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Abstract

Statistical multiplexing is very important in high-speed ATM type d networks, since it
allows applications to efficiently share valuable network resources. However, statistical
multiplexing can also lead to congestion which must be effectively controlled in order to
provide users satisfactory quality of service.

In this report we study a fundamental measure o network congestion, the tail o the
steady state queue length distribution at an ATM multiplexer. In particular, we focus on
the case when the aggregate traffic to the multiplexer can be characterized by a Gaussian
process. In our approach, an ATM multiplexer is modeled by a fluid queue serving a
large number of input processes. We derive asymptotic upper bounds to P({Q > x)) the
tail o the queue length distribution, and provide several numerical examples to illustrate
the tightness of the bounds. Our study is based on Extreme Value Theory, and therefore

different from the popular Markovian and Large Deviation techniques.



1. Introduction

Advances in lightwave communication technology have enable networks to support various real-time
applications. Statistical multiplexing is extremely important in such high-speed networks, since it in-
creases network efficiency by alowing a large number of applicationsto share network resources. However,
when these resources, such as buffer space and link capacity, are shared, there also exists the possibility
of excessive congestion, which could impact the quality of the underlying delay-sensitive real -time appli-
cations. A fundamental measure of congestion is P({Q > x)), the tail of the steady state queue length
distribution in an infinite buffer system. Wewill study P({Q > x)) in the context of an ATM multiplexer
(shown in Figure 1.1). The accurate computation of the tail probability P({Q > x)) isimportant for the
control and design of these high-speed networks. For example, P({Q > B)) is often used to approximate
the loss probability in the corresponding finite buffer system with buffer size B.

Commercial ATM switches already support 622 Mbps link speeds and gigabit-per-second switches are
expected to appear soon. Therefore, most ATM multiplexers are expected to serve a large number of
heterogeneous traffic sources, and the analysis of the corresponding queueing system becomes increasingly
important. Computing the queue length distribution at an ATM multiplexer has been a challenging
problem, and many analytical techniques have been developed. The rich theory of Markov processes has
been found to be especially useful for the analysis of statistical multiplexers (e.g. [24, 27]). However,
the computational complexity of these techniques increases rapidly with the number of states, and the
number of states needed to model the aggregate traffic increases exponentially with the number of traffic
sources being multiplexed. For thisreason, in the literature, a number of approximation techniques have
been suggested [1, 2, 8, 10, 12, 15, 16, 20, 21, 22, 28].

I't has been shown under a variety of Cramer type assumptions (exponentially bounded marginalsand
autocorrelations of the arrival process) that P({Q > x)), the tail of the queue length distribution o an
infinite buffer queue, is asymptotically exponential [1, 2, 15]; that is,

P{Q>x)) ~Ce™™  as x — oo (1.1)

Here n is a positive constant called the asymptotic decay rate,* C is a positive constant called the asymp-
totic constant, and f (x) ~ g(z) means that lim,_,« f (z)/g(z) = 1. Therefore, the asymptote Ce™"* has
been a natural choiceto approximatethetail probability for large values of x. Thisapproximation is often
called the asymptotic approximation. For a large class of queueing systems, computing the asymptotic
decay rate 5 is quite straightforward even with a large number o arrival processes. However, the asymp-

totic constant C can be exactly determined only for a limited class of queueing systems. Furthermore,

'Using Large Deviation techniques, it has been shown for more general classes of arrival processes, that the limit
limgz 00 —% log P({Q > x)) exists [19]. Obviously, (1.1) implies = limz— o0 —% log P({@ > x)). Therefore, for greater

generality, we define the asymptotic decay rate 7 as limg o0 —% log P({Q > z}), whenever the limit exists. Note that the
tail probability does not have to be asymptotically exponential for the asymptotic decay rate to be well defined.
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Figure 1.1: A typical ATM multiplexer serving K network applications. K applications are sharing the
buffer and the network link of the ATM multiplexer.

even for these queueing systems, it is usually computationally difficult to exactly compute C when the
queue serves a large number of arrival processes. Consequently, the following simpler approximation has

been proposed (by setting the asymptotic constant C to 1).
PH{Q > x)) ~ e "=, (1.2)

Thisapproximationisthe well known Effective Bandwidth (EB) approximation, which has been suggested
for use in admission control [8,16, 20, 21, 22]. In recent papers, however, it has been found that the EB
approximation does not account for statistical multiplexing gain and could thus be quite conservative [12,
28]. Therefore, there is renewed interest in the asymptotic approximation, and methods have been
developed to approximate the asymptotic constant C for special cases [2, 13, 14].

Our goal is to compute the tail probability P({Q > x)) from the first two moments o the traffic
sources. In particular, we focus on the cases when the aggregate traffic to an ATM multiplexer can be
characterized by a stationary Gaussian process appealing the Central Limit Theorem [18]. We develop
an asymptotic upper bound of the form shown in (1.1) to the tail probability P({Q > x)). Sincefor very
general Gaussian arrival processes, it has been shown that (1.1) holds, this also implies that we find an
upper ‘bound to the asymptotic constant C. A good bound on the asymptotic constant is important, as
mentioned above. However, researchers have recently contended that even the asymptotic approximation
may be a poor estimate in the range o tail probabilities of interest. For example, this has been shown
in [12] for On-Off arrival processes and in [9] for stationary Gaussian input processes that are correlated
at multiple time scales. Hence, based on this upper bound and an earlier lower bound result [9, 10], we
derive another asymptotic upper bound which is shown to track the tail probability very closely for a
wide range o queue lengths x.

The remainder o this report is constructed as follows. In Chapter 2, we introduce a queueing model
for ATM multiplexers and provide important definitions and facts related to the model. Also, in this
chapter, we briefly discuss the Gaussian characterization of the aggregate traffic. In Chapter 3 we derive
asymptotic upper bounds for the tail probability P{{@ > x)) o the queueing model fed by some classes



of Gaussian input processes, and suggest an approximation for more general Gaussian processes. In
Chapter 4 wefirst investigate the performance of our bounds through numerical examples. We also apply
our approximation to the ATM multiplexer to demonstrate the practical applicability o the technique.

Finally, in Chapter 5, we bring this report to a conclusion and briefly discuss future research directions.



2. Problem Modeling
2.1 Fluid Queue

Fluid queues have often been suggested asgood models for the analysis of statistical multiplexers [15].
We model an ATM multiplexer by a discrete-time fluid queue shown in Figure 2.1. Thefluid queue consists
of an infinite buffer, a server that drains fluid from the buffer at rate u, and K independent fluid inputs
that fill the buffer at rate A% (k=1,2,...,K). Thefluid buffer and server correspond to the cell buffer
and the high-speed network link of the ATM multiplexer, respectively. Conceptually, the K inputsfill the
fluid buffer in much the same way as K applications load a statistical multiplexer, and the fluid server
drains the buffer at a constant rate y, in much the same way as a network link empties the buffer by
transmitting cells at a fixed rate. Consequently, Q,, the amount of fluid in the buffer at time n, is closely
related to the number o cellsin the multiplexer.

The evolution of the Q,, the amount of fluid in the buffer, can be expressed by the following famous
(Lindley's) equation:

on = Q1+ A — )", (2.1)

where A, := Zszl A and (z)* := max{0, x).

It has been shown under some mild assumptions (such as the stationarity and ergodicity of A, and
the stability condition; that is, A := E{)\,} < u), that the distribution of Q, determined by (2.1) and an
initial condition Qg, converges to a unique limiting distribution (the steady state queue distribution) as
n goesto infinity, regardless of theinitial condition [23]. In addition, it has been shown that the marginal
distribution of the stationary stochastic process Qn defined by Qn = sup,,<, Yi it (Xi — ), is equal
to the steady state queue length distribution [23, 29]. Therefore, if we define a stochastic process &, and
a constant « as

£ni=An—Xx and k:=pu-A, (2.2)

then the suprema distribution of the stochastic process X,, defined by
Xn = Z &m — KN, (2.3)
m=1
is, in fact, the steady state queue distribution. In other words,

P({Q > z}) = P{Q-1 > 2}) = P({aup X» > z}). (2.4)

Relation (2.4), which comes originally from {23, 29], is very important in our study of the steady state
gueue distribution. We will study the suprema distribution P({sup,sq X» > X)) to obtain asymptotic
upper bounds to P({@ > x)). It can be easily checked that &, is a centered (zero mean) process and its

autocovariance function C;¢ isthe sum of the autocovariance functions of K independent input processes;
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Figure 2.1: Fluid queue with K inputs and one server.

that is,
K
Ce(l) =) Cull), (2.5)
k=1

where Ci (1) is the autocovariance function of the k-th input.
From now on, let (w)e denote supgg we. We do not specify the index range @ when it includes the

entire domain of wy. Also, we make the following weak assumptions on the process £, and the constant

(A1) & (or equivalently A,) isstationary and ergodic.
(A2) & <0 (or equivalently A < y, the stability condition for a single-server queue).

Next, we briefly motivate the Gaussian characterization of the aggregate traffic to the ATM multiplexer.

2.2 Central Limit Theorem in ATM networks

As mentioned earlier, we expect a large number of traffic sources to be multiplexed in ATM net-
works. For example, FORE SYSTEMS has already built commercial ATM switches to support OC-12
(622.08 Mbps) lines, and ATM networks with OC-24 (1.2 Gbps) lines are already operational (at Cam-
bridge University). Due to the huge capacity of a single ATM link, we can expect that hundreds or even
thousands of applications will share an ATM link; an OC-3 (155.52 Mbps) line can accommodate over
7700 voice calls (32 Kbps during active period) and an OC-12 line over 300 MPEG video calls both at
a utilization of p:= A/u = 0.8. These numbers seem to be large enough for the Central Limit Theorem
to be applied to characterize the aggregate traffic to an ATM multiplexer by a Gaussian process [9, 10];
even though how precisely the Gaussian process reflects the aggregate traffic may depend on

e How many input processes are multiplexed.



e How input processes are distributed.

Unfortunately, it is not easy to analytically investigate the effect of these two major factors to the
performance d the Gaussian characterization o the aggregate traffic. Thisis mainly because the effect
of the Gaussian characterization of the aggregate traffic in queueing problems is not easily analyzable.
Therefore, in our previous research [9, 10] we have studied the effect of these factors via numerical

experiments, and found that several hundred independent inputs are usually sufficient for the Gaussian

approximation to work well.



3. Asymptotic Upper Bound on P({{X) > x))

In this chapter, we study the suprema distribution of the stochastic process X, described by (2.3).
Wefirst introduce a few fundamental resultsfrom Extreme Value Theory. Then, in Section 3.2, we obtain
several preliminary results, and from these results, in Section 3.3, we derive asymptotic upper bounds* to
thetail probability P({(X) > x)). Throughout thischapter, remember that P{{(X) > x}) = P({Q > X))
when the stochastic process £, and the constant « are defined by (2.2). Therefore, through the study of
the stochastic process X,, we will study properties of the steady state queue length distribution.

3.1 Extreme Value Theory

The following two inequalities from the Extreme Vaue Theory play key roles in our study of the
suprema distribution of X, [3].

Theorem 1 (Boréll's Inequality) Let {¢;:t € T) be a centered Gaussian process with sample path
bounded a.s.; that is (¢) < oc a.s. Then E{{¢)} is finite and for all x > E{{{)},

P(C) > 2}) < 2¢~ SRS

where (a%) :=sup,cr E{¢}.

Theorem 2 (Slepian'sinequality) Let ¢ and ¢ be two centered Gaussian processes on an index set T
with sample path bounded a.s. If E{¢?} = E{c?} and E{(¢s — ¢:)?} < E{(ss — <)?} for dll s,t € T, then
for all x

P{(¢) > z}) < P({(s) > z}).

Even though these two theorems are not presented in their strongest form (many variations and improve-
ments can be found in the literature; e.g. [3,26]), they are usualy easier to apply because of their simple
preconditions.

Also, to obtain an upper bound to the tail probability P({(¢) > x)) using Borell's inequality, we will
need the following theorem [3, Corollary 4.151, which provides us a way to bound E{{¢)}, the mean of

the supremum of ¢;.

Theorem 3 Let {¢; : t € T) be a centered Gaussian process and define a pseudo-metric d on T as
d(t1,t2) :== /E{((:, — ()} (note that d is not a metric, since d(t1,t2) = 0 does not necessarily imply
t1 = t2). Also, let N(e) be the minimum number of closed d-balls of radius € needed to cover T, then
there exists a universal constant L such that

Boy<t [ " g N(@)de.

*We say f(x) asymptotically bounds g(z) from above, if limsup, _, %—3 <1

7




3.2 Preiminaries

In this section we set the stage for our study of the supremadistribution of X,. Those readers that
are not interested in the detailed proofs can safely skip to Theorems 9.
We will derive asymptotic upper bounds to the tail probability P({{X) > z}) when the centered

Gaussian process &, given in (2.2) satisfies the following conditions:

(C1) C¢(l) is absolutely summable and } ;2 Ce(l) > 0.

(C2) IC¢(1) is absolutely summable.

(C3) S 1Ce(D) + 32, mCe (D) > O forall m=1,2,... and 32,2, ICe(l) > 0.
From (2.3), the mean and autocovariance function o X,, can be computed as

E{X,} = -kn, and (3.1)

n

Cx(n1,n2) = E{(Xn, +#&n1)(Xn, +6n2)} = D D> Celma—my). (3.2)

mi1=1ms=1

In the following proposition, we show several important properties of the variance and the autocovariance
function of X,. Before we do that, however, wefirst define three parameters S, D, and D which will be
extensively used in the report.

S = ) Ce),

I=—00

D = 2) IC(), and
=0

D = 2) lce).
=0

Proposition 4

(a) For n >1, YeriXs} Vorlpr _ AT oz mCe (m).
(b) Cx(n1,nz2) = 3 (Var{Xn,} + Var{Xn,} _ Var{Xn,—na(})
() Under condition (C1), lim,_,e ~2"Xnl — 5.

(d) Under conditions (C1) and (C2), |YerXm} TVer{Xn,}
and limp_,o0 7 (S— YJnX—l) —D.

(¢) Under conditions (C1)-(C3), LetX=l < S and there ezists an n, such that for al n > 7o,
Var{Xn Var{X,

Var{Xn} VariXm}

= Sup0<m§n m

< Dlnizng| for all ni,ny = 0,

— nyng

Proof of Proposition 4 : (a) From (3.2), we have

Var{Xa} 1 <~ v B

m;=1mao=1

n-1 m - -
Ce(0)+ 2 2 (1- 5)Ce(m) (by changing variables m = mg — m;). (3.9
m=



Therefore, for n > 1,

Vor(X) _ Vorl¥cs) _ 2Z<1——Cf<m —22(1— )Ce(m) = m%mzzlmcf(m’

(b) Without loss o generality (W.L.0.G) assume nz > n1. Then,

71 na na
20)((7’11,7’12) = Z Z Cg(mg ——m1 Z Z CE mo —ml
mi= lmg 1 mi=1mo=1
nz n2 nz
= Z Z CE mao —ml) Z Z Cf(mz —ml)
mi1=1mgy=1 mi= n1+1m2 1
n
+ Zl Z Ce(ma —my) + Z Z Ce(mg —my)
mi=1mo=1 ml—n1+lm2 1
no n2 ny
= Z Y Celmg—ma)+ > Z Ce(mz —my) —
mi1=1ma=1 mi=1msg=1

ng—nj)nz—ni

Y D Celma—m)

mi=1 mao=1

= Var{Xp,}+Var{Xn,} - Var{Xn,—n, }-

(©) Let hn(m) be defined for m =0,1,2,... as

3C¢(0) if m=0,
hn(m) =< (1- Z)C¢(m) ftm=1,2,...,n—1,
0 otherwise.

Then, it follows from (3.3) that V—“TM = 23> _,hn(m). On the other hand, from the definition of
hn (M) we know that |k, (m)| < |C:(m)| and

lim h,(m) =

n—oQ

{ 1C,(0) ifm=0,

Ce(m) otherwise.

Therefore, from condition (C1) and the Dominated Convergence Theorem (DCT) [5], we have
lim Var{Xn} o oo
o — r;) lim A (m) = C¢(0) 2205(771) s.

(d) W.L.0.G. assumenz >ny > 0. From (3.3), we have

no—1 ny—1
VG’I‘{Xng} _ VG,T{X-,“} = 92 (Z (1 — %)C{(m) — Z (1 - nﬂl)cf(m))

ng ny

m=1
1 no—1
2(n2 —n1) {'s ny(nz —m)
= mCe( 27 od(m
e e

Since 0 < % <mform=mniy,n T1,...,n2 -1, it followsthat

< 2nz—m) (Z miCelm)] + 3 ng(mn)

ng —n
n1n2 m=1 m=ng 2 1

Var{Xn,} Var{Xn}
no ni




2ny —m) N3 D(np —m)

> m|Ce(m)| <

m=1

<

ning ning

Now, let h,(m) be defined as

B () mCe¢(m) ifm=0,1,...,n,
(M) =
nCe (M) otherwise.

Then, from (3.3) and the definition of S,

8

hn(m).

L~

1

-
»

Var{Xn}> oo 1 \ 3
n(s—- Tr‘li =2n( :C€(m)—mZ=1(1_ﬁ)C€(m)/:2m

Again, we know that hn,(m) = mC¢(m) asn — oo and {hn(m)| < m|C¢(m)|. Therefore, from condition
(C2) and DCT, limy_e0 N (S— 1“—,{1"—1) = 25°%_ mCe(m) = D.
(e From (3.3) and the definition of 5,

(3228 = (S T o)

m=1
= 2 (Z mC¢(m) + z n05(m)) >0 (from condition (C3)).
\m=1 m=n+1

Therefore, anx—"l < Sfor al n > 0. From conditions (C2) and (C3), it follows that
iy, o 2ome1 MCe(m) = 5570 mCe(m) > 0. This with (a) implies that there exists an n; > 0 such

that V“’;{LX—"l V“rrﬂf’l“l} >0 for all n > ny; that is, VLrnUi}- isan increasing function for n > n;. Now,

let € 1= SUPycmen, L24X=L then ¢ < S, and from (c) there exists an n, > ny such that ~2-iXzel > ¢,

Let n > n,, then for m < n,,

Var{X,,}
VariXm} _ o < 2250 rom the definition of n,)

m - No
Var{X . .
< —nul (because K%ﬂ isincreasing for n > n;).

Also, since Ye{X=} jsincreasing for n > ny, YeiXnl _ var(x.} for m e (ng,n). Therefore, for all
Var{X, Var{Xm
n > n,, Yor{Xa} Ver{Xm] QED.

= Sup0<m§n m

These properties will be extensively used in our study of thesupremadistribution of X,,. For simplicity,

we now define a new Gaussian process Y® for each = > 0 as

Y@ = YEEn LA VT Yy (3.4)

T+ KN T + KN

The following lemma is a direct result of the definition of Y,Sm), and plays a key role in obtaining bounds
to the tail probability P({Q@ > x)).

Lemma5 Forany n € {0,1,2,...), X, >x I andonly i Y& > /7



From the definition of Yn(z), it immediately follows that Y, has zero mean, and its autocovariance

function Cl(,’“) is given by
(z) _ zCx (n1,n2)
CY (nlanZ) - (X + K,nl)(.’L' + an)' (35)

Now, let ag," be the variance of Y,fz), then it can be expressed in terms of Ver{X,} as

2 _ zVar{Xn}. (3.6)
= (z + kn)?

From Proposition 4(c), it follows that a?cln — 0 asn — oo. Therefore, ag,n should attain its maximum

(02) at somefinite value o n = 7, (notethat {¢2) denotes the supremum of o? . over thetimeindex n).

In the following proposition (Proposition 6) we show an important property o #,. Before we introduce

this proposition, for notational simplicity, we define a function g(n) forn =0,1,2,... as

() 0 if n=0,
g(n) =
%f—"}- otherwise.

Then we can write the variance of ¥, in terms of function g(n) as

2 Sxn

Tzm = (@ Frny29(n). (3.7)

Proposition 6 Under condition (C1), 7, ~ £ as x — oo. Further, under conditions (C1) and (C2),

Foo —

im, 2225 =0 for al e >0.

Proof of Proposition 6: From Proposition 4(c), we have lim,, o, g(n) = 1. Let G := sup,,»¢ g(n) and n,
be the nonnegative integer at which H%T" attains its maximum. Then, it follows that G is finite and

not lessthan 1, and |7, — £| < 1. Since 02, attainsits maximum at n = A,

~

(CIZ+ nhz)2 = Ozm, =024, = (:L‘+ Kﬁz)z - (:l?-{- E’fLI)T

Szhzg(ny) 2 s Szhyg(hg) < Szh, G (3.8)

By solving (3.8) for 75, we have
G(Z4n5)? G(E412)? [ G(E4n4)?2 .
((m -1) - 2\/4n=fg<n=) (s - 1)) xS Ma
G(&+ns)* G(E+4n:)? (G(E+na)?
< ((27‘1159(7@) N 1) + 2\/4nzfg(h=) (47’1:59(711) 1))

e g(ng) — 1 a@s X — oo, this inequality implies that 7, — oo (consequently, g(7z) — 1) as

T

> 18

Since =

T — 0.
Since (—z% attains its maximum at n = 7., we know from (3.8) that g(n;) < g(#,), and that the

following relation should hold.

((g(ﬁz)(5+ﬁ:)2 B 1) _ 2\/g(ﬁ,)<5+m>z (g(ﬁ:)(—:—m)? _ 1)) <,

20z Zg(nz) FEEPT e TRz Eg(Rz)

(Pe)(E47iz)? (Rz)(Z2+72)? [ g(Az)(E+7z)? z
= ((g%zfg(mi -1) +2\/gfn=%=> (s - 1)) z (3.9)




Since both g(n.) and g(7) approach 1 as x — oo, this inequality implies that

lim 2= =1, (3.10)

z—00 I

Thus, we have proven the first part o the proposition. Now, assume C(l) satisfies conditions {C1) and

(C2). From Proposition 4(d}, note that

.D,ng —TL1|

l9(m) — g(n2)l € =g — (3.11)
From (3.9), it followsthat
w2 ([ 9Ae) (2 4 n,)? 9(12) (2 1 1)? |9(2) (Z + )2
—_—_- < — a1 — K I .
fe n' - ( anz2g(n,) H+ 4nz = g(ns) 4n; 2 g(ng) - (3.12)

On the other hand,
g(e)(2 +a)® 1} o1 << + fig)?

z _ 2
|9(7iz) — g(nx)|+g(nx)%). (3.13)

4nz L g(n,) ~ g(ng) 4nz L 4N &
Since ‘& +nf) , #2= and g(n.) approach 1 as x —+ oo and since |£ — .| < 1, it follows from (3.13) that
for sufficiently large x, ,
[9(72) (£ + 7z) , 12
Rl TH2) | < 9lg(h,) - = 14

Therefore, from (3.12) and {3.14), for sufficiently large x, we have

o] o sl 2 f T s

+8

(from the fact that M%L —1lasz— 00)

4D|nx - nx| D|nz -
< 16— — +
S TSEam, \/ 8 (from (3.11))
2 D|ay — 7
< 1+—N+\/32M+8 (3.15)
(since P==t=l _, ¢ ang fak far 1 554 o),
Now, assume that lim, ﬁ’z x — 0 for some e > 0 (from (3.10), we already know that this holds for

any ¢ > 1). Then, since [z — 7tz| < |2y — | + 1, from (3.15) we have

fig — . Dl —n 8
T sl <gzTE 4 = + SZM-l-——)O as T — 00.
T3 gtz Sz ¢
Hence, limg_,co "—:: = 0. Thusit follows by induction that m, ~ “27% =0, forale>0. Q.E.D.

The following proposition describes the asymptotic behavior of {2} is a direct result of Proposi-

tion 4(c) and Proposition 6.



Proposition 7 Under condition (C1), limg e {02) = <.

zVar{Xa } _ lVaT{XﬁI}K,ﬁ 1

Proof of Proposition 7: From (3.6), we have (aj = 22022 — ey However

{e+nhz)? = 4 == !
we know that V‘"—ff:“L} — § (Proposition 4(c)) and “2= — 1 (Proposition 6), as x — m. Thus,
limg 00 (02) = £. Q.ED.

3.3 Main Results

In our previous papers [9, 10], we have derived a lower bound to P({{X) > x)) in terms d maximum

variance (¢2) from the following simple relation.

P({{X) > z})

v

P({Xa, > z})

PUY® > /z}) =T ( <f)> (from Lemma 5). (3.16)

Here ¥ (x) := \/—12—; [ e~*rdyisthetail o the standard Gaussian distribution.

Using the following well known inequality for function O [17],

1-y— ¢ 1 2
Tz_{r_y e 7T < ' (y) < ﬁy e 2 for all y > 0, (317)

we have shown that the lower bound isin fact asymptotically similar to the tail probability P({{X) > x))

in the logarithmic sense (also see [9]); that is,

log ¥ (<f>> ~log P{(Y @) > /z}) = log P({{X) > £}) as z — oo.

This lower bound has been used to approximate the tail probability P({{X) > z}) (or equivalently,
to approximate P({Q > x))) in [9, 10]. In these papers, it has been shown through many numerical
examples, that the lower bound accurately approximates the tail probability for a very wide range of
values of x. Noting that the lower bound is the probability that X, is greater than x at only one point
fi, out of the whole index set {0,1,2...), the reader may wonder how this lower bound can be so close
to the tail probability. However, in the Extreme Vaue Theory for Gaussian processes, the maximum
variance o a centered Gaussian process with nonconstant variance, has been frequently emphasized as
a very important factor in studying the suprema distribution of the Gaussian process (also as can be
seen in Borell’s inequality) [3, 4, 26, 30]. In addition, it has been found in various forms, that the
behavior o a centered Gaussian process around the index, at which the maximum variance is attained,
essentially determines its suprema distribution. Therefore, it seems natural to expect that there should
be a neighborhood F, around #, (or around £) such that P({{Y @) g > /z}) ~ P({{Y ®)) > \/z}) as
X — m. The following theorem validates our expectation and will be used to obtain an asymptotic upper
bound to P({(X) > x)).



Theorem 8 Under condition (C1}, for any a> 1,

im PA Xz e > 2D (@) 2 ey > /) —
0 P > 2 Jm P Y S ) b

Proof of Theorem 8 : To prove the theorem, it sufficesto show that

i Y(L‘) X_ c_> =
Jim P {Sv ves < m 0

for all a > 1, where A° denotes the complementary set of A.
Let a> 1. Since g(n) — 1 asn — oc, there exists an n, such that g(n) < % for al n > n,. Now,

let G := sup,;5 g(n), then there exists an x, > axn, such that ZineS; < QNS(;/EI) for al x > z,. Since

M’T" is an increasing function for n < £ this (in conjunction with (3.7)) implies that,

(z+Kn

SanG Sya
2 < > < . .
Om < xF o) S 2nat D) foralz > x, andn < n, (3.18)
It can easily be shown that (Ifi’;), < N(jfl)g for n € [ X, 22]°. Therefore, from the definition of r,, we
have
Szng(n) Sya
2 = < for z > z, 0r ) U (22, 00). 3.19
Ton @t S 2n(aq 1) or z > x, and n € (no, =) U (2, 00) (3.19)
Now from (3.18) and (3.19), it followsthat
, S/
e grje < ———— > Zo. .
(o) =, a=2)c < a1 for all X > z, (3.20)

We now define a pseudo-metric d® on {0, 1, 2,...} as d®)(ny,ny) := \/E{(erf) _ Y2} Also, let
B® (n) :={m : d®(n,m) < @ be ad®-ball of radius ¢ centered at n, and N (¢) be the minimum
number of d(@)-balls of radius of ¢ needed to cover {0,1,2,...). Since Var{¥,®} < Bln, < 5€ and

= (z+kn

since YO(I) =90, BE(’”) (0) covers {0,1,2,...) when a> %g Therefore, for all x > 0,

N® () =1 fore> \/ & (3.21)
4K
Now, assume that a< /5 and nz > ny. Then,
B (LB Xy trns) (X trma) |2
Tt+unz - z+Kn1
_ fE{(x/E(Xn?imz) VB trn) | YE(Kn, trma) ﬁ(xnlwnl))z}
z+KN2 T4rnY T4 KN T4 KN

/ VI(Xny—Xn, +x(n2a—n1)) 2 / k(nz—n1)VZ{Xn, +xm1) 2
E{( J;+rlcn2 — ) }+ E{( (a:+rcn2)(:z:+rc1n1) ) }

= 22 \Var{(Xn, — Xn,)} + 2esrldlyr L Var (X, . (3.22)

d® (ny,n2)

IA




However, since Var{(X,, — Xn,)) = Var{Xp,.,,} from the stationary increment property o X,,
Var{(Xn,~Xn,)} and Var{X,, } are bounded by GS(nz—n;) and GSn1, respectively. Hence, from (3.22)

V/SGx(ng —ny)  k(ng — n1)y/SGxn,

d®(ny,ng) < T+ xmo (z + kny)(z + kng)
(a:@g (z :m"ﬂ) e
(from the fact that ﬁ% < f and T‘/;nj = 2\/E)

This implies that if |na — n1| < 5Z=€2, then d®)(ny,ny) < e. Consequently,

(z)
[n - 25G E&] C B®)(n). (3.24)
Also, it can be easily shown that Var{¥;®} < 2 forn > 562 since Y,®) = 0, this implies that
SGx z

Now, let k = [5%=€*], where [2] denotes the smallest integer greater than or equal to x. Then, from
(3.24) and (3.25), it follows that d®)-balls of radius of ¢ centered at ki (i = 0,1,...,[E$%7) cover
{0,1 2 ,..}. Hence, for c< 1/5€, N(@(e) is bounded by the following inequality.

+2. (3.26)

2,72
N < lVSGw'\ L 25°G

ke2k? K2t

From (3.21) and (3.26), N(e) defined by

252G* SG
O i

1 otherwise,

bounds N((e) for all x,e > 0. Now, let M := L [°logZ N(e)de (it can be shown that the integral is
finite). Then from Theorem 3

E{Y®)} <M, foralx>0. (3.27)

By applying Theorem 1 to Y, *) forn e [-= we get

ak’ n]

({0 aa e}’
PU(Y®) 2 a0 > VEY) < 2e P

arcx

_rE-E{(r 2 a1y
2e sV

(from (3.20) and the fact that (Y®))(a. az:- < (Y(2)))

x(vVE—M)2(at1)
2e- s/a (from (3.27)), (3.28)



for x sufficiently large. Therefore,

. 1 (VT - M)*(at1) _ slat1)
_z @)Y, a ;
iminf — = log PALY ™)z, a210 > Va)) > Jim, Szva Sva (3.29)
Additionally, it has been shown for very general Gaussian input processes [2,19] that
lim 1 log P{(Y®) > /z}) = lim —}log P{{{X)>x)) = Z—K (3.30)
z—H0 T 00 I S
Since ﬂs"—jalz > 231‘— for all a>1, (3.29) and (3.30) imply that
I P{{Y@)(z e > V/7})
im =0,
o PV ) > Va))
and the theorem follows. Q.ED.

So far we have considered the stochastic process X, expressed by (2.3). Now, as a special case of such
processes, consider a Gaussian random walk V,, with variance Var{V, } = a?n and drift E{V,} = —bn;
that is,

V., =aB, - bn. (3.31)
Here B,, := anzl Xm denotes a standard Gaussian random walk, where {x, : n=1,2,...) are centered

i.1.d. Gaussian sequence with unit variance. This special case has received a lot of interest. An upper
bound to the tail of its supremadistribution P({{V) > z}) is well known (25, page 236] and given by

2bz

P({{V)>x)) =P({aB, >xtbn forsomen=0,1,2,...)) <e . (3.32)
Using this result, we now derive an asymptotic upper bound to the tail probability P({{X) > x)).

Theorem 9 Under conditions (C1)-(C3), limsup,, e FP{(X) > X)) < e=*7 In other words,
o~ % (z+=2) asymptotically bounds P({{X) > x)).

Proof of Theorem 9: Let V, :=+v/SB, — &n, and define a centered Gaussian process Z,(f) (n=0,1,..)
for each x > 0 bv
(-’C) — _ﬁV,_—l—_nn)

From the definition, the autocovariance function C(ZI) o 2z{¥) can be easily derived as

Szmin{ni, no}/g(n1)g(ns) (3.33)

(z + &n1)(z + Knga)

¥ (n1,ms) =

From (3.7) and (3.33), we can see that the variance of z is equal to that o Y. Now, let a> 1.

From Proposition 4(e), there exists an n, > 0 such that for al n > n,,

for all m <n. (3.34)

Var{Xn} < Var{Xn}
m - n




If we assume X > akn, and ny > n; > £ > n,, then
aK

Cx(ni,n .
¥ 2% (Var{Xn,} + Var{X,,,} - Var{Xn,-n,}) (from Proposition 4(b))
1 1
_ 1 Var{Xn,} N Var{Xn,} L mom Var{Xs,} Var{X,,-n}
2 m N9 n N9 Nz — 1Ny
1 /Var{X,,} .
> o[22 parix,
-2 ( ny ﬂé%;}) (from (3.34))
—m— 2
S \/Var{an}Var{Xm} (since YerlXal > o)
ning
Thisimplies that
. Var{X,, }Var{X,
S min{n;,n2}1/g(n1)g(n2) = 711\/ { n;zing {Xna} < Cx(m,na). (3.35)
Therefore, from (3.5), (3.33), and (3.35), it follows that for z > axn,, C(I) (ni,ng) > Cé’) (n1, ng) for
al ng,ny € [Z, 22]. Since we know Var{¥;{®} = Var{z{"}, we have E{(Y,? - ¥,{V)?} < E{(Z{Y -

Z,(LZ) )2} for all ny,nz € [&,"‘—Nz ]. Therefore, from Theorem 2,

P{{Y (a:)) = am) > Vz}) < P{(Z = ae) > Vz}) for all x > axn,. (3.36)

C!K-‘h

Now, we obtain an upper bound to P({(Z®))| = ==; > \/z}) as follows.

P({{Z®))( 2 az) > Vz}) = P({Z® > \/zforanyne [i, %]})
= P({y/Sg(n)B,>xt knforany n e [L 9—’(]}

(from the definition of V,, and Z{®)

P({,/8g ([—])B >xtrnforanyne [ijl—x]})

(since g(n) isincreasing on [Z, %] from (3.34))

({‘/Sg([ 1)Bn > x + #n for any n > 0})

< e SUET  (from (3.32)). (3.37)

IA

From (3.36) and (3.37), we have an asymptotic upper bound to P({(Y(z))[ﬁy%] > Jz})

d

Y.
PH{{Y ™) 2 a2y > a}) < e S foral x > akn,. (3.39)

On the other hand, from Proposition 4(d) and the fact that g(n) - 1asn — oo, we have

ok 1 Var Xfu]
26 26T s[5

= - Wa—ﬂ) = - SoT=T) (from the definition of g(t))

az S5_ Var{X[g.a1}
2K =l =~ 2k2D
= - - — as T — o0o. (3.39)

CHE PED aS?




Therefore, from Lemma 5, Theorem 8, (3.38) and (3.39), it follows that

2x2D

limsup e”5° P({{X) > x)) = limsup ¥ P({{¥ @) > /z}) < e~ asT
o0 r—r00

2KT

Since ¢ > 1 is arbitrary, finaly we have limaup,, e’s P{{X)>x)) < 8_2_2_222. Q.E.D.

Theorem 9 gives us an exponential asymptotic upper bound (e‘%(”%) ) to the tail probability
P{Q >x)) = P{{X) >x}). Thisasoimplies that Theorem 9 provides us with an upper bound e_z_.;?zg
to the asymptotic constant C given in (1.1). However, in our previous research, it has been shown that a
single exponential type of approximation (such as the asymptotic approximation and EB approximation)
may not closely estimate the tail probability even for relatively large values of x. Thisisquite typical for
traffic, that is correlated at multiple time scales, for which the tail probability convergesto its asymptote
dowly. Therefore, in spite of the theoretical significance o this asymptotic upper bound, it is expected
to suffer from the same problem as other single exponential approximations for certain types of arrival
traffic.

On the other hand, in our previous research [9, 10], the lower bound ¥ (@%) has been found to be
an accurate approximation to the tail probability and matches the tail probability curve even when it
converges to its asymptote slowly. Remember that the lower bound ¥ (({,%) is a (standard Gaussian
tail) function o @%, the maximum variance and the queue length. From the fact that the lower bound
matches the shape of the tail probability quite well, we can infer that the maximum variance (¢2), as
a function of x, contains key information about the shape of the tail probability curve. Therefore, it
would be an important result if we were to find an asymptotic upper bound in terms of the maximum
variance (a). In the following theorem we find such an asymptotic upper bound in terms of {o2) based

on Theorem 9.

Theorem 10 Under conditions (C1) and (C2), e %D ~ e~ %¥@+%8) g5 5 — 00. Therefore, with an
additional condition (C3), e ¥¥ asymptotically bounds P({{(X) > z}).

Proof of Theorem 10 : From (3.6) and the definition of 7., we have (&) = %@l Hence,

T A VG.T{X.;,, } Sx2 (x ~ 2
—4r Mg (S - et ) = S (£ - )

B 25 VerXad (340
Since £ — £, Yl 5 (s YarlXazdy, D, and &=m" _, 0 as g — oo from Proposition 4
and Proposition 6, it follows from (3.40) that
I 2Kz z 2x2D
ot S 202y 82

Therefore, limg o, 5 ¢ 70D = ¢~ ¥54° Q.E.D.



As mentioned before, the lower bound ¥ (@%) has been found to be an accurate approximation to

the tail proability. However, from (3.17) and Theorem 10 it can easily be shown that

T ((JE)) ~15 Sze—%‘(aﬁ%) asz — 0o, (3.41)
O Tk

which implies that the lower bound is not asymptotically exponential. Since the tail probability P({Q >

x}) isasymptotically exponential with great generality, the ratio of the lower bound to the tail probability
v(E) c

m?)m ~ W as r — 0.

Therefore, the lower bound may fail to accurately approximate the tail probability for very large values

asymptotically goes to 0; more precisely, there is a constant ¢ > 0 such that

o x or very small tail probabilities.! Note, however that e_ﬂ_:’f) is in fact asymptotically exponential
under conditions (Cl) and (C2) (which are relatively weak absolute summability conditions). This fact,
in conjunction with the observation that the maximum variance {(¢Z) provides important information
about the shape of the tail probability curve, suggests that e_m:z_) will provide a good approximation to
P({Q > x}) even without requiring condition {C3). Our expectation will be experimentally validated in
Chapter 4.

TNote that the term ’\;_E vanishes much more dowly than the tail probability which vanishes exponentially. This is a

reason that the lower bound usually approximates tail probabilities, which is not too small, fairly well.



4. Results and Discussion

In this chapter, we investigate the tightness of our asymptotic upper bounds via several humerical
examples. Also, weillustrate the performance and applicability o our approximation e_2—<°€37 even when
condition (C3) does not hold. Since, in general, the exact tail probability P({Q > x)) is not analytically
obtainable we use simulation techniques to validate our results. In particular, we use the Importance
Sampling simulation technique described in [7] to improve the reliability of the estimation. We have
calculated 95% confidence intervals for each tail probability estimated via simulation by the method of
batch mean [6]. However, to not unnecessarily clutter the figures, we only show confidence intervals when,
they are larger than £20% of the estimated tail probability.

For the importance sampling simulations, (pseudo) regenerative cycles [7] are defined to be the time
period between successive time epochs. We define these time epochs to be the time at which the queue
transitions from an empty state to a non-empty state. Generally, the accuracy of simulation via impor-
tance sampling improves as the number of regenerative cycles involved in the simulation increases [7].
Therefore, when P({Q > 0}) isvery small, even though this does not necessarily imply the rarenessof the
regenerative cycle, it is usually difficult to get enough number of regenerative cycles for the simulation.
After extensive simulation studies, we found that reliable results even using importance sampling cannot
usually be obtained (in a reasonable amount of time) when P({Q > 0}) islessthan 10~*. Hence, for all
experiments, we set the utilization (p = A/g) so that P({Q > 0}) is greater than 10=* (as shown in the
numerical figures, we do, however, estimate significantly lower values of P({@ > x)), for x > 0).

This chapter is composed of two parts: in Section 4.1, we test the performance of the asymptotic
upper bounds derived in Theorems 9 and 10. We further apply the approximation e %<2 in the case of
Gaussian input processes that do not satisfy condition (C3). In Section 4.2 we apply this approximation
to traffic source models for real-time applications such as voice and video, and illustrate its effectiveness
for admission control.

4.1 Numerical Investigation for Gaussian Input Processes

Example 1 In this section we consider fluid queues fed by a Gaussian input process. By comparing the
asymptotic upper bound to the exact tail probability estimated via simulation, we can investigate how
tight our bounds are to the tail probability.

Conditions (C1) and (C2) are very weak conditions. Any (stationary) Gaussian process whose auto-
covariance function vanishes faster than 1- for any ¢ > 2 (except, of course those processes for which
Y e o Ce(l) = 0) satisfy these conditions. It is relatively more difficult to classify Gaussian processes
that satisfy condition {C3). However any Gaussian process with a non-negative autocovariance func-
tion satisfies condition (C3). Therefore, in the first example we consider Gaussian input processes with

nonnegative autocovariance functions that vanish exponentially.

20
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Figure 4.1: The exact tail probability and the Figure 42: The exact tail probability and the

asymptotic upper bound e ¥t for a Gaus- asymptotic upper bound e~ ¥=+2) for a Gaus-
sian input process with autocovariance function sian input process with autocovariance function
Ce(1) = 200 x 0.95. Ce(1) =100 x 0.9/ + 60 x 0.98!4.

In this example we will discuss Figures 4.1-4.6. For Figures 4.1-4.3 we focus on the asymptotic upper
bound e~ ¥ @+*®) obtained in Theorem 9. For the rest of the figures in this example, we focus on the
asymptotic upper bound e_’*'(_:z_) obtained in Theorem 10.

We consider fluid queues fed by threedifferent Gaussian input processes. The autocovariancefunctions
of these Gaussian processes are given as 200 X 0.95/4, 100 x 0.9!// +60 x 0.98!, and 104 x 0.99!4 +64.14 x
0.999 +31.86 x 0.9999!1. In Figure 4.1, we show the exact tail probability and asymptotic upper bound
e~ ¥ (@+*#) for the Gaussian input with the autocovariance function 200 x 0.95!!! for six different values
(5.26,11.11, 17.65,25,33.33,42.86) of x = u — A. Asone can seein thefigure, for large x, the asymptotic
upper bound parallels the tail probability for al values of . This is not a surprising result because
both the asymptotic upper bound and the tail probability are asymptotically exponential with the same
decay rate 2?"‘ Further note that the bound matches the simulation results quite well. This suggests
that e_gis222 is a good bound to the asymptotic constant. The tightness of the asymptotic upper bound
is also demonstrated in Figure 4.2, which shows the same curves for the Gaussian input process with
the autocovariance function 100 x 0.9 + 60 x 0.98/Y when x = 5.26,11.11,17.65, 25, 33.33,42.86. Asin
Figure 4.1, the asymptotic upper bound parallels the tail probability as x increases and the difference
between the bound and the exact tail probability islessthan an order of magnitudefor largeenough values
o x. However, in Figure 4.2, the asymptotic upper bound failsto approximate thetail probability for small
gueue lengths (< 500) for x = 33.33,42.86. This is because the tail probability in Figure 4.2 converges
to its exponential asymptote slowly, while the tail probability in Figure 4.1 converges to its asymptote
fairly fast and forms a nearly straight line. The autocovariance function o the Gaussian input used in
the second experiment consists of two power terms with quite different decay rates. Therefore, the input
is correlated at different time scales. A far more significant effect o this multiple time-scale correlation

is demonstrated in Figure 4.3. In Figure 4.3, we show the exact tail probability, the asymptotic upper
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Figure 4.3: The exact ta|I probablllty, the asymp- Figure 4.4: The exact tail probability and the
totic upper bound e~ ¥ =+ #), and the EB ap- asymptotic upper bound e 263 for a Gaussian in-

proximation for a Gaussian input process with put ith autocovariance function ¢
autocovariance function Ce(l) = 104 x 0.991 +  9¢ Ergcge;ﬁm et =
64.14 x 09991 4 31.86 x 0.9999! when x = 33.33.

bound, and the EB approximation for the Gaussian input with autocovariance function 104 x 0.99/ +
64.14 x 0.999!" 1-31.860.99991!! for x = 33.33. Note that the autocovariance function is composed of three
weighted power terms with very different decay rates. Consequently, the tail probability convergesto its
asymptote very dowly. Note that the true asymptote will lie below the asymptotic upper bound shown
in Figure 4.3. Hence, any single exponential approximation including the asymptotic approximation, the
EB approximation, and the asymptotic upper bound e~ ¥(=t+52), provides a poor estimate of the tail
probability even for values of x as large as 100,000.

Through a number of numerical examples (other than those just shown), we havefound that the upper
bound e‘%g to the asymptotic constant is usually very close to the asymptotic constant. Therefore,
the asymptotic upper bound given by Theorem 9 approximates the tail probability for sufficiently large
queue lengths. However, as shown above, single exponential approximations are fundamentally limited
and may fail to accurately estimate the tail probability for small or even fairly large values of queue
lengths.

On the bright side, since we now know that the asymptotic upper bound is accurate for large enough
z, We expect that the bound e—2<_55 given by Theorem 10 should also be accurate for large values of queue
lengths (since they are asymptotically similar). Further, as discussed in Section 3.3, since the bound is
expressed in terms of the maximum variance {2}, we can also expect it to match the shape o the tail
probability curve (asin the case of the lower bound ¥ ( e )) To demonstrate the performance o this
bound, in Figures 4.4, 4.5, and 4.6, we redo the experiments of Figures 4.1, 4.2, and 4.3, respectively. As
expected, the bound ¢ D is accurate over the entire range o queue lengths shown in all three figures.

Also, the analysis matches the shape of the actual tail probability curve.
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Figure 4.5: The exact tail probability and the Figure 4.6: The exact tail probability and the

asymptotic upper bound e D for a Gaussianin- asymptotic upper bound e <% for a Gaussian in-

put process with autocovariance function C¢(l) = put process with autocovariance function Ce(l) =

100 x 0.9!4 +60 x 0.98M. 104 x 0.99" + 64.14 x 0.9991 + 31.86 x 0.9999!!
when & = 33.33.

Example 2 Now, consider fluid queues fed by two different Gaussian processes whose autocovariance

functions aregiven by 10x0.95" cos 7 and 10x 0.9l cos £ +.0.1 x 0.99/!l. Neither of these autocovariance

functions satisfy condition (C3). For this case we cannot guarantee that e 23 is an asymptotic upper

bound. However, as mentioned earlier, we have found via extensive numerical experiments, that the lower
(o

bound ¥ (J%) which is also a function o the maximum variance {2}, is accurate for Gaussian inputs

that do not satisfy condition (C3) (see [10] for example). Therefore, we expect the analytical expression

e % to accurately approximate the tail probability, which isin fact demonstrated in Figures 4.7 and

4.8.

In the following section, we use our analytical result e 2¢¥’ to approximate the tail probability for

more general (non-Gaussian) traffic source models.

4.2 Numerical Investigation for Voice and Video Traffic

In thissection, weillustrate the performance of our analytical approximation e—'-’<_:37 by applying it to
an ATM multiplexer serving voice and video traffic. Throughout this section we assume that the amount
of fluid and time is measured in an abstract unit of "cel" and "dlot," respectively. In our setting, a cell
corresponds to a 53-bytes (48-bytes payload) ATM cell and a slot to a 10 msec interval.

Example 3 In this example, we study the queueing behavior of multiplexed voice source models. Each
voice source is modeled by an On-Off Discrete-time Markov Modulated Fluid (DMMF) process. The state

transition matrix and the input rate vector o the DMMF model are given as follows.

§ 09833 0.01677
0025 0975

State Transition Matrix :
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Figure 4.7: The exact tail probability and our Figure 4.8: Theexact tail probability and the ana-

analytical approximation (e 2°#) for a Gaus- lytical approximation (e %) for a Gaussian in-
sian input process with autocovariance function put process with autocovariance function Cg(1) =
Ce(1) =10 x 0.95! cos & and k = 1,2. 10 x 0.9 cos 7t + 0.1 % 0.99- 11 and x = 1, 2.

0

Input Rate Vector :
0.85

The DMMF voice traffic source model isobtained by discretizing the Continuous-time Markov Modulated
Fluid model used in [28]. The service rate of the fluid server is set to 14672 cells/slot, which roughly
corresponds to the capacity of an OC-12 link (622.08 Mbps). Theexact tail probability and our analytical
approximation for 42500 and 42800 multiplexed DMMF sources are shown in Figure 4.9. Remember that
the proposed technique uses only the first two moments of the aggregate traffic input to approximate the
tail probability. As one can see in the figure, the approximation accurately matches the tail probability

over the entire range of queue lengths shown in the figure.

Example 4 The exact tail probability and the proposed approximation for 105 and 107 simple JPEG-
encoded video traffic source models are shown in Figure 4.10. This traffic source model isthe superposition
of ai.i.d. Gaussian process and three DMMF processes with very different state transition rates designed
to capture the multiple time-scale correlation observed in the JPEG-encoded movie "Star Wars." The

state transition matrices and the input rate vectors of three DMMF’s and the mean and the variance of

the i.i.d. Gaussian process are given agfollows.
. ) 0.99 0.01 0.999 0.001 0.9999 0.0001
State Transition Matrices : .
0.01 0.99 0.001 0.999 0.0001 0.9999
( 0 0 0
Input Rate Vectors :
45.516 31.86 18.204

Mean of i.i.d. Gaussian : 82.42

Variance of i.i.d. Gaussian: 8.6336
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Figure 4.9: The exact tail probability and our Figure 4.10: The exact tail probability and our
analytical approximation for a fluid queue serv- analytical approximation for a fluid queue serving
ing 42500 and 42800 voice traffic source models 105 and 107 JPEG-encoded video traffic source
(DMMF). The service rate o the fluid server is models. The service rate of the fluid server is set
set to 14672 cells/slot. to 14672 cells/slot.

Again, we set the service rate of the fluid server to 14672 cells/slot.
As in the case of Example 4.9, the analysis matches the simulations quite closely, even though the
number of traffic sources being multiplexed is significantly smaller. Also note that the approximation

follows the shape of the exact tail probability quite well.

In general, the stochastic characteristics of a video traffic source change with the type of video appli-
cation which the source represents. For instance, the video traffic source that mainly transmits movies
is very likely to have different characteristics from that o the video source that does news programs.
Further, the video coding schemes employed to reduce the required bandwidth can aso significantly af-
fect the stochastic characteristics of the video traffic generated. Therefore, modeling such diverse video
traffic sources may not be an easy and efficient way of characterizing these sources. From this viewpoint,
the traffic characterization based only on the first two moments (mean and autocovariance) have some
advantage over the characterization based on explicit stochastic modeling, since the mean and autoco-
variance o a traffic source can be directly measured from the source. In most of the numerical examples
provided so far, it has been illustrated that the first two moments contain very important information
about the queueing behavior o the source and can be used to approximate the steady state queue length
distribution accurately. However, it should be noted that in the previous examples, the first two moments
o traffic sources have been analytically obtained from the source models. Hence, the question to ask is
whether the moments measured directly from a source can be used to accurately capture its queueing
behavior. In the next example, we demonstrate that from the mean and autocovariance measured from

a real video source, the queue length distribution can be accurately computed.

Example 5 In this example, we use the frame size trace d the JPEG-encoded movie " Star Wars' to
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Figure 4.11: The autocovariance function mea- Figure 4.12: The simulation result and our ana-

sured from JPEG-encoded movie " Star Wars" and lytical approximation for a multiplexer serving 79
its approximation with the weighted sum of 4 ex- and 81 JPEG-encoded movie " Star Wars" through
ponential functions. an OC-12 output link.

simulate real video sources, and experimentally obtain the tail probability P({@ > z)) for these sources.
Also, we use the mean and autocovariance function measured directly from the frame size trace to
compute the approximation e_“_:3_> and compare it to the tail probability obtained through simulation.
In Figure 4.11, we show the autocovariance function measured directly from the trace. Asone can seefrom
the figure, the autocovariance function has quite an irregular shape for the time difference | larger than
1000, and hence cannot easily be expressed by a simplefunction of the time differencel. Therefore, using
the least square method, we approximate the autocovariance function by the sum of 4 exponential terms
which have very different decay rates, as shown in Figure 4.11. Using this approximated autocovariance
function, we then compute the approximation e_“_:5 for the tail probability P({Q > z)) for 79 and 81 of
these sources, and compare them to the simulation results in Figure 4.12. Because importance sampling
based simulation cannot be applied here (since we are using a real trace of JPEG-encoded video), the
95% confidence intervals displayed in the figure are quite large (especially for probabilities less than 1073,
Nevertheless, as in the previous examples (where a stochastic model for JPEG-encoded video traffic is
used for simulation, and the autocovariance function analytically obtained from the model is used to

compute the approximation), the approximation follows the simulation results closely.

An important application of our analytical technique is for call admission control. We assume that a
new call is admitted to an ATM multiplexer with buffer size B if the resulting tail probability P({Q >
X =B)) <, i.e. p isthe maximum tolerable tail probability for a call to be admitted.

Example 6 Consider an ATM multiplexer withan OC-12 link and 20000 cell buffers, serving only JPEG-
encoded video calls. We model this ATM multiplexer by afluid queue fed by the video traffic source model
used in Example 4. Again, we assume a 10 msec time-slot size and ATM cell size; therefore the server

of the fluid queue can serve at most 14672 cell in each time slot. In Figure 4.13, we show the exact tail
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probability, the EB approximation, and our analytical approximation at x = 20000 for different numbers
of inputs. As one can see in the figure, assuming ¢ = 10~%, our analytical approximation and the EB
approximation estimate the maximum admissible number of video calls as 104 and 83, respectively. On
the other hand, from the simulation resultsthe maximum number of admissible JPEG-encoded video calls
turns out to be 104. Therefore, the proposed approximation exactly estimates the maximum admissible
number of calls (even though it slightly overestimates the tail probability), while the EB approximation

underestimates the number by more than 15%.

So far, we have considered ATM multiplexers serving a large number of homogeneous inputs. In the
next experiment, we demonstrate the applicability of the proposed technique for heterogeneous sources

by determining the admissible region for voice and JPEG-video cals at an ATM multiplexer.

Example 7 In Figure 4.14, we show the admissible region for voice and JPEG-encoded video calls
computed by simulation and our analytical approximation.

The maximum tolerable tail probability ¢ and the buffer size B are set to 10=¢ and 20000 cellsasin
the previous example. Again, we assume an OC-12 link for the transmission link of the ATM multiplexer.
As one can see in the figure, the admissible regions computed by simulation and the proposed technique
are so close that it is difficult to distinguish the boundaries of them. In fact, the proposed technique

underestimates the maximum number of calls by less than 1%in terms of utilization.



5. Conclusion

In this report we have developed asymptotic upper bounds and approximations to the steady state
tail probability P({Q >X)) at an ATM multiplexer serving a large number o input processes. We
model the ATM multiplexer as an infinite buffer fluid queue and characterize the aggregate input process
as a Gaussian stochastic process. This enables us to avoid the classical state explosion problem that
occurs when many traffic sources are multiplexed. After modeling the aggregate input process by a
Gaussian process, we derived an exponential asymptotic upper bound e~ % @+52) {0 the tail probability
P({Q > x)). Thisenabled usto find a good bound to the asymptotic constant. Further, we have derived
another asymptotic upper bound e_2<_‘f?—-7 in terms of the maximum variance {¢2). Through extensive
numerical experiments, we have found that e—ﬂ_:g accurately approximates the tail probability for very
general types of traffic over a wide range of queue lengths X. We also used this analytical technique to
accurately predict the tail probability for voice and JPEG-encoded types of video sources. Further, we
were able to use our analytical technique for very efficient admission control.

In this report we provided results for discrete-time fluid queues in which the fluid arrival and service
take place only at discrete times. Equivalent results for the continuous-time fluid queue have already
been derived and are availablein [11]. Although we have currently focusing on the analysisof ATM mul-

tiplexers, for future work we plan to concentrate on the analysis of intree-network statistical multiplexers.

28
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