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The valley splitting 共energy difference between the states of the lowest doublet兲 in strained silicon
quantum wells with a V-shaped potential is calculated variationally using a two-band tight-binding
model. The approximation is valid for a moderately long 共approximately 5.5– 13.5 nm兲 quantum
well with a V-shaped potential which can be produced by a realistic delta-doping on the order of
nd ⬇ 1012 cm−2. The splitting versus applied field 共steepness of the V-shaped potential兲 curves show
interesting behavior: a single minimum and for some doublets, a parity reversal as the field is
increased. These characteristics are explained through an analysis of the variational wave function
and energy functional. © 2005 American Institute of Physics. 关DOI: 10.1063/1.1913798兴
I. INTRODUCTION

The electronic structure of conduction-band silicon
quantum wells is profoundly affected by the bulk band structure of silicon. In bulk, the X valleys are six-fold degenerate
when strained along 关001兴 the degeneracy of interest is for
the two valleys lying along z. Because the minima of these
valleys occur somewhat inward from the respective
Brillouin-zone faces, there are four propagating states 共with z
wave vectors ±k1 , ± k2兲 at each energy within the valleys. As
a result, the bound states of a quantum well occur in doublets; the splitting between the states comprising the lowest
doublet is referred to as the valley splitting.
This valley splitting in flatband silicon quantum wells
has been studied both experimentally1 and theoretically using
the two-band effective-mass model2 and tight-binding
approaches.3–6 Direct comparison of the two-band tightbinding model employed here with a much more complete
sp3d5s* model has shown both good agreement for the valley
splitting in flatband quantum wells and that neither the d
orbitals nor the spin-orbit coupling in the sp3d5s* model is
necessary to explain the essential physics.3,4 This essential
physics is the broken translational symmetry in one dimension and resultant coupling of the four bulk states to produce
two bound states which split in energy. From this coupling
come interesting properties in flatband quantum wells including the oscillation of the valley splitting with quantum well
width and the alternating parity of the ground state. These
features have been predicted earlier6 but have only recently
been explained in detail.3,4
Increasingly, quantum wells, wires, and dots with potential profiles which are not flat have been investigated.
Delta-doping7 produces an approximate V-shaped potential
a兲
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well in one-dimensional structures. In two-dimensional arrays of quantum dots, a V-like potential can be achieved by
using lateral gates, such as in the Si–SiGe heterostructure for
spin qbits proposed by Friesen et al.8 V-shaped or V-like
potential wells are thus becoming an increasingly important
part of nanoelectronic devices and structures.
In addition to the experimental and device interest, a
V-shaped potential well is helpful theoretically since it preserves symmetry. This symmetry can be exploited to give
simpler approximations for the wave function and energy
functional than would be the case with a nonsymmetric potential, thereby yielding more insight into the behavior of the
eigenstates and energies of the potential well. The interesting
physics of valley splitting in flatband devices, together with
the increasing use of V-shaped potential profiles, demands an
investigation of the valley splitting in silicon conductionband quantum wells subjected to a V-shaped potential.
This paper presents a calculation of the valley splitting
in silicon conduction-band quantum wells under confinement
by a V-shaped potential using a two-band tight-binding
model3,4 and a variational wave function. The variational results compare favorably with numerical calculations and furthermore explain the physics of the valley splitting in these
structures with clarity and detail unobtainable using numerical methods alone. The paper is organized as follows. Section II presents the method, Sec. III the results, and Sec. IV
the conclusions.
II. METHOD

The calculation of the valley splitting in quantum wells
subjected to a V-shaped potential is based on our earlier results for flatband structures, so much of the notation is taken
from Refs. 3 and 4. The model is one dimensional 共a chain
along the z direction兲 with second-near-neighbor interac-
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tions; we adopt the atom-indexed notation for simplicity as
in Ref. 4. 共Appendix I of Ref. 4 shows that this is equivalent
to describing the two-band model as a one-band model with
a unit cell half as large.兲 On each atom there is a single pz
orbital and there are two identical atoms per unit cell; the
quantum well has 2N atoms 共N cells兲, indexed as j
= 1 , 2 , . . . , 2N. The wave function is written as
兩⌿典 =

1

2N+2

兺 n兩z;n典,
冑N n=−1

共1兲

where 兩z ; n典 is the orbital on atom n and N is the normalization. As before, hardwall boundary conditions are applied at
both ends of the well, requiring that

−1 = 0 = 2N+1 = 2N+2 = 0.

共2兲

The Hamiltonian operator for the well 共including the applied
V-shaped potential兲, Ĥ, is represented by the 2N ⫻ 2N matrix
គ 2N ,
H
គ =H
គ 2N + V

共3兲

where H
គ 2N is the Hamiltonian matrix for the flatband quantum well,4

冤




u
H
គ 2N共, ,u兲 = 0
]
]
0

 u 0 ¯ ¯ 0
]
  u 0
   u  ]
     0
 u    u
 0 u   
¯ ¯ 0 u  

冥

共4兲

and the V-potential matrix is diagonal, with elements
关V
គ 2N兴i,j = F兩j − 共N + 1/2兲兩␦i,j,

F 艌 0.

共5兲

Note from Eq. 共5兲 that the units on the “field” F are actually
eV/at., in order to simplify the notation. As in Ref. 4,  is the
on-site parameter,  the nearest-neighbor parameter, and u
the second-near-neighbor parameter; the values given there
are also used here.
We remark that the potential in Eq. 共5兲 is a good variationally solvable model for delta-doping since it is the potential of an infinite sheet of charge centered between the two
middle atoms. 共An even number of atoms is chosen for convenience; the physics is the same for an odd number.兲 By
way of comparison, typical field values studied here are
about 1 meV/ at., which corresponds to an electric field, E
⬇ 74 kV/ cm, assuming the interatomic spacing is about
0.135 nm 共one-half monolayer兲. The corresponding sheet
doping density nd can be estimated using the infinite sheet
charge model of elementary electrostatics: nd = 2r0E / q,
where q is the magnitude of electronic charge, and for Si
r = 11.9. Using E ⬇ 74 kV/ cm gives nd ⬇ 1012 cm−2, which
is readily achievable.
From Eqs. 共4兲 and 共5兲 it is clear that the Hamiltonian is
symmetric about the well center 共at “index” N + 1 / 2兲. Hence,
its eigenstates may also be chosen as simultaneous parity
eigenstates, just as in the flatband treatment.3,4 Note that
since the underlying basis orbitals are pz like, even coefficients  correspond to an odd wave function, while odd co-

efficients correspond to an even wave function. The eigenstates of Eq. 共3兲 are found by two methods: 共1兲 numerical
diagonalization 共i.e., exact兲 and 共2兲 variational. The variational results will be shown to agree well with the numerical
calculations and provide valuable physical insight not available from the numerical results alone.
In the variational calculation, the coefficients are taken
to be

共j兲 = 关1 + ␣共兲兩j − 共N + 1/2兲兩兴
⫻exp关− ␣共兲兩j − 共N + 1/2兲兩兴C共j兲,

 苸 兵e,o其,

共6兲

where ␣共兲 is the variational parameter for the  coefficients
and C共j兲 are the exact solutions found for the flatband quantum well in Ref. 4,
共e兲
共e兲
共e兲
共e兲
C共e兲
j = a1 cos关1 共j − N − 1/2兲兴 + a2 cos关2 共j − N − 1/2兲兴,

共7兲
共o兲
共o兲
共o兲
共o兲
C共o兲
j = a1 sin关1 共j − N − 1/2兲兴 + a2 sin关2 共j − N − 1/2兲兴.

共8兲
That is, the phases 共j兲 and expansion coefficients a共j兲 are
fixed, being those already found for the flatband quantum
well of 2N atoms. Note that the form of Eq. 共6兲 共absolute
value bars in both the argument of the exponential and prefactor兲 precludes a cusp in the coefficients 共j兲 if j is treated
as a continuous variable. Note also from Eq. 共6兲 that since
the C共j兲 already satisfy the hardwall boundary conditions, so
too do the 共j兲. In Eq. 共1兲, the wave function with coefficients
共j兲 is denoted 兩⌿共兲典, the superscript indicates the parity of
the coefficients, which, as discussed above, is opposite that
of the total wave function.
Even though there is only one variational parameter,
␣共兲, for each wave function, the normalizations and totalenergy functionals turn out to be rather complicated. Consequently, the minimization of the the energy functionals
E关⌿共兲兴 =

具⌿共兲兩Ĥ兩⌿共兲典
具⌿共兲兩⌿共兲典

共9兲

with respect to the ␣共兲 is carried out numerically. The complications arise from the presence of sums such as9
n−1

pk sin共kx兲 =
兺
k=1

p sin共x兲 − pn sin共nx兲 + pn+1 sin关共n − 1兲x兴
,
1 − 2p cos共x兲 + p2
共10兲

n−1

pk cos共kx兲
兺
k=0
=

1 − p cos共x兲 − pn cos共nx兲 + pn+1 cos关共n − 1兲x兴
1 − 2p cos共x兲 + p2

共11兲

and their derivatives with respect to p. The value of ␣共兲
共兲
which minimizes E关⌿共兲兴 is denoted ␣min
, while the mini共兲
共兲
mum of E关⌿ 兴 itself is Emin. In practice, for fields of interest and wells of around 20–60 cells 共40– 120 at.兲, the mini共e兲
共o兲
and ␣min
tend to be close, and it is often
mizing values ␣min
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a good approximation to use the average of the two

Ⲑ

共e兲
共o兲
¯␣min = 关␣min
+ ␣min
兴 2

G⬘共2␣,N兲 = −
共12兲

to calculate the energy functionals E关⌿共兲兴 and even the dif共e兲
共o兲
− Emin
. Our primary interest is the field deference ⌬E = Emin
pendence of ⌬E.
共兲
Fortunately, an explicit expression for the ␣min
is not
necessary for a qualitative understanding of the splitting as a
function of field. Indeed, much insight can be gained simply
by comparing analytic expressions extracted from the energy
functionals for the cases of even and odd coefficients. Since
it is the field dependence of the splitting between the two
states of the doublet, not the energies themselves, which is of
interest, only two parts of Eq. 共9兲 for each of the two states
generally need to be computed for detailed study. These are,
first, the two normalizations, in order to confirm that they are
similar; and second, the two field terms, since they generally
have the strongest F dependence. 共In the matrix representation, “field term” refers to the expectation value of V
គ 2N.兲
Since the field dependence enters the expectation value of
H
គ 2N only via the variational parameter ␣共兲, this expectation
value is usually less important for determining the F dependence of the splitting.
These expressions are computed in the customary manner, making use of sums such as Eqs. 共10兲 and 共11兲 and the
familiar geometric series. The expressions are conveniently
recast by introducing the shorthand notation,
N

S共, ␤,N兲 =

e−共j−1/2兲 cos关␤共j − 1/2兲兴,
兺
j=1

N

G共,N兲 =

共13兲

1 − e −N

,
e−共j−1/2兲 =
兺
2 sinh共/2兲
j=1

S共2␣,2,N兲 = S共2␣,2,N兲 − ␣
+

冋

冋

共14兲


S共2␣,2,N兲
␣

册

␣2 2
S共2␣,2,N兲 ,
4 ␣2

冋


G共2␣,N兲
G共2␣,N兲 = G共2␣,N兲 − ␣
␣
+

冋

2

册

冋
冋
冋

1 
S⬘共2␣,2,N兲 = −
S共2␣,2,N兲
2 ␣

␣2 3
S共2␣,2,N兲 ,
8 ␣3

共18兲

共e兲
共e兲 共e兲
2
共e兲
共e兲
共e兲
+ 关a共e兲
2 兴 S关2␣ ,22 ,N兴 + 2a1 a2 兵S关2␣ ,2␦ ,N兴

+ S关2␣共e兲,2¯共e兲,N兴其,

共19兲

共o兲 2
共o兲 2
共o兲
2
共o兲
共o兲
N共o兲 = 兵关a共o兲
1 兴 + 关a2 兴 其G关2␣ ,N兴 − 关a1 兴 S关2␣ ,21 ,N兴
共o兲
共o兲 共o兲
2
共o兲
共o兲
共o兲
− 关a共o兲
2 兴 S关2␣ ,22 ,N兴 + 2a1 a2 兵S关2␣ ,2␦ ,N兴

− S关2␣共o兲,2¯共o兲,N兴其,

共20兲

where, as in Ref. 4,

Ⲑ

␦共兲 = 关共1兲 − 共2兲兴 2,

Ⲑ

¯共兲 = 关共1兲 + 共2兲兴 2,

 苸 兵e,o其.
共21兲

As discussed in Ref. 4, the wave functions for the lowest
doublet of a flatband quantum well consist of a cosinelike
envelope characterized by the ␦共兲 with underlying fast oscillations characterized by the ¯共兲; in most quantum wells, all
of the 共j兲 are approximately equal to min, the phase-space
location of the Si X-valley minimum. Also, for most quantum
wells 关those with ␦共兲 Ⰶ 1兴 at reasonable fields 关for which
roughly ␣共兲 艋 0.2兴, the dominant terms in the normalizations
are those involving G关2␣共兲 , N兴 and S关2␣共兲 , 2␦共兲 , N兴.
The field terms for the states with even and odd coefficients are computed in a similar manner, giving
F
共e兲 2
2
共e兲
共兵关a共e兲
1 兴 + 关a2 兴 其G⬘关2␣ ,N兴
N共e兲
共e兲
2
共e兲
+ 关a共e兲
1 兴 S⬘关2␣ ,21 ,N兴
共e兲
共e兲 共e兲
2
共e兲
+ 关a共e兲
2 兴 S⬘关2␣ ,22 ,N兴 + 2a1 a2

⫻兵S⬘关2␣共e兲,2␦共e兲,N兴 + S⬘关2␣共e兲,2¯共e兲,N兴其兲,
F共o兲 =

共22兲

F
共o兲 2
2
共o兲
共兵关a共o兲
1 兴 + 关a2 兴 其G⬘关2␣ ,N兴
N共o兲
共o兲
2
共o兲
− 关a共o兲
1 兴 S⬘关2␣ ,21 ,N兴
共o兲
共o兲 共o兲
2
共o兲
− 关a共o兲
2 兴 S⬘关2␣ ,22 ,N兴 + 2a1 a2

⫻兵S⬘关2␣共o兲,2␦共o兲,N兴 − S⬘关2␣共o兲,2¯共o兲,N兴其兲.

␣ 2
+
S共2␣,2,N兲
2 ␣2
−

␣2 3
G共2␣,N兲 .
8 ␣3

册

共e兲 2
共e兲 2
共e兲
2
共e兲
共e兲
N共e兲 = 兵关a共e兲
1 兴 + 关a2 兴 其G关2␣ ,N兴 + 关a1 兴 S关2␣ ,21 ,N兴

共15兲

共16兲

册
册
册

册 冋
册

Note that S⬘ and G⬘ are related to, but are not exactly, partial
derivatives of S and G, respectively. After manipulating the
sums to exploit symmetry and remove the absolute value
bars, and using trigonometric relations to convert expressions in terms of sines to those in terms of cosines, the normalizations are

F共e兲 =

册

␣ 
G共2␣,N兲 .
4 ␣2
2

册

−

冋
冋

1 
␣ 2
G共2␣,N兲 +
G共2␣,N兲
2 ␣
2 ␣2

共17兲

共23兲

Observe that the terms in 共1兲, 共2兲, and ¯共兲 in Eqs. 共22兲 and
共23兲 differ in sign. In Sec. III this difference will be seen to
account for much of the behavior of the splitting, especially
at higher-field values. Here, a rough analysis of these two
equations shows what to expect from the splitting.
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For the lowest doublet in reasonably long structures at
field values in the range of interest, it is generally a good
approximation to ignore terms of S关2␣共兲 , 2共兲 , N兴 involving
exp关−2␣共兲N兴 and to take
共e兲
共o兲
␣min
⬇ ␣min
⬇ ¯␣min ,

共24兲

共1兲 ⬇ 共2兲 ⬇ ¯共兲 ⬇ min,

 苸 兵e,o其,

共25兲

a共1兲 ⬇ a共2兲,

 苸 兵e,o其.

共26兲

a共1兲,a共2兲 ⬎ 0,

Under these approximations,
S共2¯␣min,2min,N兲 ⬇

−

¯␣min cos共min兲
2
1 − cos共2min兲 + 2¯␣min

,

共27兲

2
1 − cos共2min兲 − 2¯␣min
S
⬇ − cos共min兲
⬎ 0, 共28兲
2
␣
关1 − cos共2min兲 + 2¯␣min
兴2

where the inequality on the right-hand side of Eq. 共28兲 holds
for small ¯␣min, cos共min兲 ⬍ 0, and cos共2min兲 ⬍ 0, with latter
inequalities being appropriate for Si.3,4 From Eq. 共17兲, the
leading term in S⬘ is −共1 / 2兲S / ␣ ⬎ 0; taking ␦共e兲 ⬇ ␦共o兲 in
Eqs. 共22兲 and 共23兲 it therefore follows that
⌬F = F共e兲 − F共o兲 ⬇

8F 共兲 2
关a 兴 S⬘共2¯␣min,2min,N兲 ⬎ 0
N
共29兲

to leading order 共0th兲 in ¯␣min. Equation 共29兲 shows that for
sufficiently high field, the even-coefficient state should have
the higher energy, so that the odd-coefficient state becomes
the ground state. Since, as noted above, the wave-function
parity is opposite that of the coefficients, Eq. 共29兲 indicates
that at higher fields the even wave function should be the
ground state, as one might intuitively expect for quantum
wells made of direct-band-gap materials. Note the contrast
with the flatband quantum well case, where the parity of the
ground state varies as a function of well width.3,4

FIG. 1. Valley splitting ⌬E = E共e兲 − E共o兲 as a function of field, F, for a 50-cell
共100 at.兲 quantum well subjected to a V-shaped potential as calculated with
the two-band model. The crosses plot the results of numerical diagonalization of the Hamiltonian matrix and the open circles the variational calculation 共evaluated at the average variational parameter ¯␣min兲.

B共o兲 = −

F
兵关a共o兲兴2S⬘关2¯␣min,2共o兲
1 ,N兴
N共o兲 1

2
+ 关a共o兲
␣min,2共o兲
2 兴 S⬘关2¯
2 ,N兴
共o兲
␣min,2¯共o兲,N兴其.
+ 2a共o兲
1 a2 S⬘关2¯

共31兲

Note that the difference field term ⌬F = F共e兲 − F共o兲 shows a
minimum similar to that of the full splitting, and that, indi-

III. RESULTS

Figure 1 plots the valley splitting, ⌬E = E共e兲 − E共o兲, as a
function of field, F, for a 50-cell 共100 at.兲 quantum well as
calculated with the two-band model. The variational results
agree well with those of exact diagonalization. Since the
splitting is positive throughout the range of field considered
the ground state remains the odd-coefficient 共even wave
function兲 state. There are two notable features of the graph:
the minimum at F ⬇ 0.7 meV/ at. and the increase following
it. These are explored further in Fig. 2, which plots the exact
and approximate difference field term, ⌬F = F共e兲 − F共o兲, as
well as the bulk minimum difference, defined as ⌬B = B共e兲
− B共o兲, where the bulk terms B共兲 are simply the parts of the
field terms F共兲 involving phases 2共j兲 and 2¯共兲,
B共e兲 =

F
兵关a共e兲兴2S⬘关2¯␣min,2共e兲
1 ,N兴
N共e兲 1
2
␣min,2共e兲
+ 关a共e兲
2 兴 S⬘关2¯
2 ,N兴
共e兲
␣min,2¯共e兲,N兴其,
+ 2a共e兲
1 a2 S⬘关2¯

共30兲

FIG. 2. The difference field term, ⌬F = F共e兲 − F共o兲, as calculated via numerical diagonalization 共crosses兲 and variationally, usings Eqs. 共22兲 and 共23兲 and
average variational parameter ¯␣min 共open circles兲 for the 50-cell well of Fig.
1. Note that these two curves are almost identical. The bulk minimum difference, ⌬B = B共e兲 − B共o兲, which carries little of the phase information, is plotted with the open diamonds. The curve labeled ⌬E − ⌬B plots the exact, full
splitting, minus the bulk minimum difference. Note that the bulk minimum
difference accounts for much of the behavior of the full splitting at higher
fields, as indicated by the relative flatness of the curve ⌬E − ⌬B.
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FIG. 3. Valley splitting ⌬E = E共e兲 − E共o兲 as a function of field, F, for a 46-cell
共92 at.兲 quantum well subjected to a V-shaped potential as calculated with
the two-band model. The crosses plot the results of numerical diagonalization of the Hamiltonian matrix and the open circles the variational calculation 共evaluated at the average variational parameter ¯␣min兲. Unlike the 50-cell
well of Fig. 1, there is a parity change at F ⬇ 1 meV/ at..

cated in Eq. 共29兲, the increases in both ⌬F and the full splitting are largely accounted for by the bulk minimum difference, ⌬B. This last point is underscored by the plot labeled
⌬E − ⌬B 共the exact, full splitting, minus the bulk minimum
difference兲, which becomes much flatter at higher fields.
Two observations show the important physics contained
in ⌬B. First, the phases involved are all close to 2min, twice
the X-valley minimum phase. Because the average differences ␦共兲, which are of critical importance in determining
the zero-field valley splitting, are much smaller than min,
they cannot affect the bulk minimum terms, Eqs. 共30兲 and
共31兲, much. Second, since very roughly, B共o兲 ⬇ −B共e兲, the
contributions of the ␦共兲 to ⌬B are of little importance.
Hence, the bulk difference carries little of the exquisitely
sensitive phase information which determines the zero-field
splitting, and when it becomes sufficiently large, dominates
the splitting behavior.
These characteristics are again seen in Fig. 3, which
plots the valley splitting for a 46-cell 共92 at.兲 quantum well.
Again note the close agreement between the variational and
exact diagonalization results. Unlike the 50-cell case of Figs.
1 and 2, the parity of the ground state changes here, as indicated by the change in sign of ⌬E = E共e兲 − E共o兲 at a field F
⬇ 1 meV/ at.. At low fields the even-coefficient 共odd wave
function兲 state has the lower energy, while at higher fields,
the odd-coefficient 共even wave function兲 state becomes the
ground state. Figure 4, which plots the difference field term
as well as the difference bulk minimum for this well, shows
that much of the behavior of the splitting is attributable to the
difference field term, just as in the 50-cell case of Figs. 1 and
2. Likewise, ⌬B becomes increasingly important at higher
fields, as shown in the plot labeled ⌬E − ⌬B, which is fairly
flat at higher fields. Indeed, from roughly the transition at
F ⬇ 1 meV/ at. onward the behavior of the splitting is largely

FIG. 4. The difference field term, ⌬F = F共e兲 − F共o兲, as calculated via numerical diagonalization 共crosses兲 and variationally, usings Eqs. 共22兲 and 共23兲 and
average variational parameter ¯␣min 共open circles兲 for the 46-cell well of Fig.
3. Note that these two curves are almost identical. The bulk minimum difference, ⌬B = B共e兲 − B共o兲, which carries little of the phase information, is plotted with the open diamonds. The curve labeled ⌬E − ⌬B plots the exact, full
splitting, minus the bulk minimum difference. Note that the bulk minimum
difference accounts for much of the behavior of the full splitting at higher
fields, as indicated by the relative flatness of the curve ⌬E − ⌬B.

determined by the bulk minimum difference. The two examples considered here show that while the bulk minimum
difference is relatively unimportant at lower fields, it helps to
ensure that at higher fields the odd-coefficient 共even wave
function兲 state becomes the ground state.
IV. CONCLUSIONS

Silicon X-valley quantum wells display interesting behavior when subjected to a V-shaped potential. As the field
共slope of the V potential兲 increases, the valley splitting typically displays a single minimum. The parity of the ground
state in flatband wells is a sensitive function of the well
width3,4 and here, too, displays an unusual behavior. An oddparity ground-state wave function at zero field typically undergoes a parity change at some finite field, so that as sufficiently large fields the ground-state wave function is even.
The energy functionals, calculated with variational wave
functions for the lowest doublet, explain this behavior. The
parity change occurs because of the terms in the energy functional which depend very strongly on the location of the Si
X-valley minimum and only weakly on the small phase differences which account for the zero-field splitting. These results therefore provide a much improved understanding of
the valley splitting in Si conduction-band quantum wells
subjected to a V-shaped potential.
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