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ABSTRACT

This paper presents a systematic experimental performance analysis for the rate of
convergence of 5-point star discretization of elliptic partial differential equations on gen-
cral domains. Twenty domains are selected for the experiment from the population of
PDE'’s on nonrectangular domains in 7], including one rectangle for comparison. The
experiment is made by using the Performance Evaluation System (PES) of ELLPACK
[1], [6]. The result shows that the convergence of the ELLPACK module 5-POINT
STAR behaves as O(k?), as predicted theoretically, on all 19 of the nonrectangular
domains. This set includes a large variety of nonrectangular domains (only two have
reentrant corners). We conclude that, with very high probability, this 5-POINT STAR
module has O (k%) convergence on general domains.
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1. INTRODUCTION

The 5-point star is a classical, well investigated second order method for solving
elliptic PDE’s (see [2), [3], [4], [5] and references listed there). ELLPACK implements
it in two versions, corresponding to rectangular and general domains, with the same
name 5-POINT STAR. When the domain is rectangular the latter reduces to the former.
It is known {2], for the Dirichlet problem for Poisson’s equation, that the order of conver-
gence of the method is O (k%) as long as the solution is smooth enough even though at
points near the boundary the finite difference operator approximates the Laplace operator
only to O (h), which results in fact in the contribution to the truncation error of O (h3).
However, we have not seen any systematic performance analysis for this method yet.
This paper makes an extensive experimental study of the convergence rate of this 5 -point
star method for general domains and presents data to confirm the O (k%) convergence
performance of our ELLPACK module 5-POINT STAR.

2. THE NONRECTANGULAR PDE POPULATION

Ribbens and Rice [7] present twenty five domains, each with two parameters, for
the nonrectangular PDE population and incorporate them into ELLPACK. We use 20 of
them along with the Poisson equation:

U +Uy =fxy) in Q 2.1)
with Dirichlet boundary condition:
U=gx,y) on 09 ; 2.2)

The right hand sides f and g in (2.1) and (2.2) are defined such that the true solution is a
smooth function as in Problem 4 of the PDE population in Appendix A of [8]:

Ubcy) =3 x(1=x)y(1-y) (2.3)

See Appendix A in the report by Mu and Rice [6] for sample files defining the PDE
problems,

We use the classical central finite difference algorithm as described in [8], which is
the discretization module 5-POINT STAR in the ELLPACK system.

3. THE EXPERIMENT

3.a The PDE Problems Solved
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We use the Performance Evaluation System (PES) of ELLPACK to make the exper-
imental performance analysis for the rate of convergence of 5-point star on general
domains. Twenty problems with general domains from [7] are selected for use. One is
actually defined on a rectangle and used for comparison. The true solutions are all the
same and very smooth (see (2.3)). Most domains have no re-entrant corners and some of
them are rather complicated. They are-of reasonable generality and represent a large
variety of nonrectangular domains. For their exact definitions readers are referred to [71.
their shapes are seen in Appendix A.2 along with the performance plots.

The problems chosen are solved by the double precision version ELLPACK [8]ona
VAX 8600. The discretization, indexing and solution modules are 5-POINT STAR, AS
IS and BAND GE, respectively.

Twelve levels of uniform grids of size 7x 7,9 x 9, 11 x 11, 13 x 13, 15 x 15, 17 x
17, 19 x 19, 21 x 21, 23 x 23, 25 x 25, 27 x 27 and 29 x 29 are first used on which all 20
problems are solved. Among the 240 ELLPACK jobs thus created, there are 4 failed
runs for Problem 500-27 with grid 29 x 29 and Problem 500-71 with grids 9 x 9, 23 x 23
and 27 x 27, The reason is fatal error in the ellpack module DOMAIN PROCESSOR.
This usually occurs when the grid is too coarse or there is an unfortunate location of one
of the grid lines relative to the domain boundary.

For 9 of the problems where the results were not yet conclusive we generated from
2 to 26 more grids until the rate of convergence was “apparent” with reasonable accu-
racy. A total of 70 additdonal ELLPACK runs were made, the finest grids used are 111 x
111.

" 3.b Analysis of the Rates of Convergence

The performance analysis tool CONV2 is used to analyze the rate of convergence.
It estimates the order of convergence by

rerry
log
rerr,
conv2mx, = — (3.1)
1
log—
Og hn
where h is defined as
1
= gride 1 G

and ngridx is the number of x-grid points. Similarly conv2mm and conv2i2 are defined
with rerr substituted by rerrmax and erri2, respectively. Above, rerr, rerrmax stand for
the relative errors of the current approximation in maximum norms on the current and 20
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x 20 grid levels, respectively, while err/2 is the approximation error in the discrete L,
norm on the current grid as defined in [8]. All of these estimates are defined as zero on
the coarsest grid. See [6] for the discussion of properties of CONV?2.

For our 20 nonrectangular test problems, the output from CONV2 is given in
Appendix A.l. In addition, we include in Appendix A.2 the plots of slopes of log(err-
nodes) versus log(nx) where err-nodes and nx denote rerrmax and ngridx-1, respectively.
The shapes of the domains are also given in Appendix A.2. The data suggest the follow-

mg

1.

The estimates for the convergence rate generated by conv2mm in CONV2 are
obviously unreasonably larger than the theoretical value 2 in most of cases.
This is due to the error in rerrmax caused by the interpolation from the coar-
sest grid to the 20 x 20 grid.

The estimated convergence rate of S-POINT STAR measured by conv2nx and
conv2l2 in CONV2 has the following distribution, About 72% lie in the inter-
vai [1.5, 2.5], 21.4% in (2.5, +eo) and 6.6% in (-eo, 1.5).

This tool is useful to quantify the convergence rates observed, but too simple
to capture the full complexity of the behavior of the error as the grid is refined.
We prefer instead to rely on a visual analysis of plots of err-nodes versus
ngridx-I on a log-log scale. Convergence of exactly order 2 results in a straight
line with negative slope of -2. Almost exact O (h?) convergence is seen on
some cases, but most error plots show some "random" variation due to
unpredictable interaction berween the domain shape and the grid location. We
have collected enough data on each problem so that the theoretically expected
O (h?) convergence can be observed from the plots.

4. CONCLUSIONS

From the above observation we conclude that

1.

The program CONV2 is reliable for estimating convergence rates, except for
conv2Zmm. when the initial grid is not fine enough.

The convergence of the 5-POINT STAR module behaves as O (h 2) for general
domains as predicted theoretically,
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APPENDIX A, The Experimental Data
1.  Errors and convergence rates measured

1 b4p2unix/1/14/46/

h
1.3e-01
1.0e-01
8.0e-02
6.7e-02
5.7e-02
5.0e-02
4.4e-02
4,0e-02
3.6e-02
3.3e-02
3.1le-02
2.9e-02

nunk
25
49
Bl
121
169
225
289
36l
441
529
625
729

rerr
2.0e-03
l.1e-03
7.3e-04
5.le-04
3.7e~-04
2.9e-04
2.3e-04
1.8e-04
l1.5e-04
1l.3e~04
l.1le=-04
9.4e=05

4 bdpZunix/1/14/46/

b
1.7e-01
1.3e-01
1.0e-01
8.3e-02
7.1le-02
6.3e-02
5.6e-02
S.0e-02
4.5e-02
4.2e=-02
3.8e-02
3.6e-02

nunk
10
21
36
55
78
105
136
171
210
253
300
351

rerr
.Be-03
-Be—~03
.8e=03
.3e-03
.le~04
.0e=-04
.S5e=-04
.5e—-04
. Te=04
.le—04
.Te-04
.Je=-04

NNWW LG DO RN

5 bdp2unix/1/14/46/

h
6.7e-01
5.0e-01
4,0e-01
3.3e-01
2.9e=-01
2,5e-01
2.2e-01
2.0e-01
1l.8e-01
1l.7e-01
1,.5e-01
l.4e-01

nunk
25
45
69
109
145
153
249
305
373
437
517
609

rerr
.3e—-02
. 6e=02
.6e=03
.6e—=03
.2e-03
.6e=03
.9e-03
.5e-03
.le-03
.le=03
.8e-014
.Be—04

A~ HFHEFRFERFPENWLDD R W

15 b4p2unix/1/14/46/

ny

h

nunk

rerr

rerrmax
.6e-03
.2e=03
.7e=03
.le-03
.de—~04
.9e-04
.Te-04
.oe=04
.le=-04
.0e-04
.be-04
de=-04

H RN WEoH PP Wm

rerrmax
.8e-02
.be—-02
.8e-03
.0e-03
.4e=03
.7e—-03
.2e~03
.3e-04

. 6e=04
.9e-04
.9e—04

IO R ODENADYMNN

rerrmax
.S5e+00
-S5e-01
.de-01
.0e=02
.4e=-02
.3e-02
.4e-03
.de=-03
.le=03
.0e=-03
.2e-03
.9e-03

RN R &L

rerrmax

.2e=03 .

errl2

.2e—04
.le-04
.0e-04
.de=-04
.le=-04
.2e=05
-5e=05
.3e-05
-4e-05
. Te=05
2e—-05
.Be-05

NWWLUO®E B NWWN

errl?
.2e=-03
.9e=-04
.6e-04
.2e=04
.4e=-04
. 9e-04
.5e-04
.2e=04
.0e~04
.5e~05
.Jde=-05
.3e-05

=l @D HHFERWbB SR

errl2

.2e=02
.5e-02
.le-02
-3e-02
.Te=03
.Be-03
-0e-03
.2e-03
.0e-03
.6e—03
.le=-03
.6e=03

MW lo -)wH R R

errl2

(a=1,b=.8,c=_6)

conv2mx
. Qe+
-9e+00
.9e+00
.9e+00
. 9e+00
-0e+00
.0e+00
.0e+00
-0e+00
.0e+d0
. 0e+00
.0e+00

MMMNMMNMNMNNRERR RO

(a=2,b=1.,c=1,)

convZmx convZmm
.0e+00
.0e+00
.0e+00
.2e+00
.2e+00
.de+00
. 9e+00
. Be+00
-de+00
. 4e+00
.de+00
.4e+00

0.0e+00
1.9e+00
2.0e+00
.9e+00
.0e+00
.0e+00
.0e+00
.0e+00
.0e+00
-0e+00
.de+00
.0e+00

NNMNMODNNMNNRE

(a=3,b=2.,¢c=1.)

convamx
.0e+00
. 6e+00
. 6e+00
. 9e+00
.8e+00
.Ge+00
. 6e+00
.6e+00
.6e+00
.5e+00
.6e+00
.5e+00

MNMMNNNMOMNNDONDS

(a=7:b=.4;c=.2}

conva2mx

convZmnm

MMMNMMNNNDNODRDNDO

NNRDMNNRNOMNROMNDNGO

-0e+00
.6e+00
-7e+00
. 6e+00
.Be+00
. Te+00
. 6e+00
. Te+00
.6e+00
-5e+00
-S5e+00
. 6e+00

conv2mm

e B S S UT LN B b B e O

.0e+00
.2e+00
.Te+00
. 62400
2e+00
. 9e+00
.1e+00
.de+00
.de+00
.le+00
.de+00
-3e+00

conv2mm

convz2]l?2
0.0e+00
1.8e+00
1.9e+00
i,%e+00
1.9%400
1.9%e+00
1.%e+00
1.%e+00
1.9e+00
1.9e+00
1.%+00
1.9%e+00

conv2lz
.0e+00
-8e+00
.8e+00
. 9e+00
- 9e+00
-9%e+00
- 9e+00
. 9e+00
. 9e+00
. 9e+00
. 9e+00
.%e+00

e e e S R o

conv2l2
.0e+00
.8e+00
.de+00
. 7e+00
.7e+00
, Te+00
.Be+00
.Te+00
.Be+00
.8e+00
.8e+00
.8e+00

Ll e e S I S

conv2l?z

Z’%

.7e=-01
. 7Te-01
. 7e=01
. Te=01
- Te=-01
.7e-01
. 7Te-01
.Je=01
. Te=01
. Te=01
.7e=-01
. 7e=-01

et minomubpiolun

FHWOWYOHEDO®-1b N
[
@
+
o
o

solmax
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500

nx

11
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29

500

nx

11
i3
15
17
19
21
23
25

7

9
11
13
15
17
13
21
23
25
27
2%
45
55
65

1.4e~-01
1.0e-01
8.3e-02
6.9%-02
6.0e-02
5.2e=02
4.6e-02
4.2e-02
3.8e-02
3.5e~02
3.2e-02
3.0e-02
1.%e-02
1.5e-02
1.3e-02

19
410
65
98
135
182
231
292
333
426
501
588
1492
2092
2987

ds AR OFR RN WS

.Ge=-04
.3e=-04
.8e=-04
.3e-04
-9e-04
-5e-04
-2e-04
.7e-05
.8e=-05
-3e~0%5
.1le=05
.le=05
.le—-05
.3e-06
.7Ta=06

17 bdp2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29

h
3.5e~01
2.6e-01
2.le=01
1.7e-01
1,5e~01
1.3e-01
1l.2e-01
2.0e-01
9._4e~02
8.7e-02
8.0e-02
7.4e=-02

nunk
25
45
69
101
145
185
241
293
349
421
489
577

5.
.Te-03
3.
1.
1.
1.
8.
7.
7.
q,
4.
3.

7

Lerr
6e-03

Je-03
8e-03
Se-03
3e-03
6e-04
0e-04
2e-04
9e-04
5e-04
7e-04

21 bdp2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29

h
6.9%-01
5.2e-01
4.2e-01
3.5e-01
3.0e-01
2,60-01
2.3e-01
2.le-01
1.%e-01
1.7e-01
1l.6e-01
1.5e-01

nunk
15
28
44
65
90
117
149
184
224
268
314
365

G~ W H R NWWLGWOR

Ierr

2e=-02
.0e-03
.6e=03
.de-03
.5e~03
.8e~03
.5e=03
.2e=-03
.Be=-04
-de~04
de=-04
.2e-04

22 b4p2unix/1/14/46/

ny

3

9
11
13
15
17
19
21
23
25

h
€.%-01
3.2e-01
4. 2e-01
3.5e-01
3.0e-01
2.6e-01
2.3e-01
2.1e-01
1.9%e-01
1.7e=-01

nunk
14
26
41
59
80
106
134
165
201
239

h -l o= - R W

rerxr

.le=-02
.3e=-03
.6e=-03
de=03
.8e-03
.4e—-03
.le—03
.9e-04
.Te-04
.Se=04

.3e=-02
.6e=02
.8e-03
.5e-03
.1e-03
.2e-04
.8e-04
.9e-04
.4e=-04
.0e-04
.Be-05
.0e-05
.3e-05
.4e-05
.9e-06

AENOOHF NG RN-JN A

Terrmax
le=-02
.Te=02
-8e-Q2
.le=02
.Be-03
.2e-03
.0e-03
.2e~03
.4e-03
.be-03
.4e-03

WHEFNKFDDWES .S RO

rerrmax
.9e=-01
.8e-01
.2e~01
. Je=01
.de=-02
.He-02
.7e=-03
.6e=03
.4e=-03
.6e-03
.7e=03
.le—03

o dhn MR NDLW@D

rerrmax
.2e—-01
.8e-01
.2e=01
.3e=01
.de—~02
.5e—-02
.de-03
.4e=03
.7e—03
.6e=~03

h O N = N WW

.3e-03"'

.le-04
.2e-05
.8e~05
.5e=-05
.5e-05
.9e=05
.5e-05
.2e=05
-de~06
.le=06
-de~06
.de=-06
.2e-0g
.5e~06
-0a-06

HFRERNUA-IOHFESNWS DR

N WWb o bW
als
@
1
o
N

errl?2
.3e+00
.2e=01
.8e-01
L 4e~-01
.be=01
.Oe-01
.7e=01
de=01
.2e=01
.0e=-01
.le=02
.le-02

CWHEKEFRFENNWL

errl?2
.le=01
.le-01
.4e—-01
.5e=01
.De=-01
. be-01
-3e-01
.le=01
.3e-02
.0e=-02

Wik N W]

.Qe+00
2e+00
.%9e=-01
.9e-01
.le+00
.le+00
.2e+00
.3e+400
-4e+00
.4e+00
.S5e+00
.6et+00
-9e+00
. 9e+00
-9e+00

MRERREBHHEHHERERRHEROORO

(a=8,b=1.,c=1.)

conv2mx
. Qe+l
.1e+00
.0e+00
. 6e+00
.5e+00
.Se+00
. 7e+00
. Te+00
. be+00
.8e+00
. Te+00
.Be+00

H

e e R

{a=10,b=1,,c=0.

conva2mx
0.0e+00
3.2e+00
2.7e+00
. 7e+00
.6e+00
.5e+00
.5e+00
.4e+00
.4e+00
. de+00
.3e+00
-3e+00

BMNMNNMBRODBDN RN

(a=10;b=2-pc=0.

conva2mx
.0e+00
.0e+00
.2e+00
.2e+00
.le+00
.le+00
.1le+00
.le+00
.le+00
.le+00

NMMNNRBNONMNNDN G

L L L e B B b b WP e B s L O

conv2mm
.De+00
.2e+00
-2e+00
.1le=-01
.8e+00
. 8e+00
. 9e+00
.le+00
.4e+00
.58+00
-4e+00
.8e+00

HRNNBDWRNMMNWLDE DO

convamnm
.Qe+00
.Ge+00
. 7e+00
.8e+00
.1e+Q0
. be+00
.8e+00
.2e+00
. 9e+00
.5e+00
.3e+00
-2e+Q0

Wl s s W RN WO

.0e+00
.Be+00
.4e+Q0
.le+00
.3e+00
.S5e+00
.6e+00
.S5e+00
.de+00
-de+00
.4e+00
.Je+00
.Be+00
. Te+00
- 7Te+00

conv2mm

Wl il de L W NN WO

.0e+00
.Qe+00
.8e+00
. 9e+00
.le+00
.Te+00
.5e+00
.9e+00
.8e+00
.Ge+00

.0e+00
.5e+00
.6e+00
. Te+Q0
. 7e+00
.8e+00
.8e+00
.9e+00
. 9e+00
.9e+00
.9e+00
.0e+00
.0e+00
-9e+00
.0e+00

NHONRHRPEPRERREHBERPO

conv2l2
0.0e+00
1.7e+00
2.0e+Q0
1.8e+00
1.9%+00
-9e+Q0
.8e+00
.9e+00
.Be+00
.8e+00
.8e+00
. 8e+00

S N W

conv2l2
.0e+00
.Qe+00
.9e+00
.9e+00
.9e+00
.9e+00
.8e+00
.Be+00
.8e+00
.Be+00
.8e+00
.8e+00

PFHRERRPRHRAEHMREDO

conv2l2
.0e+0d0
.1le+00
.5e+00
. S5e+00
.5e+00
.5e+00
.6e+00
.6e+00
. 6a+00
. 6e+00

HFEPEHHEHHEHRBRRERRHREO

4.le-01
4.3e-01
4.4e=-01
4.5e~-01
4,5e-01
4.5e-01
4,6e-01
4.6e-01
4.6e=-01
4.6e-01
4.6e-01
4,6e-01
4. Te~-01
4,6e-01
4.7e-01

el e e el E Ty '
w
o
+
(=)
[

golmax
.2e+02
. 6e+02
. 9e+02
.le+02
.2e+d2
.4e+02
.5e+02
.be+02
. 6e+02
. Te+02
. Te+02
.8e+02

MMNNRBMNOMMNMNORE B R

solmax
2e+02
.6e+02
.9e+02
.le+02
.2e+02
.qe+02
.5e+02
. be+02
.6e+02
.Te+02

MNRDMNDNRDD PR



27
29

500

nx

11
13
15
17
19
21
23
25
27
29

500

nx

11
13
15
17
19
21
23
25
27
45
53
65
75

500

nx

11
13
15
17
13
21
23
25
27
29

500

27

29

1. 6e~-01
1.5e-01

281
324

5.4e-04
4.7e=-04

25 bdp2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29

27

ny

7

9
11
13
15
17
19
21
23
25
27
45
55
65
75

28

ny

=

9
11
13
15
17
19
21
23
25
27
29

317

ny
3
9
11

h nunk rerr
7.8e~01 22 4. 2e-02
5.8e-01 42 1.8e-02
4.7e-01 68 8.3e-03
3.9e-01 100 7.0e=-03
3.3e-01 137 4,8e-03
2,9e-01 181 3.5e-03
2.6e-01 232 2.9e-03
2.3e-01 288 2.5e-03
2.1e-01 351 2.1e-03
1.5%e~-01 418 1.8e-03
1.8e-01 494 1,5e-03
1.7e-01 572 1.3e-03

bdp2unix/1/14/46/

h nunk rerr
6.2e-01 22 2.0e-02
4.6e-01 37 1.0e-02
3.7e-01 62 4.8e-03
3.1le-01 91 2.B8e-03
2.6e-01 123 2.0e-03
2.3e=01 163 1.3e-03
2.le-01 207 1.2e-03
1.9e-01 255 9.3e-04
1.7e-01 314 7.4e-04
l.6e~01 371 7.2e~=04
1.4e-01 434 5.7e-04
8.4e-02 1263 2.1e-04
6.9e=02 1859 1,4e-04
5.8e-02 2633 9.,8e-05
5.0e~02 3530 7.4e-05

b4pZunix/1/14/46/

h nunk rerr
1.5e+00 22 9.%e-02
1.2e+00 39 3.7e-02
9.3e~-01 62 3.6e-02
T.7e-01 91 1.5e-02
6.6e=-01 125 1.2e-02
5.Be=-01 163 9.5e-03
5.1e-01 209 7.5e-03
4.6e-01 257 6.6e-03
4,2e-01 314 6.5e-03
3.%e-01 374 4,5e-03
3.6e-01 439 3.9%e-03
3.3e-01 510 3.5e-03

bdp2unix/1/14/46/

h nunk rerr
2.6e-01 21 1. 7e-02
1.9e-01 38 5.9e-03
1.6e—-01 60 3.3e-03

€.7e-03
6.le-03

rerrmax
3.7e-01
2.le-01
3.7e-02
2.7e-02
3.1le-02
5.4a-03
7.7e=-03
2.3e-02
3.9e-03
1.0e-02
6.3e-03
8.6e-03

VU LOOADORRENON LSRN L
[
M
|
o
N

rerrmax
.2e+400
.2e=-01
.de-01
S5e=-01
.0e=01
.3e=02
.2e~02
.9e-02
.de=-02
.5e=02
. 9e-03
.2e=-02

NoDMDWU & s P Mo

rerrmax
4,5e-01
1l,4e~-01
2.%e-02

7.

6.8e-02
6.0e-02

errl?

.Se+04
. 7e+03
.be+03
.Be+03
2e+03
.3e+03
.le+03
. 6e+03
.5e+03
.2e+03
.le+03
.le+02

WHHKRERENMNMDMDWWN -

errl2

2e+01
le+01
-4e+00
.Be+00
.Bet+Q0
.le+00
. 7e+00
.2e+00
. Te+00
. 6e+00
-4e+00
.2e=01
.S5e~01
.5e~01
.9e=-01

HNWORFRFHEDDODWWWOM - R

errl2

-9e+07
.Te+07
Se+07
Ae+07
De+07
.TJe+06
.0e+06
.0e+06
.5e+06
.0et+06
.de+06
.9e+06

NWbh BUADHE R RN

errl?2
1.5e=-02
7.3e-03
4,7e-03

2.1le+00
2,le+00

(a=11,b=1.,cm0,

convZmx Cconva2mm
0.0e+00 0.0e+00
2.9%+00 1.9%e+00
3.2e+00 4.5e+00
2.6e+00 3.8et00
2.6e+00 3,0e+00
2.4e+00 4.3e+00
2.4e+00 3.5e+00
2.3e+00 2.3e+00
2.3e+00 3.Se+00
2.3e+00 2.6e+00
2.3e+00 2.Be+00
2.2e+00 2.4e+00

(a=11,b=.5,c=0,
convimx convamm
0.0e+00 0.0e+00
2.3e+00 2.6e+00
2.8e+00 2.le+00
2.8e+00 3.3e+00
2.7et00 2.5e+00
2.8e+00 2.9%e+00
2.6e+00 2.9e+00
2.6e+00 2.7e+00
2.5e+00 3.let+0Q0
2.4e+00 2.9e+00
2.4e+00 2.9e+00
2.3e+00 3.1e+00
2.3e+00 3.3e+00
2.2e+00 2.%e+00
2.2e+00 3.4e+00

3.4e+00
3.3e+00

1.6e+00
1l.6e+00

convzl2
- 0e+00
.4e+0(
.0e+00
.0e+00
.9e+00
.9e+00
.8e+00
.9e+00
.8e+00
. 9e+00
.8e+00
.8e+00

FHRMEMEPERRRHEBEODNDNDO

)

conv2l?
.0e+00
. 6e+00
.1e+00
.9e+00
.le+00
.0e+00
.%9e+00
. 9e+00
.Qe+00
. 9e+00
. %9e+00
.9e+00
-9e+00

HEHRERRERREBENRERFRODNHENNDS

. %e+00

(a=l1ll,bwl.5,c=0.)

conv2mx
. 0e+00
.3e+Q0
.9e+00
. 7e+00
.de+00
-3e+00
.3e+00
.2e+00
.le+00
.2e+00
.2e+00
.1le+00

MNNMNMROMNRONDNONMODN A WO

conv2mm
.Qe+00
. 4e+00
.6e+00
.0e+00
. 9e+00
.4e+00
.9e+00
.T7e+00
-4e+00
.Be+00
.3e+00
.6e+00

NwhMNNODNWDWLRE PO

(a=15;b=-5’c=1

conva2mx
0.0e+00
3.7e+00
3.2e+00

conva2mm
0.0e+00
4.0e+00
5.4e+00

convzl2
.0e+00
. 9e+00
.3e+00
.le+Q0
2e+Q0
. 3e+00
.4e+00
.5e+00
.de+00
.4e+00
.5e+00
.5e+00

HHERRPRBHRMBERRHRRO

.

conv2l2
0.0e+00
2.4e+00
2.2e+00

.9e+00

2.7e+02
Z2.8e+02

solmax

1l.le+06 -

9.2a+05
l.6e+06
1.3e+06
1.7e406
1.5e+06
1.8e+046
1.6e+06
1.8Be+06
1.7e+06
1.8e+06
1.7e+06

]
o
P
B
"

ARG RN NN LR EE R T RN X
\0
o]
-+
=
W

solmax
.2e+08
.8e+08
.le+09
.5e+0%
- 3e+09
.le+09
.0e+09
.De+09
.9e+049
.3e+09
.4e+09
.3e+09

MNNEHERMMNONNND - O®

solmax

1.5e+00
2.2e+00
2.7e+00



13
15
17
1%
21
23
25
27
29

500

nx

11
13
15
17
19
21

25
27
29
45
55
€3
75

300

nx

11
13

17
19
21
23
25
27
2%

500

nx

11
13
15
17
15
21
23
25
27
29

13
15
17
19
21
23
25
27
29

1.3e-01
1.le-01
9.7a=-02
8.7e-02
7.8e-02
7.le=02
6.5e-02
6.0e-02
5.6e~-02

20
122
160
206
257
312
371
438
509

b ~I0OFFKHKHN

.3e-03
.8e-03
.5a-03
. 0e=03
.8e~04
.de-04
.2e=-04
.9e=04
. 3e-04

43 Db4p2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29
45
55
65
75

h
B.7e-01
6.5e=-01
5.2e-01
4,3e-01
3.7e-01
3.2e-01
2.9%-01
2.6e-01
2.4e=01
2.2e6=01
2.0e=01
1.9e-01
1.2e-01
9.6a-02
8.le-02
7.0e~02

nunk
19
39
64
89
12¢
163
204

. 253

309
365
433
501
1240
1839
2598
3482

NWdb dEPRROWLE N N

Ierr

.5e-02
.Te=02
2e-02
.8e-03
.5e-03
-0e=03
.0e=-03
.3e~03
. 9e-03
de-03
.7e=03
.6e=03
Je-04
.de=04
2e=-04
.Je=-04

53 bdp2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29

h
3.5e-01
2.6e=01
2.1le-01
1:7e=-01
1.5e-01
1l.3e=-01
1.2e-01
1,.0e-01
9.5%e-02
8.7e-02
8.0e-02
7.4e-02

nunk
le
29
46
68
92
121
151
188
225
270
318
369

HFNMMNMWWwbsh WO NND®D

Ierr

.20-03
.4e~03
.5e-03
.Te=04
Te=04
.0e-04
.Be=-04
.5e-04
.le-04
.5e-04
-le-04
.8e=-04

55 b4p2unix/1/14/46/

ny

7

9
11
13
15
17
19
21
23
25
27
29

h
3.6e-01
2.7e-01
2.2e-01
1.8e-01
1.6e-01
1.4de-01
1.2e-01
1l,1le-01
9.9e-02
9.0e=-02
8.3e-02
7.8e-02

nunk
17
31
51
73
100
122
157
198
240
286
3318
393

HFMNMRWWWL P PR W

rerr

.0e=02
.3e-03
.7e=03
.8e-03
.le=-03
.4e=-04
.0e=04
.6e=04
.De-04
.6e—-04
. Je-04
.9e-04

1,.4e-02
3.7e-02
5.7e~03
4.7e-03
2.1le-03
7.3e-03
3.7e-03
1.6e-03
2.2e-03

rerrmax
2,5e+00

5.7e-01 .

1.4e-01
1.Be-01
1.6e-01
2.9e~02
3.3e-02
6.7e~02
6.8e-02
2,8e-02
1.3e-02
2.5e-02
5.7e-03
5.3e-04
8.4e-04
1.7e-03

rerrmax
§.2e-01
1.2e~-01
8.8e-02
5.4e-02
2.6e-02
2.4e=-02
1.2e-02
l.4e-02
9.4e-03
4. 6e-03
8.1le-03
5.5e—-03

(2]
@
5
»

.8e=-01
.le=01
. 6e=02
.3e=02
. 9e=-02
.le=-02
.0e=02
.2e=02
.0e=-03
-3e—03
.9e—-03

Chale LN WP =R b D) N L

.2e~03

.3e-03
.5e-03
.%9e—-03
.4e~03
.2e=03
.8e-04
-3e-04
.De-04
.0e-04

T~ oW = =N W

errl2

.0e+00
2e~01
.8e-01
. 6e=01
le~01
.6e=01
.2e=01
.0e-01
. 6e=02
.9e=02
.6e-02
.le=02
.5e=-02
.Te~02
2e=02
.4e=03

OWHFEPNAANNOHFEFERERNNW®R

errl2

.1e-03
.8e~03
.2e~03
.5e=03
.1e=-03
de-04
. S5e=-04
2e—04
.de=04
.be=04
.1le=-04
.Te~-04

NWWwainonomPE e~ N W o

errl2

.le-03
.be=03
.3e-013
.4e=-03
. 0e—-03
.he-04
.le=04
.Te=04
.6e=04
.8e-014
.3e=04
.8e-04

NWWLaOJI@ERE RN WOD

2.9e+00 5.0e+00 2.2e+00
2.6et00 3.0e4+00 2.le+00
2.5e4+00 4.5e+00 2.1e+00
2.6e+00 4.2e+00 2.le+00
2.5e+00 4.5e+00 2.le+00
2.4e+00 3.2e+00 2.1le+00
2.,4e+00 3.5e4+00 2.1le+00
2.4e+00 3.Be+00 2.1e+00
2.4e+00 3.5e+00 2.1e+00
{(a=18,b=0.,c=0.}
convZmx convZmm conv2l2

0.0et00 0.0e+00 0.0e+00
3.5e400 5.le+00 1.B8e+00
3.5e+00 5.6e+00 2.0e+00
3.3e+00 3.Be+00 2.0e+00
2.%9e+00 3.2e¢400 1.9e+00
2.7e+00 4.5e+00 1.9e+00
2,.7e+00 3.9e+00 2.0e+00
2.6e+00 3.0e+00 1.9e+00
2.5e+00 2.Be+00 1.8e+00
2.5e+00 3.2e+00 1.8e400
2.6e+00 3.6e+00 1.9%e+00
2.5e+00 3.0e+00 1.Be+00
2.3e+00 3.le+00 1.9e+00
2.3e+00 3.9e+00 1.9%e+00
2.3e+00 3.4e+00 1.9e+00
2.3e+00 2.9% 400 1.9%e+00
{a=21,b=.2,c=.5)
convZmx convZmm conv2l2
0.0e+00 0.0e+00 O0.0e+00
4.3e+00 4.3e+00 1.7e+00
2.3e+00 3.0e+00 2.0e+00
3.le+00 3.0e+00 2.0e+00
2.8e+00 3.3e+00 2.0e+00
2.7e+00 2,%e+00 2.0e+00
2.6e+00 3.3e+00 2.0e+00
2,.6e+00 2.8e+00 2.0e+00
2.5e+00 2.9%e+00 2.0e+00
2.5e+00 3.2e400 2.0e+00
2.5e+00 2.7e+00 2.0e+00
2.5e+00 2.8e+00 2.0e+00

{(a=21,b=20.,c=.6)

convZmx convZmm conv2l?

0.0e+00 0.0e+00 0.0e+00
3.9e+00 2.1e+00 2.8e+00
3.4e+00 3.2e+00 2.5e+00
2.5e+00 2.9e+00 2.5e+00
2.7e+00 2.4e+00 2,5e+00
2.8e+00 3.0e+00 2.3e+00
2.7e+00 3.3e+00 2.2e+00
2.8e+00 2,9e+00 2.2e+00
2.7e+00 2.9e+00 2.2e+00
2.6e+00 3.1e+00 2.2e+00
2.6e+00 3.0e+00 2.2e+00
2.6e+00 2.7e+00 2,2e+00

. 8e+00
.7Te+00
.6e+00
. %e+00
.Be+0
.8e+00
.Be+00
.De+00

WihhnMnR DN

solmax

.Te+0l
.8e+01
.7e+01
.0e+01l
.9e+01
.7e+01
-de+01
.Be+01
0e+01
Oe+01
-le+(2
Jde+02
.De+02
-le+02
.le+02
-le+02

HEPHRPEHBEHDLODDOODOEODmDW O W

solmax
L 4e+00
.6e+00
.8e+00
.7e+00
. Te+00
.6e+00
. 4e+00
-6e+00
.5e+00
. 7et+00
.7e+00
.7e+00

MMNNRNBMRNMRODNEND R

WRNNWWNRMONDD
H
1}
+
[
L=

.0e+00




500 57 bdp2unix/1/14/46/ (a=22,b=1,,c=.1)
nE ny h nunk rerr rerrmax errl?2 convZmx c¢onv2mm conv2l?2 solmax
7 7 4.5e-01 14 1.8e-02 2.5e+00 1.7e-01 0.0e+00 0.0e+00 0,0e+00 3.2e+01
| 9 3.4e~01 23 7.9e-03 2.le-01 1.1le-01 2.9e+00 8.7e+00 1.7e+00 6.0e+01
11 11 2.7e-01 37 3.9e-03 1.5e-02 6.3e-02 3.0e+00 1.0e+t01 2.0e+00 8.6e+01
13 13 2.2e=01 53 2.1e-03 1.3e-02" 3.%e-02 3.let+t00 7.6e+00 2.2e+00 1.le+02
15 15 1.%e=-01 73 1.3e-03 1l.le-02 2.4e-02 3.le+00 6.4e+00 2.3e+00 1.3a+02
17 17 '1.7e~01 93 7.9e-04 3.5e-03 1.7e-02 3.2e+00 6.7e+00 2.4e+00 1.4e+02
19 19 1.5e-01 118 5.2e-04 9.%¢-04 1l.le-02 3.2e+00 7.1e+00 2.52+00 1.6e+02
20 20 1l.4e-01 132 4.3e-04 4.3e-04 9.5e-03 3.3e+00 7.5e+00 2.5e+00 1.6e+02
21 21 1.4e-01 146 3.5e-04 6.9e-03 B.0e-03 3.3e+00 4.9e+00 2.6e+00 1.7e+02
23 23 1.2e-01 177 2.3e-04 5.4e-03 5.4e-03 3.4e+00 4.7e+00 2.7e+00 1.Be+02
25 25 1l.le-~01 209 1.6e-04 2.5e-03 4.5e-03 3.4e+00 5.0e+00 2.6e+00 1.8e+02
27 27 1.0e-01 247 1l.le-04 2.4e-03 3.5e-03 3.5e+00 4.7e+00 2.7e+00 1.9e+02
29 29 9.7e-02 285 7.7e-05 2.1e-03 3.2e-03 3.5e+00 4.6e+00 2.6e+00 2.0e+02
30 30 9.3e-02 307 6.5e-05 9.6e-04 2.9-03 3.6e+00 5.0e+00 2.6e+00 2.0e+02
31 31 9.0e-02 328 6.le-05 7.6e-04 2.6e-03 3.5e+00 5.0e+00 2.6e+00 2.0e+02
33 33 8.4e-02 374 5.8e-05 5.3e-04 2.4e-03 3.4e+00 5.1e+00 2.6e+00 2.1le+02
35 35 g8.0e-02 425 5.4e-05 3.5e-04 2.le-03 3.4e+00 5.1e+00 2.6e+00 2.le+02
37 37 7.5e-02 472 7.1e~05 2.le=-03 1.9e-03 3.le+00 4.0e+00 2.5e+00 1.6e+02
39 39 7.le-02 525 6.6e~05 6.4e-05 1.7e-03 3.0e+00 5.7e+00 2.5e+00 1.8e+02
40 40 6.%e-(2 354 6.3e-05 4.8e¢-04 1.6e-03 3.0e+00 4.6e+00 2.5¢+00 1.6e+02
41 41 6.8e-02 381 6.0e-05 9.0e-04 1.6e-03 3.0e+00 4.2e+00 2.5e+00 1.7e+02
43 43 6.4e-02 644 5.4e-05 1.4e-03 1.4e~03 3.0e+00 3.8e+00 2.5e+00 1.7e+02
45 45 6.2e-02 704 4.8e-05 1.6e-03 1.3e-03 3.0e+00 3.7e+00 2.5e+00 1.8e+02
43 49 5_6e-02 841 3.9e-05 2.5e-04 1.1e-03 3.0e+00 4.4e+00 2.5e+00 1.8e+02
53 53 5.2e-02 986 3.2e-05 1.3e~04 9.0e-04 2.9e+00 4.6e+00 2.4e+00 1.9e+02
57 57 4.8e-02 1143 2.5e-05 2.8e-05 7.7e-04 3.0e+00 5.1e+00 2.4a+00 2.0e+02
61 61 4.5e-02 1315 1.9e-05 B8.0e-05 6.7e-04 3.0e+00 4.5e+00 "2.4e+00 2.0e+02
65 65 4.2e-02 1493 1.4e-05 1.3e-04 5.9e-04 3.0e+00 4.2e+00 2.4e+00 2.1e+02
69 69 4.0e-02 1687 1.0e-05 6.8e-05 5.2e-04 3.le+00 4.3e+00 2.4e+00 2.le+02
73 73 3.8e-02 1B90 8.7e-06 4.le-05 4.7e-04 3.1le+00 4.4e+00 2.4a+00 2. 2e+02
77 77 3.6e-02 2107 7.6e-06 7.le-06 4.2e-04 3.le+00 5.0e+00 2,4e+00 2.2e+02
B1 81 3.4e-02 2335 7.0e-06 3.5e-05 3.8e~04 3.0e+00 4.3e+00 2.4e4+00 2,3e+02
B5 85 3.2e-02 2571 6.4e-06 6.6e-05 3.5e-04 3.0e+00 4.0e+00 2,4e+00 2.3e+02
93 93 2.9e-02 3086 5.9e-06 1.8e-05 2.9e-04 2.9+00 4.3e+00 2.3e+00 2.le+02
101 101 2.7e-02 3648 4.8e-06 2.4e-05 2.5¢-04 2.%9e+00 4.le+00 2.3e+00 2.le+02
105 105 2.6e-~02 3947 4.3e-06 4.0e-05 2.3e-04 2.9+00 3.9e+00 2.3e+00 2.2e+02
109 109 2.5e-02 4257 3.8e-06 1.3e-05 2.le-04 2.9e+00 4.2e+00 2.3e+00 2.2e+02
111 111 2.5e-02 4413 3.6e-06 1.2e-05 2.le-04 2.9e+00 4.2e+00 2.3e+00 2.2e+02

500 59 b4p2unix/1/14/46/ (a=22,b=.8,c=.8)
nx ny h nunk rerr rerrmax errl? conv2mx convZmm c¢onv2l2 solmax
7 7 4.6e-01 3 3.2e-03 4.2e+00 2.6e-01 0.0e+00 0.0e+00 0.0e+00 8§.7e+01
9 9 3.de-01 14 1.8e-03 9.6e-01 1.9e-01 1.9e+00 5.1e+00 1.0e+00 2.3e+02
11 11 2.7e~-01 23 2.0e-03 1.5e¢-01 2.le-01 9.0e-0l 6.5e+00 4.le-01 3.Be+02
13 13 2.3e-01 35 1.5e-03 1.4e~02 1.8e-01 1.le+00 4.9e+00 5.2e-01 5.4a+02
15 15 2.0e=01 47 1.0e-03 4.3e-02 1.4e-01 1.3e+00 5.4e+00 7.le-01 6.8e+02
17 17 1.7e-01 63 7.2e-04 4.3e-02 1.0e-01 1.5e+00 4.7e+00 9.3e-01 B.0e+02
15 19 1.5e-01 78 5.le-04 B8.2e-03 7.7e-02 1.7e+00 5.7e+00 1.1e+00 §.1e+02
21 21 1.4e-01 96 3.7e-04 4.6e~03 5.9e-02 1.8e+00 5.6e+00 1.2e+00 1.0e+03
23 23 1.3e-01 113 2.6e-04 7.5e-03, 4.5e-02 1.9e+00 4.9e+00 1.3e+00 1.le+03
25 25 1.1le-01 137 1.9e-04 4.8e-03 3.5e-02 2.0e+00 4.9%+00 1.4e+00 1.2e+03
27 27 1.0e-01 163 1.3e-04 4.2e-03 2.9%-02 2.,2e+00 4.7e+00 1.5e+00 1.3e+03
25 29 9,8e-02 186 9.0e-05 4.1e-03 2.4e-02 2.3e+00 4.5e+00 1.5e+00 1.3e+03
31 321 9.1le-02 216 5.7e-05 5.9e-03 2.0e-02 2.5e+00 4.le+00 1.6e+00 1.de+03
33 33 8.6e-02 245 5.4e-05 3.2e-03 1.7e-02 2.4e+00 4.3e+00 1.6e+00 1.de+03
35 35 8.le—02 272 5.1e-05 1.0e-03 1.S5e-02 2.4e+00 4.8e+00 1.6e+00 1.Se+03
37 37 7.6e—-02 305 5.5e-05 1.1e-03 1.4e-02 2.3e+00 4.6e+00 1.6e+00 1.3e+03




93

101 101
109 109

500

nx

7

9
11
13
15
17
19
21
23
25
27
29
45
55
&5
75

500

nx

11
13
15
17
19
21
23
25
27
29
45
53
63
15

500

7

41 6.
43 6.
45 6.
49 5.
53 5.
57 4.
61 4.
65 4.
69 4.
73 3.
81 3.
85 3.
89 3.
93 3.
2.
2.

9e=(2
S5e=-02
2e-02
Te-02
3e-02
9e-02
6e-02
3e=-02
Oe-02
Be-02
4e-02
3a-02
le-02
0e-02
Te-02
5e-02

382
417
458
350
645
743
859
980
1101
1233
1527
1677
1839
2018
2379
2774

Wabs ho~) =1 140 - P RR W W e b0

.6e=05
.le~-05
.6e-05
.6e—05
. 0e=053
.5e-05
.le-05
.7e=05
.3e—-05
.8e-06
.S5e-06
.0e-06
.2e=06
.Je=-06
.Be-06
.7e=06

61 b4p2unix/1/14/46/

ny

7 5.
9 3.
11 3.
13 2.
15 2.
17 1.
19 1.
21 1.
23 1.
25 1.
27 1.
29 1.
45 1.
53 5.
.9e-02
.2e~=02

65 4
75 4

h
2e-01
9e-01
le-01
6e-01
2e-01
9e=-01
Te-01
Ge-01
de-01
3e-01
2e-01
le-01
le=-02
8e-02

nunk
16
30
43
65
89
115
145
179
212
258
2986
351
853
1287
181¢
2420

NMdHHLDOALOKHEDNDSOWORH

rerr

.Be=-02
.5e-03
.B8e—-03
.0e=-03
.5e-03
.8e-03
.5e~03
. 4e=04
.6e-04
. 6e-04
.0e-04
.5e-04
.5e=-04
.le=-04
.5e-05
.4e-05

69 bdpZunix/1/14/46/

ny
73
9 2
11 2
13 1
15 1
17 1
19 1
211
23 9
25 9

43 5
55 4

65 3.
75 3.

h

.fe=01
.Te=01
2e=-01
.8e=-01
. 6e~01
.4e=01
.2e=01
.le=-01
.9e-02
le-02
27 8,
29 7.
.0e—-02
.1le=-02

de—02
fe-02

4e-02
Oe-02

nunk
20
37
58
82
111
147
185
230
273
326
382
446
1097
1646
2320
3099

S UM OOOHEFERNNDOAGO

rerr

.le=02
. 9e-02
.0e—-03
.0e-03
-8e-03
.Ge=-03
.be=-03
.4e-03
.6e=-04
.7e=04
.Be—-04
-Te—-04
-de—-04
.5e-05
.Be-05
.0e-05

70 bd4p2unix/1/14/46/

ny

7 5.

h
4de-01

nunk
19

6.

rerr
Se—02

2.1le-03 .

3.4e-03
1.4e-03
2.le-04
1.4e-04
3.5e-05
2.2e-04
1.0e=-04
3.7e-05
3.Be-05
7.3e-05
3.7e-05
2.0e~05
1.Be-05
2.89e-05
7.3e-06

rerrmax
5.3e-01
6.6e-01
7.2e-02
5.8e-02
2.0e-02
2.7a-02
1.8e-02
5.6a~03
1.0e-02
7T.9e-03
4.3e-03
4.5a-03
7.2e-04
1l.4e-04
1l.5%e-04
8.5e-05

rerrmax
.3e+00
.3e-01
-8e-01
.de=-02
-2e~-Q2
.8e=-02
.2e-03

.6e—-03
.2e=03
.7e=03
.9e-03
.le=014
.9e-05
.7e=05
.8e-05

@AW WU WU WOoo W WWWw =

rerrmax
4.9e-01

.7e-03"

.le-02
.De-02
.5e-03
.7e=03
.4e-03
. 6e=03
.8e-03
.le-03
.6e-03
.2e-03
.6e-03
.3e-03
.le=-03
.0e-03
.6e-03
.de-03

HEHENMNMMMNMNLDWA LN - WD

errl?2

.5e+00
. 9e=01
. Te=01
.5e=-01
LTe~-01
.0e-01
.7e=01
.3e=01
.2e~01
.5e-02
.de—-02
2e-02
.le=02
-le-02
.S5e=02
2e~02

HPEPNW-TOWLUHHEEHEHNMMBWO IR

errl2
. 6e=-02
.9e-02
2e-02
.Se-02
.le=02
.1le—02
.0e~03
.8e=-03
.2e=-03
.8e—03
.0e—-03
.7e—03
.0e-03
.0e=04
.le-04
.8e-04

WU QR NWWEUO® P NN D

errl?
3.3e-01

2.1e+00 4.0e+00 1.6e+00
2.1le+00 3.7e+0) 1.6e+00
2.1e+00 4.0e+00 1.7e+00
2.le+00 4,8e+00 1.7e+400
2, 2e+00 4.8e+00 1.7e+00
2.2e+00 5.2e+00 1.7e+00
2.2e+00 4.3e+00 1.7e+00
2.2e+00 4.5e+00 1,7e+00
2.3e+00 4.8e+00 1.8e+00
2,3e+00 4.7e+00 1.8e+00
2.3e+00 4.2e+00 1.8e+00
2.3e+00 4.4e+00 1.8e+00
2.3e+00 4.6e+00 1.8e+00
2.3e+00 4.5e+00 1.8&+00
2.3e+00 4.2e+00 1.Be+00
2.3e+00 4.6e+00 1.8e+00
(a=23,b=0.,c=.5)
convZ2mx conv2mm conv2l2
0.0e+00 0.0e+Q0 O0.0e+00
l.8e+00 —-7.6e-01 2.4e+00
1.9%+00 3.9e+00 1.%e+00
2.0e+00 3.2e+00 2.le+00
2.2e+00 3.9e+00 2.0e+00
2.2e+00 3.le+00 2,1e+00
2.1e+00 3.le+00 2.0e+00
2.7e+00 3.8e+00 2.0e+00
2.2e+00 3.0e+00 2.0e+00
2.5e+00 3.0e+00 2.0e+00
2.3e+t00 3.3e+00 2.0e+00
2.5e+00 3.le+00 2.0e+00
2.3e4+00 3.3e400 1.%e+00
2,.3e+00 3.8e+00 1.9e+00
2.3e4+00 3.3e+00 1.9e+00
2.3e+00 3.5e+00 1.9e+00
{a=253,b=.,2,c=0.)
convZ2mx convimm conv2l2
0.0e+00 0.0e+00 0.0e+00
-1.8e+00 B.0e+00 -1.2e+00
1.3e+00 5.7e-01 1.9e+00
9.3e-01 5.3e+00 1.2e+00
1.7e+00 4.4e+00 2.0e+00
1.5e+00 3.9e+00 1.7e+00
1.9e+00 4.6e+00 2.0e+00
1,.7e+00 4.4e+00 1,5e+400
2.0e+00 4.2e+00 2.0e+00
1.%9e+00 4.3e+00 2.0e+00
2_0e+00 3.7e+00 2.0e+00
1.9e+00 4.2e+00 2.0e+400
2.2e+00 3.9e+00 2.0e+00
2.2e+0Q0 4.3e+00 2.0e+00
2.2e+00 4.0e+00 2.0e+00
2.3e+00 3.8e+00 2.0e+00
{a=25,b=.2,c=1.)
convZmx convZmm conv2l?2

0.0e+0C 0.0e+00

0.

0e+00

.2e+03
.2e+03
.3e+03
.3e+03
.de+03
.S5e+03
.5e+03
.6e+03
.6e+03
. 8e+03
.7e+03
. 7e+03
.5e+03
.6e+03
.6et(3
.7e+03

HFPHHPHERRHEERERRBRRBRR

solmax
-3e+02
.0e+02
.fet02
.Qet02
.2e+02
. fe+02
.6e+02
.6e+02
.Be+02
. 6et+(2
.0e+02
.Te+02
.Be+02
.3e+02
-Tet)2
.0e+02

aaln Ot U0 b O O L LB

solmax
le+0l
.9e+01
.le+0l
Lda+01
e+l
.7e+01
2a+0l
. 92401
.5e+01
.le+01
.Te+0l
2e+01
.de+01
Lde+01
.3e+01
.4e+01

VWWWWWNWNNNDRERRN B R

solmax
1.7e+01



9
11
13
15
17
15
21
23
25
27
29
31
37
39

500
nx

11
13
15
17
19
21
25
29
35
75

X kW

* %k %k

9 4.
11 3.
13 2.
15 2.
17 2.
19 1.
21 1,
23 1.
25 1.
27 1.
29 1,
31 1.
37 9.
39 8.

71

ny
7

3.
11 2.
13 1.
15 1.
17 1.
19 1.
21 1.
25 8.
29 7.
55 3.
75 2,

.1e+00
«3e-01
.le=02
.5e-02
-5e-02
.2e=02
.Qe~02
.de=-02
-9e-03
. 6e-02
.3e-02
.de=-03
. 6e=03
.le=04

rerr rerrmax

0e~01 34 2.6e-02 2
2e-01 55 4.5e-02 &
7Je=-01 78 9.1e-03 6
Je-01 105 3.%e-03 2
0e-01 136 8.8e-03 9
Be-01 173 4.4e-03 1
6e=01 215 2.5e-03 3
Se-01 258 3.4e-03 3
3e-01 308 l1.9e-03 5
2e=01 361 l.2e-03 1
2e-01 418 1.7e-03 1
le-01 480 1.0e~03 3
le-02 689 7.0e-04 2
S5e-02 770 5.3e-04 5
bdp2unix/1/14/46/

h nunk

Se-01 16 8.4e-03
le-01 47 2.5e-03
Je-01 63 2.8e-03
Se-01 87 1.0e-03
Je-01 115 6.8e-04
2e=-01 147 B.4de-04
Oe-01 184 6.5e-04
Te-(02 261 2.7e-04
4e-02 356 2.7e-04
Be—-02 1314 4.6e-05
Be—-02 2473 2.4e-05

nunber of ellpack runs = 306

total CPU hours =

0.64

Wih WNOWH DL O
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. 3e-02
. 3e-02
«le=02
.2e~02
. 6e=02
.7Te-02
.1e=02
.le=02
.5e-03
-5e-03
.2e=03
.2e~03
.6e-03
.2e-03

WWwUmoh Mh@OEHKEBMRNO YD

errl2

. 9e-02
. Te=02
-5e-02
-0e-02
.2e-03
.5e-03
.2e=03
.9e-03
.le-03
.Be=04
.1le-04

Winh b KFHEFEM

.Be+00
-3e40Q
.0e+00
-4e+00
.7e+00
.3e+00
.S5e+00
.7e+00
.4e+00
.6e+00
.5e+00
.6e+00

NNMNMNONNNDRNODNDNDNNIWN-JW

WORNWRNWNNWE W W

2e+00 =5,1e+00
2e=01 -4

.9e=-01
.0e+00
.5e+Q0
.Te+00
.4e+00
-3e+00
-Ge+Q0
.2e+00
. 3e+00
.3e+00
.let+00
.9e+00
.7e+00

5.7e+00
.5e+00
.Te+)
.2e+00
. 6e+00
. Te+00
.8e+00
.6e+00
.6e+00
.7e+00
. Ge+00
. 6e+00
.5e+00
.5e+00

NNMONNNNNDNODNWNDN

(a=25,b=2.5,c=-1.)

convamx
.0e+00
.da+00
. 6e+00
.5e+00
.6e+00
.le+00
.le+00
-5e+00
.2e+00
.4e+00
.3e400

MRRDNMNNMNNDDNDNPERE RO

convZmm

i D0 L0 s L LD B e O

.0e+00
.6e+Q0
.let+00
.de+00
2e+00
.0e+00
. 9e+00
.4e+00
.7e+00
.5e+00
.1le+00

conv2l2
. De+00
L7e+00
.2e+00
.3e+00
.3e+00
. 3e+00
. 3e+00
.3e+00
«.3e+00
.2e+00
.2e+00

MMNMNMNNRNONRNNDNGO

-5e+00
.le+dl
.De+01
.De+01
.le+0l
.S5e+01
.0e+01
.6e+0l
.0e+01
.5e+01
.0e+01
.3e+01
.0e+0l
.7e+01

MWWLWRNWNNMMRNDNDWERE O

solmax

1.4e+01
3e+0l
.6e+0l
.2e+01
.de+dl
.Je+0l
Lle+0l
.6e+01
2e+01
.5e+dl
.Be+(1

WWwWwWwidthwihaN
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APPENDIX A. The Experimental Data
2. Domain shapes and convergence rate plots

problem number 500
parameter aet 1
1000  —— Domain 1
Poram=ters: 8.8990 8.6888
1,200
B.728 L
=1.000 - .
A.54n L
-}
8.0
~3.000Q ™~
'\\ 8.057 &
log err—-nodes N
\ -..398 3 + t + —
) -1L,203  B.B3® D.I68 D.s4A 9,929 1,an04
E g
=5.000 -1 >
-7.000 -1
} | | |
-9.000 | i | 1
0. 1.000 2.000 3.000 4.000
log nx
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problem number 500
paramater aet q
Dl:}ﬂ'll] i.n E’,
1.000 B Paramsk2rs: 1.9R28 1,699
1.23RA
/.30 + f
-1.000 -1
[ WTLES
<
S
x P
A, ni L -
./,/
,/
-3.000 —-—\ A, e ,'/
. e
Y
log err-nodes . 5339 , , . \ —
.28 1,940 A.dnil v, E48 n.3227 1,248
=-5.000 -1
-7.000 ——
| | | |
-9.000 7 i [ |
0. 1.000 2.000 3.000 . 4.6000
log nx



problem number

parameter set

.14-

5C0

Domain 3
Parmmebars: ¢ .nYay

T

-,

\

-

-1.538  -B.598  M.G4A  1.j38 2,398
E 3

4.000

1.000 -
2.288 -‘-
1.480 &
=1.000 1T 7-699 L
n
a
-8.,200 -
a
=1,0910 |
. -1.38R L
-3.000 —— -2.390
N\,
log err-nedes \\
RN
~5.000 - N
=-7.000 -1
-9.000 | ] } I
0. 1.000 2.000 3.000
log nx

.0ea9




1.000

-1,000Q

-3.000

log err-nodes

~5.000

-7.000

=-9.000

-15-

problem number 500

paramester set 15

a.325 ¢+

8.158

-R.174

Domain 7
Porameters:

—] 1

8.48u0

-8.1562

L L
B.851 B.304 B.5(? 6.75@

1.00Q0 2.000 3.000

log nx

4.000

8.983

G.260e



1.000

=1.000

-3.000

log err—-nodes

-5.000

-7.000

-9.000

500

parameter set 17

problem number

-16-

Domain 8

Param=tars: 1.0000
2.455 -
1.374 } \\\
(BTN A
a
a n.7e0 L
o A
9,127 + \“ﬁmh___,f/’/
s -9.955 + 4 t =+ J
N +0.955  B.128 B.T9Y 1.391 1,371 2,455
—— "\\
\-.
.
| | |
[ | |
1.000 2.000 .00D 4.000
lag nx

1.00609
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problem number 500
parameter set 21
1.00¢ T ,
Domain 10
Poromel=rs: 1.ABYAB
4.tBE-I-
T.181 -
T
-1.000 -T—
2.4 L
a
m
1.185 L .
\\
™~
. ~
-3.000 - a.19s ¢ ~
.92 4 t : iy
log err—-nodes “ o2 -1,77 -2.532 0 -1.417 4R35 1114
=5.000 -1 .
=-7.000 —t
| ! | |
-9.000 [ i | |
0. 1.000 2.000 3.000 4.000

log nx

a.
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problem number 500
parameter set 22
1.000 - .
Domain 18
Paromet=rs: 2.898a8 a.

4 152 -
1.14)

-%.000 -
2.1R< 4

- §

1,165 |
B.150 ¢

-3.000 ——\

N ) 9,172 + . ; ' i
- PR -1 74T SAS1 -1 AIT -4l251 0 ALT1s
log err—nodes ", .
=-5,000 -1
-7.000 o
l | | |
0. 1.000 2.000 - 3.000 4,000
log nx
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problem number 500
parameter set 25
1.000 —T Domain 11
Paramaters: 1.0080

9.028
1.7174

=1.000 -T—

a8
a 2.405 1
n

1,095 |

~3.000 o
-A.215 -

log err-necdes
-1.%2% $ f . g {
-R.023 1.268 2.52% 1.999 S.can A.511
LY

=5.000 -1

-7.000 -1

9.000 | ! \I |

- | | I |

0. 1.000 2.000 3.000 4.000
log nx



problem number 500
paramester set 27
1.000 T Domain 11 -
Poromab=rs: g.54d049

4,.n42,

|_

1.882 1
~1.000 -T—

1.952L

m

a.gaz Ll
-3.000 ° &

.. B 1184

log err-nodes K
-1,15E } 1 - : i
-8.296 E.68B5 1,497 2.38F 3.2R@ .17
t 4
=5.000 -
=7.000 -1
) | { ) {
9.000 i | 1 —
0. 1.000 2.000 3.000 4.000
log nx

a.
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problem number 500
parameter aet 28 \
Dommin 11 '
1.000 i Poromebers: 1.5888
10.037
Toanl
-1.000 -1T— a
a 4,842 L
]
2.245 L
3.000 —\ —
-3. *0.157 +
leg err-nodes -2.751 ; ; . 1 )
0,496 1,740 I.967 w.194  8.428 18,544
-5.000 -/
-7.000 -IT—
-9.000 I I ﬁ I
Q. 1.000 2.000 3.000 4.000

log nx
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problem number 500
parameter set 37
—_ . 1
1.000 Domain 15
Porameters: 0.56008
1.%98,
1,781
=1.000 -1
a n.9s0
n
1.549
=3.000 —
<<\\\\\ 1.129
log err-nodes \x\
N,
. =318 g g . + 1
: «3,1M8 .12 0.548  0.968  1.15Q  1,40A
-5.000 —— "
=-7.000 -1
=9.000 f f Ay |
: | [ i 1
a. 1.000 2.000 J.ooo 4.00Q

log nx

1.56808



1.000

-1.000

-3.000

log err—-nodes

-5.000

-7.000

-9.000

praoblem number

parameter aet

23-

500
43

Domoin 18

Poramzters: a.
2.601
1.551 1
4 8.5214
a
n .
-8.528 ¢
-1.560 1
-2.686 } - L t
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