3.
Of the two zeros of 73(w) = 0 the one in the interval (V , U)_?_V ) is that given in (3.37). O

Remarks: (i) For m = 1, we note from (3.11) that xq(w) = 7* that is independent of w. So,
if w is kept fixed during the itera.tions no improvement over the original preconditioner should be
expected. (ii) It must be noted that in [10] the m-step preconditioner given in (3.1) was used in
conjuction with the block Jacobi iteration matrix (damped or underrelaxed Jacobi preconditioner)
and some experimental results by using Parallel Computers and m = 2 were given (without giving
the optimal value of the extrapolation parameter). (iii) Under the assumptions of Cor 3.1 or in
case the only information available on the spectrum of G is its spectral radius p(G) = A, < 1, Thm
3.4 and Cor 3.2 should be applied with v =1 - X =14+ p(G) and v, =1 - A, =1 — p(G).

As in the previous case of even m > 2 it is possible to find out how ram( Wopt ) for odd m >3
(m)

opt 15 @ function of m and therefore not the same

behaves. This can be done despite the fact that w

11



for all odd m. More specifically, we have:

Theorem 3.5

Under the assumptions of Thm 3.4 ,, (wt(,zzt)) strictly decreases as a function of the odd m(> 3),

With iy, o0 Kim (Wi = 1.

Proof: Recall that w‘():lt) € (:—1, MLU") So, relationships (3.33) hold for any fixed w in this
interval. But then, it is easy to see, because of the signs of A;(w) and A,(w) and the fact that

m is odd, that as m increases the numerator in k,(w) strictly decreases while the denominator

strictly increases making k,,(w) a strictly decreasing function of m for any fixed w € (%, u;fw)'
Consequently the following inequalities hold

(m

”m(wopt)) > K’m+2(wt():;)) b Km+2(wt():;+2))7 m= 37 57 77 (RS}

(m

proving that our assertion holds true. Also, the limiting value of mm(wopt)) is triviaﬂy obtained,

which concludes the proof. O

So far we have found not only the optimal values of w(wt(,zzt)), and therefore nm(wf,:?), for
any integer m > 2, but also that as m increases taken on only even or only odd values, the
corresponding Km(w((,:?) strictly decrease. This theoretical result might not be of much practical
value because of the additional number of matrix-vector multiplications introduced as m increases.

On the other hand, a straightforward comparison between any two successive values nm(w(m)) and

opt
nm.*.](wﬁzf )), even under the simplified assumptions considered in [1], needs a numerical solution

of algebraic equations of degree 2m — 4 for various A, = ~A; = p(G). In Table 1 we present for
selected values of p(G) the optimal condition numbers for m = 2,3 and 4. It can be proved that

for all p(G) € (0,1), ka(1) > n3(w(3)) > k4(1) hold. As can be seen from the table, k3 is slightly

opt
better than xo, while x4 is much better than x3 tending to be half of it as p(G) approaches 1.

Table 1
Optimal values of the condition numbers
for m = 2,34, A\, = —A1 = p(G) and
A;j=0forsome j (j=1,2,...,n)

p(G) | k(1) | ra(wl)) | k(1)

0.1 1.01010 | 1.00199 | 1.00010
0.2 1.04167 | 1.01569 { 1.00160
0.3 1.09890 | 1.05239 | 1.00817
0.4 1.19048 | 1.12464 | 1.02627
0.5 1.33333 | 1.25098 | 1.06667
0.6 1.56250 | 1.46677 | 1.14890
0.7 1.96078 | 1.85455 | 1.31596
0.8 277778 | 2.66346 | 1.69377
0.9 5.26316 | 5.14272 | 2.90782
0.95 10.2564 | 10.1335 | 5.39102
0.99 50.2513 | 50.1265 | 25.3782
0.995 | 100.250 | 100.126 | 50.3766
0.999 | 500.230 | 500.109 | 250.365
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The limiting ratio 0.5 of :—;g% observed in the table is a particular case of a more general result as

p(G) approaches 1. In fact it can be checked that ljmp(G)_.l—(";";fl()l )) = 7 for even m, which be-

comes 0.5 when m = 2. Also, for p(&) approaching 1 it can be proved that lim,(g)_;- wf,?z’,z = (.75.
As one may have noticed, in the simplified case examined above the only information we can have
about w(()’;) for odd m as p(G) — 1~ is that it lies in the limiting interval (0.5,1). This lack of
knowledge is the main reason we can not theoretically compare, in the general case, two optimal
condition numbers corresponding to two consecutive values of the integer m for a given p(G) < 1.

We close this section by noting that the idea in [2] for defining m-step additive preconditioners
of (1.1), where A is positive definite, can be extended. For this we consider the multisplitting
A=F - Qka det(Pk) # 0, k= 1(1)p7 (338)

and the iteration matrix H of the corresponding multisplitting method (1.5) with Dy = al,
k = 1(1)p. Setting

P
Gr=P;'Qp, M=) a;P, (3.39)
s
then
D
H=>aG; (3.40)
=1

and the m-step additive preconditioner is defined by

Mp=MI+H+H*+...+ ™, m>1, (3.41)

provided that My, is positive definite (and A = M,,). We note that the m-step additive precon-
ditioner is an m-step preconditioner (see (3.4)) related to the splitting defining a multisplitting
method. Certainly, if M is positive definite and p(H) < 1, then M, is also positive definite and
A = M,,. In the following theorem we give sufficient conditions for M, to be positive definite.

Theorem 3.6
Let A in (1.1) be positive definite and

A=P—Qr, k=1(1)2g, (3.42)

where

Pai=Pr,  i=1(1)e. (3.43)

Let the splittings (3.42), & = 1(1)q, be P-regular splittings of A. Then the m-step additive precon-
ditioner (3.41), where

-1
2q 29
M = (ZaiPi_l) , ;= 21—q, i=1(1)2q, H = ZaiG’i, G; = P{_IQ,', (3.44)
2=1 =1

is positive definite.
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Proof: Since (3.42) for k = 1(1)g are P-regular splittings and (3.43) hold, it follows that (3.42)
for k = ¢+1(1)2q are also P-regular splittings of A. Thus P.+ Qi+ (P +Qk)T = 2(Pr+ P - A) is
positive definite, k¥ = 1(1)2q. Consequently Py + P is positive definite, k¥ = 1(1)2q. Using (3.43),
we find ’

2q q 9
- - 1 - _ 1 - -
M = Zaipi ' Q_qZ(Pi ! +Pq+1i) = ’2‘62[(101 I)T(PiT'f' Pi)P-[ 1]- (3-45)
=1 =1

=1

Since P; + PT is positive definite, i = 1(1)q, and M~! is a sum of positive definite matrices, M~*
and hence M is positive definite. Moreover, it is p(H) < 1 by Thm 2.2. Now, using Thm 3.1 of [6]
we obtain the desired result. O

4 Optimum SOR Additive Iterative Method

We again consider system (1.1), where

A=D-L-IT (4.1)
and A is positive definite. Given the splittings A = P, — Qx, k = 1,2, with

1
P = 0—1)(17 —wl), Py= P = Z(D-wL") (4.2)

and w € IR\{0} a parameter, it can be shown that A = P, — @, is a P-regular splitting of A, if
0 < w < 2. Hence Thm 3.6 for ¢ = 1 (see also Thm 2.2) implies that the SOR two-splitting or
SOR-additive method [2]

et = galm) L e m=0,1,2,..., (4.3)
where
1 1, _ _ .
H=HWw)= 5(G1+Ga), = 5(P1 Yy Y, Gi=P7TMQi i=1,2, (4.4)
converges. Under the assumption that A has the 2-cyclic form
. E, -X
o] B .

(E1, E; are diagonal matrices), it was proved in [2] that if A is an eigenvalue of H, then

A= S+ w2 o) +2(1 - w)), (4.6)

where u is an eigenvalue of the Jacobi iteration matrix J = I — D' A for A. It is noted that
J has real eigenvalues, which occur in & pairs and p(J) < 1. Moreover it was shown in [2] that
mino<w<z P(H (w)) = p(H(wopt)), where

pm — 5+ /3242,
% + Hm — .u'?n
Here it should be pointed out that the analysis in [2] was done to cover cases of practical

importance where p(J) is close to 1. Then the advantage of using the SOR method appears since
it has much better convergence rates compared to those of the Jacobi method.

vt = p(J). (4.7)

Wopt =
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However, we can observe that lim, _,q+ p = O for all the eigenvalues u of J and from (4.6) we
obtain lim, ¢+ A = 1 — w, which means that the optimum w satisfies lim, , o+ wopt = 1. On the
other hand, (4.7) for pu,, = 0 gives

Wopt 7 0.9282 # 1. (4.8)

This observation suggests that the determination of the optimum w value must be completed to
cover all possible theoretical cases too. In the following theorem we give the complete solution.

Theorem 4.1
Let A in (1.1) be positive definite, A = D — L — LT and have the form (4.5). Then the optimum
value wop; for w (0 < w < 2) of the SOR-additive method defined by (4.3) is given by

1—4/1—-2p2, : 1

ST g <k

wopt: (4.9)
pm—244/3-202, . 1
e <<,

where g, = p(J)and J =1 - D71 A

Proof: The problem we solve is: Find miny, max, |A|, where A is given by (4.6), 0 < w < 2,

p € [—pm,pm) and g, < 1. For this we have that % = 0iff p = Y=% = p*. Moreover,

2w
ll’* G [_/-Lm,ﬂm] iﬁ w* = _Zu'; S w < 2.
With A = A(p) we find

1
v = y() = 1M(m)| = 5l + (2 - ) +2(1 - 0)),

5= 2(0) = ()] = Gl — (2 = W) +2(1 - )],

lw? +4w—4), if 2(V2-1)<w<2

v=v(w)EI/\(#*)l={ la-qw—-0?), if 0<w<2v2-1)

Hence max, |A| = max{y,2,v}. It can be proved that

(i)If0<um<5§‘Zand0<w§w1‘=‘1—_@0f@Spm<land0<w<2,then

1
2 <y = Swipn +0(2 - wlm +2(1 - w)]

(ii)IfO<,um<3§iandw1 < w < 2, then

1
Y < 2= fl® = @i — WP, — 21— ).

Thus, we distinguish the following cases:
Case I: %—5 < pm < 1. Then it can be shown that w* < 2(\/5— 1) and

yif 0 <w < p,
vif p, Lw< 2,

max{y,z,v} = {
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where

 pm - 34 /3242

P2 =
i b = b2,

Now, we find that 53(% < 0 and g—a’) > 0, implying mine y = y(p,) and ming v = v(p,) = y(py)-
Hence we obtain weyt = p, and minw max, |A| = y(py) = v(p2) = 3(p3 + 4p, — 4).
Case II: 0 < p,, < 52Q Then it can be shown that:

() 0 < pm < g, then 2(v2 — 1) <wy < "

Therefore we must distinguish the following subcases:

Case Ila: 0 < y,, < %. Then we find

y, if 0<w<w
max{y,z,v} =< 2z, if wi<w<w

v, if w<w<?2
and
min y(@) = y(wr), mina(w) = (wr), mno(w) = v(w") = 2(w") > 2(wy).

Hence we have wyp: = wy and ming max, |A| = y(wi) = z(w).
Case IIb: % < P < %—2_ Then it can be proved that

0<2(V2-1)<w < py<wy <2

and

_Jy if 0<w<p,
ma.x{y,z,v}—{v if pp<w<2.

As in Case I we find that wepe = pp and ming max, |A| = y(py) = v(py) = L(p% + 4p, — 4).
Combining the above results of Cases I, Ila, IIb we obtain (4.9). O
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