Purdue University

Purdue e-Pubs

International Compressor Engineering Conference School of Mechanical Engineering

1978

Mathematical Model of An Electrodynamic
Oscillating Refrigeration Compressor

E. Pollak
E J. Friedlaender
W. Soedel

R. Cohen

Follow this and additional works at: https://docs.lib.purdue.edu/icec

Pollak, E.; Friedlaender, . J.; Soedel, W.; and Cohen, R., "Mathematical Model of An Electrodynamic Oscillating Refrigeration
Compressor" (1978). International Compressor Engineering Conference. Paper 273.
https://docs.lib.purdue.edu/icec/273

This document has been made available through Purdue e-Pubs, a service of the Purdue University Libraries. Please contact epubs@purdue.edu for
additional information.

Complete proceedings may be acquired in print and on CD-ROM directly from the Ray W. Herrick Laboratories at https://engineering.purdue.edu/
Herrick/Events/orderlit.html


https://docs.lib.purdue.edu?utm_source=docs.lib.purdue.edu%2Ficec%2F273&utm_medium=PDF&utm_campaign=PDFCoverPages
https://docs.lib.purdue.edu/icec?utm_source=docs.lib.purdue.edu%2Ficec%2F273&utm_medium=PDF&utm_campaign=PDFCoverPages
https://docs.lib.purdue.edu/me?utm_source=docs.lib.purdue.edu%2Ficec%2F273&utm_medium=PDF&utm_campaign=PDFCoverPages
https://docs.lib.purdue.edu/icec?utm_source=docs.lib.purdue.edu%2Ficec%2F273&utm_medium=PDF&utm_campaign=PDFCoverPages
https://engineering.purdue.edu/Herrick/Events/orderlit.html
https://engineering.purdue.edu/Herrick/Events/orderlit.html

MATHEMATICAL MODEL OF AN ELECTRODYNAMTIC OSCILLATING
REFRIGERATION COMPRESSOR

Eytan Pollak
Graduate Research Assistant

F. J. Friedlaender
Professor of Electrical Engineering

Werner Soedel

Professor of Mechanical Engineering

Raymond Cohen

Professor of Mechanical Engineering

Ray W. Herrick Laboratories

School of Mecharnical Engineering

Purdue University

West Lafayette,

INTRODUCTION

This paper shows a mathematical simulation
model for a one cylinder electrodynamic
compressor as shown schematically in Figure

- This compressor is commonly known as a
Doelz compressor. The coil is suspended by
two springs and the piston is connected to
the coil. The driving force comes from the
interaction of the current in the coil with
a steady magnetic field which isg produced
by a permanent magnet. When the coil 1s
connected to an alternating voltage source,
the piston and the coil will curve at the
input frequency.

There has always been interest in oscil-~
lating compressors because the kinematics
are so uncomplicated, which seems to make
these compressors candidates for low cost
designs, and a variety of oscillating
compressors, not always on identified prin-
ciples, has been invented through the years
and analyzed.

The analysis that comes closest to the
work degcribed here is that by Cadman and
Cohen [1,2]. However, their compressor
was a two piston double acting unit that
did not have certain difficulties that had
to be faced in this simulation. For in-
stance, as will be explained, the present
case has a floating operating point that
is a function of the pressure ratio. This
introduces the difficulty that the com-
pressor will reduce its pumping of gas as
the pressure ratio increases, much more so
than a conventional compressor.

The only other investigation that has to be
mentioned is that by Funer [3,4], which is,
however, experimental and not concerned
with a simulation.

Other papers about oscillating compressors
that may be of interest are given in refer-

ences [5~-10].
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Figure 1.

lating Compressor.

Schematic Drawing of an Oscil-



BASIC MATHEMATICAL MODEL

The development of the model starts with a
free body diagram of the piston as shown in
Figure 2. Acting on the piston is the force
due to the combined springs, including the
gas effects, and the electrodynamic driving
force. The mass of the piston includes a
portion of the spring mass and, of course,
the driving coil mass. Very important is
the fact that at every oscillation energy
is removed from the system equal to the
work of gas compression and the work that
is necessary to overcome piston friction.

Kex Cex

mx

BE

F

Figure 2. Free Body Diagram.

These various terms are treated in the fol-
lowing, but at present they are lumped to-
gether in terms of an equivalent spring
constant kg, an equivalent viscous Qumping
constant ce and an equivalent mass me.

The equation of motion that governs the
mechanical part of the system is, there-
fore, given by:

d2 dx
Mg —= + CoFp + kX = F (1)
ae2 dt
where -
F = Bglgi

and where Bg is the effective magnetic flux
in[Web]that is available to act on the coil,

%e is the effective length of coil wire in
[m]. The current i in [Amp] is obtained
from an electric system equation. The
electric circuit c¢an be thought of as
consisting of an effective resistance Re

in [Q], an effective inductance L, in [HZ],
an effective back electro-magnetic voltage
Bezex in [V] and a voltage source of con-
stant magnitude V in [V]. This circuit is
shown in Figure 3. The circuit equation is:

dx di
Belegy + Rel + Ledt =V (2)

These equations can now be solved provided
we know what the equivalent parameters are.
The definition of the equivalent parameters
follows.

Equivalent Damping Cg

Damping in the oscillating compressor can
be viewed to come about in three ways. The
most important is the work done by the com~
pressor on the gas, which is equal to the
area enclosed by an ideal pressure volume
diagram. To this the valve losses are
added. The final important loss to the
vibratory system that has to be described
by equivalent damping is the friction loss.

The basic approach to formulate an eguiva-
lent damping coefficient is well known [11].
The energy dissipated per cycle E of a
harmonically oscillating system is:

2

E = CguX] (3)

where w is the frequency of oscillation in
[rad/sec] and X o is the. amplitude of ‘0os-~

cillation. From this we get:
- B :
Ce = %z (4)
In general, we have
E=W+E; + E (5)

where W is the work done on the gas and is
described by a pressure volume diagram with
ideal valves. Ey is the energy dissipated
by the valves and Ef is the energy dissi-
pated by system friction.

Note that the concept of eguivalent damping
depends on the requirement that the system
oscillations are at least approximately
harmonic. Theoretically, this assumption
is justified since the parameters for this
type of compressor are such that the system
oscillation is controlled by the. mechanical
springs, which are of course linear. A
relatively small nonllnearlty is intro-
duced by the gas spring effect, but this
is a second order effect when one compares
the various spring constants. Experimental
work by Funer [3,4] seems to indicate the
same, even which he does not report are
actual measurement of the entire piston
motion. In this work, the authors did
measure the voltage and current time his-—
tory and found both to be sinusoidal for
all practical purposes. If the piston
motion would have deviated appreciably
from harmonic motion, this should have
been reflected in the current measurement.

The manufacturer's patent [12] indicated
an approximately sinuscidal motion, but

it is not known if this based on actual

measurements.
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Figure 3. Electric Circuit of the Oscillating
Compressor.

1. Work Done on Gas where nominal pg is the suction pressure in

[N/m2] and Vg is the effective intake vol~

From basic thermodynamics, we obtain for a ume .
typical ideal pressure volume diagram, as
shown in Figure 4, the work per cycle as: It is necessary to express everything in

(n-1)/n terms of the as yet unknown vibration
W= o.v [-(gg) _ 1t](5) amplitude Xo. In order to do this, we have
n-1S"s ps to refer again to Figure 4. The intake
volume can then be found as:

pl

Figure 4. Pressure Volume Diagram
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1 1
Vg = L +G2mIx, + 11 - Einlxgla, (7)

Where Ap is the piston area in [m2] measured
from the top of the cylinder around which
the piston is oscillating. Note that Xp
will be a function of the preset piston
position Zp when no forces are acting on

the piston (see Figure 5) and a bias
position Y, which is a function of the
pressure ratio, given by:

Yo = (Pd = ps)AE
2 (k1 + ko)

Note that k; and ky are the two mechanical
spring constants in [N/m],

In general, the work can be written as:
W = C1Xq + C2Xp (8)

where

p. (n=1)/n 1/n
C = nr_]_l ps|i'5)_¢si) - g, |E|- + (?,_) ]AP
]

= .n p; (n-1)/n _ _ P, 1/n
e o [ T
s s

Note that for some operating conditions it
is possible for the piston to push the

discharge valve out of the way. It is, of
course, not possible for the p-V diagram
to extend into the negative volume region.
The work expression must therefore be
modified. The best approximation seems

to be to approximate the work expression
as:

b

where Figure 6 defines b and a. The fi~
gure shows the work done if the displacing
of the valve is ignored. It also shows
what happens in reality, namely that once
the valve is displaced, no further com-
pression takes place. Because of the
valve dynamics, there will be backflow
which acts like a re-expansion of gas.
How the re-expansion actually looks like
depends on many factors, but it is felt
that what is covered here is a reasonable
approximation.

2. Valve Losses

To find the valve losses in the oscillat-
ing compressor we assume that the total
energy of the gas is converted into the
pressure difference across the valve.

From the Bernoulli equation we can write
a general expression for the average

Figure 5.

Z0 xm
P =P
v s 4d
° —
Equilibrium
Position

Equivalent System



or fimpally:

3
P = pv
E = sitzaz (14)
a
To obtain the total valve loss, we have to
b add the loss for the discharge valve, Eg,
and the loss for the suction valve, Eg.
3 Pav,
P PV + Fd 4
d E. = PsVs 0 (14a)
/ Vo aaefaZ  20t§pg

The opening time is obtained from the p-v
l diagram and the fact that the oscillation
\ is sinusoidal.

w 3. Friction Loss

In order to find the energy dissipated by
P the friction generated by the stress in
s the o0il between the piston and the cyclin-
der wall we need to solve the Navier-
Stokes equation for incompressible flow [15].

Refering to Figure 7 we see immediately
that various simplifications are possible,
Assuming that the oil film is always of
constant thickness around the piston, the

\Y : . - :
Figure 6. Pressure Volume Diagram for equationg simplify to: ,
Piston Pushing the Discharge Valve. _ 13 H 9%y _
pPressure drop at the valve as follows:
pv2 When U is the flow velocity in [m/sec],
Ap = 5 (10) P is the pressure in the oil film in £N/m2],
u is the viscosity of the oil [Nsec/m4)
and p is the mass density of the oil in
where [Nm2/m4].
p = density of the gas[%%] e D >
vV = average velocity of the gas [EEE] P Cyclinder
[ Wall
The average velocity of the gas flowing |

through the valve can be expressed as:

——V el
VE I (11) ! — Velocity
Piston Distribution

where
3 | 01
V = volume of the gas [m”] being dis- o Film
charged or taken in. J °©
L
At = opening time of the valve [sec] PS Z
) Z=h 2Z=0 X
A = average effective cross aStual
area of the valve port [m“] AZA??
. . ) Equilibrium Position
Then we can rewrite equation (10) using of Piston

equation (11) as: Figure 7. Analysis of the 0il Film

2
- oV .
&p 2At2nZ (12) ‘ntegrating this equation gives:
2
from which the energy lost in the valve per 22 E_ =uu + A2 + Az (16)
cycle can be expressed as: dz 2
E = Ap-Vv Since at Z = 0, u-= 0, but at Z =h, the

flow velocity, U4, must be equal to the
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pis@on velocity x, we obtain, after eval-
uations of the integration constants,

u=§§ﬁ-§5~dg a-% (17)
Since the shear stress is:
Txs W 73 (18)
and since we may assume that:
_g% _P-Ps
H (19)

where H is the height of the pistons, we

get, at z = a.
h(p ~ Pg)
H

(z=h)
From this we obtain the total force re-
sisting piston motion as:

- L%
T =5

Xz (20)

F = Blk + B2 (21)
where
_ mDHu
By = ~n
- mh(p ~ pg)
B, 2
However, when we determine the energy
over one cycle of oscillation, the in-
fluence of the pressure differential
becomes negligible and we opbtain:
2
_ T<DHpw 2
Be = ~n %o (22)

Equivalent Spring Constants and Mass

The equivalent spring constant includes
the two mechanical springs and the equiv-
alent gas spring constant,

Yo g

As we can see from Figure 8, the equiva-
lent spring gas constant can be approx-

= kl + k2 + k (23)

imated by, following Cadman (11 in the
basic idea, as:

K (PD - PS)AE

g X6

However, there is a basic difference to
Cadman's work since for this type of os-
cillating compressor the compressor may
not pump but still vibrate between
points A and B as shown in Figure 9 and
then the spring gas constant can be cal-
culated by the following expression:

- xl

-QXQ

Pelp! (

(25)

kg
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where X; is the minimum displacement when
the compressor is still pumping, given by:

o o LE/P)P - 1) K (25a)
L =
Pp 1/n
1 +(p§)
P
Xy ) Xg
Jot
Py I*
B
P
s »
A
X I
m
\'
Figure 9. Gas Spring Constant When The

Compressor is not pump.

The equivalent mass is simply the mass of
the piston, coil plus attachments, with
one third of the mechanical spring masges
added. The derviation of the one third
of spring mass rule is standard form in
vibration textbooks [11l].

ELECTRICAL MODELING

Despite the fact that the exact analysis
of the eddy current and the hysteresis
losses are very complicated for the os-
cillating motor, we can find in the
literature [13] that for modeling pur-
poses we can use an equivalent resistance
parallel to the coil inductance as shown
in Figure 10.

The numerical value for this egquivalent
regsistance will be taken as an average
constant resulting from tests done on
the oscillating motor [141.

Therefore, from Figure 10, we can write
an expression for the total equivalent

series impedance of the circuit in Figure 3
as follows

szzRL 2 wh
Zy SR+t 5—=y—> + I3 732 (26)
RL + w'L RL + w'L '



coil resistance V é’P

R = L
L = coil inductance
RL = equivalent
for iron loss
A_
Y
Belex
Figure 10. Electric Circuit Modeling the Iron Losses
or, by representing the circuit by an and the displacement
equivalent resistance and equivalent in- i (wt=8)
ductance, we get: X = XoeJ w (31)
w2L2R
R =R + L (27) The sinuscoidal functions for the current
e R2 + msz and the displacement can be justified by
L the fact that the system is controlled by
the two mechanical springs. vVoltage and
and current were actually measured on the
R2 (28) operating compressor prototype and were
L = L found to be sinusoidal for all pPractical
e R2 + m2L2 purposes. However, in gystemg where the
L piston is controlled by the gas (for ex-

Note that an impedance is a steady state
concept based on harmonically varying
voltage and current. Since the model of
the oscillating compressor is a steady
state model based on a harmonic motion
assumption and harmonic voltage and cur-
rent, the impedance expressions are com~
patible with the model. However, if a
transient analysis of, for instance, the
start up conditions,is attempted, a care-
ful reappraisal of this method is needed

SOLUTION APPROACH

Describing the input voltage, the current
and the displacement as sinusoidal
functions we can write, by complex nota-
tion, the voltage as:

v = v elot (29)

the current

ample, the free piston compressor) this
assumption may have to be modified be-
cause then the nonlinear effect of the gas
compression may influence strongly the
behavior of the system,

Substituting these sinusoidal solution
functions into Equations 1 and 3, we
find the displacement amplitude to be:
%
x o VeBete) (32)

¢ A2

and the current amplitude:

(R, - mw?)? + c, 0?1y 2

I0 = 5 0 (33)
A
where
2,2 2
A% = AT + A2
and
_ _ 2 _ 2
Al = Ke Req mw Re Ce W L

_ _ 3
A2 = Bezem + LKe © buti] Le + Ce wR

252



and the phase of the displacemet and the
current are as follows:

>

B =tant 2~ 5 (34)
1
and
A _ C w
& = tan T Kg -~ tan! € 5 (35)
1 ke - mo

It must be noted that the equivalent
damping and the eguivalent spring are
functions of the displacement and therefore
eguation (32) is nonlinear. An iteration
process has to be used to calculate the
displacement.

A flow diagram of the oscillating com-
pressor simulation program is shown in
Figure 11, In the following paragraph
the consecutive steps taken by the com-
puter are briefly explained.

First, input parameter are defined which
inelude, basically, two groups of para-
meters; 1) the operation conditions
(pressure ration, frequency, etc.,

2) design parameters (mass, resistance,
spring constant, etc.). Next, a value
for steady state amplitude Xg is assumed
and the equivalent spring constant and
equivalent damping constant are calculated.
At this point, the program calculates

the piston amplitude by equation (32).

If this value is not egual to the initial
estimate, the algorithm returns with

the new amplitude value to calculate
again the equivalent spring constant and
the egquivalent damping constant.

If the new estimate of the piston ampli-
tude is greater than the mean distance
value, then the gas power is caltualted
by ‘egquation (9) and the algorithm starts
from the beginning.

If the new value is equal to the previous
one, the iteration procedure is terminated.
Then the current amplitude and all other
information is calculated and printed out
(input and output work, losses, efficiency,
etc.).

Experimental Investigation

The ogscillating compressor was part of a
small refrigerating system that included
a condensoxr, evaporator, and a hand regu-
lated expansion valve.

A wattmeter, an ammeter and a voltmeter
were used to measure the input power, the
current and the voltadge input.

Also a voltage regulator and a frequency
changer were connected to the compressor.

When the frequency was changed the voltage
regulator was adjusted to hold the input
voltage constant.

Two thermocouples and two pressure gages
were connected to the inlet and outlet of
the compressor to measure the presgsures
and temperatures of the suction and dis-
charge lines.

Operating condition were changed by chang-
ing air flow over the condensor and by
adjusting the expansion valve.

Besides measuring wave forms, the purpose
of the experimental set up was to obtain
measured input power as a function of
frequency and operating conditions.

Results and Discussion

For the compressor under investigation,
the agreement between theoretical input
power and actual input power as functions
of frequency, for a given operating con-
dition, is shown in Figure 12. Because
of the simplicity of the experimental
arrangement, it was difficult+ to hold the
suction and discharge pressures exactly
constant, but the scatter as reflected in
the experimental points is small.

As we see, the most favorable conditiomns
exist in a very narrow frequency band.
Note that the optimum line fregquency would
be 53 HZ for this particular operating
condition. The optimum freguency is a
function of both suction and discharge
pressure. Figure 13 illustrates this.

In Figure 14, we show the piston amplitude
as a function of freguency. In this par-
ticular case, the maximum amplitude seems
close to the optimum freguency, however,
under different conditions and losses,

it shifts more to the right of the opti-
mum frequency. ’ ’ :

The mass flow as a function of frequency is
plotted in Figure 15. As expected, the
maximum mass flow occurrs at the frequency
of maximum amplutude of motion.

Typically, compressors of this type will
have reduced mass flow rates with an in-
crease of pressure ratio until there is

a pressure ratio where no pumping is
possible. This is illustrated in Figure 16
for a pressure ration of 5.4. This plot
agrees in character with the experimental
results given by Funer [3] for air, except
that Funer plotted delivered volume as a
function of pressure ratio.

It is interesting, how the theoretical
efficiency changes as we remove the fric-
tion loss. This is shown in Figure 17.
The theoretical improvement is dramatic at
at the optimum fregquency and indicates one
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direction which should be investigated
further. Of course, if the line fre-

quency is different, the potential im-
provement is much reduced.

Figure 18 shows a plot of efficiency as

a function of pressure ratio for constant
discharge pressure. There seems to be an
optimum, for this particular design, at

a4 pressure ratio of about 2.1. This

START

READ INPUT

CALCULATE

Xm’ Xg' Ap

agrees to some extent with experimental
values obtained by Funer [3] on the same
compressor, but different line frequency
Also, he used air and it is
not known at which value he kept either the

and voltage.

suction or the discharge pressure.

CALCULATE

cC ., X
¢ %

CALCULATE

Ke for no pump

CALCULATE

K
e

CALCULATE

w -

Oi+1
IT # 1

X >X
ivl M
JJ # 1

IT=1

Figure 11. Flow Diagram
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Figure 12. Input Power as a Function of the Fregquency
[HZ]
55 &
50 L
40 + ’ + ’ ' *
1 3 4 5 PD
[}
8

Figure 13. Optimum Frequency as a Function of the Pressure Ratio
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Conclusion
The following conclusions can be made:

1. The mathematical model that was devel-
oped explains certain characteristics of
the oscillating electrodynamic compressor.
As they were observed through experi-
mental investigations.

2. It is shown that the model can be made
tc agree with experimentally obtained in-
put power measurements.

3. The efficiency of the system is very
gensitive to driving frequency.

4. The compressor is very sensgsitive ko
pressure ratio as far as mass flow rate is
goncerned.,

5. For a given design, there seems to be
an optimum pressure ratio for maximum
efficiency.

6. Just because site forces on the piston
are not present does not mean that
viscious friction losses between piston
and cylinderwall can be neglected. The
efficiency at the optimum frequency was
shwon to be very sensitive to friction
loss.

7. The way of modeling the iron losses
by an equivalent circuit seems to be
reasonable,
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