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ABSTRACT

- Skaggs, Richard Wayne. Ph.D., Purdue University, June 1970. An
Approximate Method for Determining the Hydraulic Conductivity Function
of Unsaturated Soil. Major Professor: Dr. BE. J. Monke.

A method is proposed for determining the hydraulic conductivity
function of unsaturated soil. The method ig based on the assumption
that the conductivity-pressure head relationship, K{(h), can be effec-
tively represented by an empirical three-parameter equation. Procedures
are given for evaluating the equation parameters from meassurements of
the soil-water characteristic, the saturated conductivity, and the in-
filtration rate~time relationship for an initially dry soil. Repeated
numerical solutions to the Richards equation for the movement of water
in unsaturated soil are used with a search procedure +to determine the
parameter values giving the minimum difference between measured and
calculated infiltration rate-time relationships. Computer programs,
written in FORTRAN IV, are developed to apply and evaluate the method.

An evaluation of the proposed method using soil property dats
obtained from the literature showed that a good approximation of the
conductivity data could be obtained for soils in which the conductiv-
ity function had the general form of the assumed relationship. For
soils having other forms of K(h), the functions obtained still allowed
accurate predictions of the infiltration rate-time relationship for a
wide range of initial water contents.

The results of an experimental evaluation of the method are re-
ported. The conductivity functions of two artificially packed solls
were determined and used to calculate infiltration rate-time relstion-
ships For Infiltration into soil columns having different initial water
contents.  The measured and calculated influx curves are comparsad and

discussed. Comparisons are also made between the measured and calculated
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wetting front movement for initially dry soils. The effect of errors in
the soll-water characteristic on calculated infiltration rate-time rela-
tionships is reported. When the conductivity function is defined by the
method proposed the effect of such errors is reduced.

Results of the study showed that the proposed method is a promising
meagng of determining the effective hydraulic conductivity function of
unsaturated soils. With the exception of the scilil-water characteristic,
which is necessary 1f theory is used to characterize infiltration
regardless of the means for determining K(h), the measurements required
by this method may be made with much less time and effort than is

required by conventional procedures.






INTRCDUCTION

The determination of the rate of water infiltration into soil is a
necegsary step in determining the rate and volume of surface runcff for
2 given rainfall event. It is consequently basic t0 the design of
reservoirs, flood and erosion control structures, channel improvements,
and drainage systems. Furthermore, the characterization of the ability
of & soil to infTiltrate water is fundamental to the design of irrigation
systems, which, according to Mathur (1968), comprise the largest single
group of water users in the United States, expending over 40 percent of
the ftotal annual water usage. A workable scheme to determine infiltra-
tion for the varied initial and boundary conéitiqns existing in nature
is necessary to the logical and efficient development of our nation's
water resources.

As with the investigation of most complex phenomena, efforts o
characterize infiltration have foliowed varlied approaches. BSeveral
algebraic equations stemming from bhoth theoretical and empirical origin
have been proposed to express the infiltration rate or volume in terms
of time or soil water content. While the use of the algebraic eguations
would provide a convenient method for estimating infiltration rates, the
equation perameters often vary sharply due to scil variations, crusting-
sealing effects, and nonuniform antecedent water contents. Conseguenily,
the use of slgebraic infiltration equations is for most cases ilmpractical
since a new set of parameters 1s neaded for each new set ¢of boundary
conditions.

The sc-called exact approach for characterizing infiltration re-
guires the solution of a partial differential equation describing the
movement of fluids in unsaturated porcus media. The nonlinear nature of
the governing equation has formerly prchibited its solution for most
infiltration problems. During the past decade, however, numerical pro-

cedures utilizing high speed digital computers have been developed to



solve the governing equation for many of the important boundary condi-
tions. = Further refinement in numerical technigques and in computing
hardware promises to make this approach a practical means for guanti-
Tying infiltration on a field scale.

The relationship between the hydraulic conductivity, X, and the
~pressure head, h, or the water content, €, is necessary for sclving the
governing equation. The slow and laboriocus fask of measuring the con-
ductivity function with conventional techniques is a primary reason that
the exact approach has not yet gained prominence on a wider scale. This
study presents an approximate method for defining the conductivity

function of unsaturated soll.

Objectives

The objectives of the study are as follows:

1. To develop an approximate method for determining the hydraulic
conductivity function of unsaturated scils. The necessary
nmeasurements should be made more guickly and with less effort
than required by conventional methods.

2, To test the validity of the method by using published soil
property data.

3. To use the method to experimentaily determine the conductivity
function for two soils. These experiments will provide infor-
mation concerning errcrs and experimental difficulties encoun-
tered in making regulred neasurements.

b, To test the validity of the conductivity functions by measuring
infiltration into the soils under various boundsry conditions.
-The observed infiliration rates will be compared with rates

given by the solution to the governing equation.



CHAPTER 1

THEORY OF INFEILTRATTON

This chapter presents a review of the theory of vertical water in-
filtration into soil which will serve as a base for the development of
a method to define the conductivity function. The treatment here is
necessarily brief and the reader is referred to Swartzendruber (1966),

Gardner (1967), Childs (1969), and Irrigation of Agricultural Lands

edited by Bagan, et al. (1967 ) for more complete reviews of ‘the

gubject.

The Governing Equations

The movement of water in an unsaturated soil may be expressed by

the Buckingham-Darcy equation as
q = K(h) w8 (1)

where § is the flux of water transmitted, K(h) is the hydraulic conduc-
tivity expressed as a functlon of the pressure head, h, and H ig the
total hydraulic head. Equation 1 was first proposed by Buckingham (1907
and may be viewed as Darcy's equatiocon generalized for unsaturated flow.
Deviations from the Buckingham-Darcy equation have been observed for

some soils and are discussed by Swartzendruber (1966); however, the
validity of the equation is generally accepted and 1s assumed in this
study.

The hydraulic head, H, involves several force fields existing in
the soil system and is discussed at length by Day, et al. {(1967).
Assuming the resistance to movement of the soil air is negligible and
its pressure constant, H may be expressed as the sum of the gravita-
tional head, defined by the veritical distance from a2 datun plane, and

the pressure head as



H=h - x (2}

where X 1ls the distance messured positively downward from the scoil
surface. The pressure head, h (also referred to as matric potential,
capillary potential, soil-water tension, or soil-water suction), may be
defined-as the pressure of free Waﬁer in equilibrium with the soil at
the-point in gquestion. For an unsaturated, wettable soil, h 1s irher-
ently negative and 1te magnitude is related in a nonlinear manner to the
volumetric soil water content, ©.

The principle of conservation of mass for the soil-water system

may be expressed as

== -aivy (3)

Congidering infiltration as the flow eof water in the x direction only,

equations 1 and 3 become

- o ok
T, =a=-kn) o (&)
and
@M_ﬁﬂ FRE
3t X \5)

Then combining eguations 2, 4, and 5, an equation governing the flow of

water in unsaturated soll may be written

_2 3y
il 6)
By writing
% _
3t -dh a3t (7)
and defining a soil property
26
Clh) = =
(n) -~ (8)

equation 6 may be expressed as



5

o(n) & - 5?2 (K(n)

dh oK
- &y - & (9)

& X
Equation & can also be written with the water cortent, &, as. the
dependent variable. Defining soil water diffusivity as D(8) = K(h) %%,

equation 6 may be written

LSS - X (10)
Equations 6, 9, and 10 were first derived by Richards (1931) and can
logically be referred to as forms of the Richards equation
(Swartzendruber, 1969).

Both forms ¢f the Richards eguation for flow. in the vertical direc-
tion contain two soll parameters; the €-basged equation contains D(6) and
K{h) and the h-bssed eqguation conbains C(h) and K{(h). These parameters
are related for unsaburated soil by D = K/C. For most soils, all three
parameters vary markedly with water content or pressure head.  The pro-
nounced nonlinearity of these parsmeters is a prime source of difficulty
in solving the Hichards equation subject to boundary conditions perti-
nent to infiltration.

Advantages can be stated for both the h-based and S-based equations
in describing the movement of water in unsaturated soil. When saturaied
conditions are reached, the h-based eguation reduces to the familiar
Laplace equation describing saturated flow. For saburated flow K(h}
reaches & constant value, C(h) = O, and the pressure head, h, changes
from & negative to a positive quantity. For cases where both saturated
and unsaturated flow conditions exist, the solution to the h-based
equation will be valid; however, the 9-based eguation "blows up” for
saturated conditions as D(&) tends to infinity for esaturation. On the
other hand, the 6-based equation is superior for describing unsaturated
flov only as the changes in both € and D are typically 2 or 3 orders
of magnitude less than corresponding changes in h and C. In general,
round-off errors in numerical solutions to the ©-based equation are of

lesser conseqguence than for the h-based equation.
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Sclutions to the Richards Equation

The nonlinearity of the soil properties K, D, and C has prevented
the analytical solution of eguations 9 and 10 except for a few limited
cages (for example, Gardner, 1958). Numeriecal techniques have been pre-
sented, however, for the solution of the eguations subject to various
boundary conditions of interest. One of the first, and perhaps the best
known method of solution, was presented by Philip {1957a) for a homoge-
neous, deep s0il with a uniform initial water content. Philip used
transformations of equation 10 to obtain an infinite series solution in
powers of tl/gu Although it is generally recognized that Philipfs solu-
tion and the analysis that followed it (Philip, 1957b-f, 1958) have been
invaluable to the development of infiltration theory, many important
boundary conditions exist for which the solution does not apply. _

During the past decade, numerical techniques have been developed
which use high speed digital computers to solve finite differsnce forms
of equations § and 10. Hanks and Bowers (1962) presented a method %o
s0lve equation 9 .for infiltration from a ponded surface into a layered
soil of arbitrary depth and initial head distribution. Infiltration
into layered soils has also been treated by Whisler and Klute (1966)
and by Staple and Gupta (1966}, who solved explicit finite difference
forms of eguation 9. Whisler and Klute (1965) used an iterative pro-
cedure 1o solve equation 9 subject to a nonuniform . initial water content.
Their technique took inte account hysteresis, & factor that was also
included in the numerical technique of Staple (1966). Techniques for
solving eqguations 9 and 10 subject to rainfall boundary conditions have
been presented by Rubin (1966) and Rubin and Steinhardt (1963). The
technique given by Rubin (1966) can also be used to account for the
effects of a nonzero alr entry suction.

Numerical procedures for solving both equations 9 and 10 will be
developed in a subsequent chapler. Specific references to the proce-
dures used in the methods cited sbove will be made at that time. The
point to be made here is that methods are available to solve the govern-

ing eguation for most of the cases of interest for vertical infiltration.



Evaluvations of . Infiltration Thecry

Ieboratory Studies

RBodman and Colman {1943) measured the water content distribution in
g vertical soil column during infiltration from a ponded water surface.
They showed that the water content profile could be divided into the four
zones shown schematlcally in Figure 1. The saturation zone extended from
the surface to a maximum depth of approximately 1.5 cm. The transition
zone, a reglon of rapid decrease of soil water content, extended from
the zone -of saturation for gz depth of about 5 cm to.the transmission
rzone, a zone of rather constant water content which lengthens as infil-
tration proceeds. The wetting zone was defined as a region of rapid
change of soil water content culminating in the wet front which is the
vigsible limit of water penetratiocn into the soil.

Philip (1957d4) showed that the solution to equation 10 predicts all
of the zones excepht the transition zone. He atiributed the presence of
a trangition zone to a dependence of the soll-water characteristic on

depth due to the smaller probability of entrapped air in the soil close

WATER CONTENT

! [ Saturated zone

transition zone

|
|

DEPTH t transmission
| ZOne
|
|

wetting
7one

wetting front

Figure 1. Infiltration Zones of Bodmen and Colman (1943).
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1o the surface. According to Philip's (1958) analysis, the existence
of a saturated zone depends on either a ponded surface of greater than
zero depth, or the presence of nonzero air entry suction which is exhib-
ited by the water characteristic of many soils. Philip (1957d) eoncluded
that, in a gualitative sense, there was good agreement between the
golution to the governing flow equation and the experimental ohserva-
tions of Bodman and Colman (1943).

Youngs (1958) observed infiltration from a ponded water surface
into columng of slate dust and glass heads. The results agreed closely
with thoge predicted by the solution of eguation 10. Davidson, et al.
(1963) studied vertical infiltration into columns of silt and sandy loam
goils. They studied the infiltration process for water applied at near
saturation (pressure head of ~0.2 com water) and at water contents much
less than saturation. TFor water applied at saturation, the solution to
eguation 10 agreed very closely with the cbserved water content distri-
bution. However, for water contents much less than saturation at x = O,
the water content profile deviated from the solution to eguation 10,

Gupta and Staple (196k) studied infiltration into a packed column
of soil from a ponded surface of O.4 cm depbh. The cbserved water
content profiles were similar to those discussed by Bodman and Colman
(1943). When the variation of the soil parameters with depth was con-
sidered, a transition zone was predicted and good agreement between the
solution and the observed resulis was found. When this variation was
not considered, however, conslderable discrepancy between the measured

and predicted water profiles cccurred.

Field Studies
The bulk of experimental infiltration resesrch has been performed
in the laboratory where the soils studied have involved homogensous
columns subjected to boundary conditions in accordance with the assump-
tions made in the derivation and solution of the governing Richards
equation. The utility of the so-called exact approach in character-
izing infiltration for practical situations, however, depends on the

accuracy of solutions under natural conditions.
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Nielson, et al.. (1961) compared soil-water profiles.which were
determined experimentally for Eda.amd Menona silt loam soils with pro-
Tiles computed using Philip's solution of eguation 10. For the Monona
goil, the caleulated soil«water profile was in fair agreement with
experimental resuits; however, the calculated profile for-Ida had a more
advanced, sharper wetting front thar the experimerntal. The investiga-

- tors noted that the nonuniformity of the scil horizeon could have been
responsible for the discrepancy.in the measured and predicted soil-water
profiles. The transport functions, D and K, used. in computing the pro-
files were determined with a drying, or outflow, process on cores taken
frem the top 30 inches. Whisler and Klute (1965) showed that the pre-
dicted water content profiles were dependent on the branch of the
hysteresis loop of the s0il properties used. .Therefore, the discrepan-
cies noted above might have been at least paritially due to using para-
meters obtained by an outflow method to evaluaie infiltration; a wetting
Process.

Green,.eﬁ'al.-(l96h) used the numerical method of Harks and Bowers
(1962) to calculate infiltration rates. for a natural soil. The initial
soil-water distribution was measured experimentally and considered in
+the solution. The D(6) and h(6) relationships were also determined as
& function of depth and the soll was considered as stratified in making
the theoretical calculations. After approximateiy;ZO minutes of infil-
tration, the calculated Infiltration rates agreed quite well with rates
determined experimentally using a sprinkling infiltrometer. There was
considerable disagreement between the calculated and cobserved rates
during the initial stages of the run. Again the flow properties were
determined using an outflow process; this was cited by the authors as

being a possible reasen for the discrepancies.

Review of Methods to Determine K(h)

 The methods for determining the K{h).relationship may be classified
as steady state, transient, and computational methods. While many
techniques are described in the literature for each of these classes,
not all of them are adapiable for determining the imbibitien branch of

the function. Some that are adaptable are discussed below.
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Steady State Methods

Klute (1965) and Anat, et al. (1965) described similar steady state
methods for measuring K(h) based on the defining relationship given in
equation 1. Hssentially the methods consisted of setting up boundary
conditions to obtain steady, one directional flow for adjustable pres-
sure hegds. A soill sample was placed in an airtight cavity between two
horizontal porous plates through which water flowed into and out of the
sample. The average pressure head in the sample was controlled by the
alr pressure in the cavity. The mean hydraulic gradient between two
points in the sample was determined by using tensiometers to measure the
difference in pressure head. By measuring the steady state flow rate,
g, the conductivity was calculated directly from equation 1. Then the
alr pressure was changed and the procedure repeated for another value of
prassure heszad.

Although simple in concept, this method has several disadvantages.
Since soll conductivities are small in general, particularly at the lower
water contents, long times are required to reach steady state. This is
especially true for imbibition. Also the conductivity function obtained

using the above method represents a ''point”

determinaticon, or at most a
determination for a short soll section. In order to incorporate some of
the heterogeneities of natural soils in the conductivity function, it is
desirable to make conductivity determinations on rather large soil
samples. This can be done by increasing the length of the soil sample
but the time required to reach steady state, already prohibitive, would
also increase.

Youngs (1964 ) determined X(n) by measuring the rate of infiltration
into soil columns from water supplied at the surface at a negative pres-
sure. Although the effective conductivity function for a rather large
sample was determined and the experimental measurements were simple in
nature, the method required a separate soil column for each water con-
tent. Also several days were required To determine the conductivity for
low water contents.

A zone of entrapped air was used by Watson (1967) to speed up the
formation of steady state conditions for infiltration inte a soll column

initially drained to & water table at its base. A large number of
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tensiometers were used to determine the Pressure hesd and hydraulic gra-
dient distribution at steady state. Then, by measuring the steady state
Tlow rate, g, the conductivity at each point in the column wae caleculated.
While this method is attractive from the standpoint of required time, it
is regtricted to coarse grained soils and to relatively low pressure

heads.

Transient Methods

The steady state methods discussed sbove were simple In theory, but,
except for the last case, long periods of time were reguired for the
determination of X(h). In general, transient methods require less time,
bM:HmexmerMalﬁ%&mmmmmsmﬁcmhmkwﬂmsamammedﬂﬁﬂmh;
Gardner and Miklich {1962) proposed a method for determining K(h) by
introducing water into (or removing water for the drainage cycle) one
end of a soil column at a constant flux. The experimental data reguired
vere the flux and continuous measurements of the pressure head at two
points in the column. Although the method appeared to work well Ffor the
drainage case, three weeks were still required to obtain X(h) for the
tensiometer range. The method appeared to work well for the drainage
case but was not evaluated for the imbibition cycle.

A transient in sity method for determining the hydraulic properties
of soils vas presented by Van Bavel, et al. (1968). A large number of
tensiometers were used in conjunction with neutron equipnent to measure
the Ppressure head and water content profiles at specified time intervals
Procedures were given to obtain K(h) from these profites. This method
can be used to abtain a rather complete description of a field soil's
hydravlic properties, including their varistion with depth. The experi-
mental setup, however, is complex and expensive. Also, about ten days
are still necessary to determine the conductivities over the tensiometer

range of pressure head.

Methods for Caleulating X(h)
In view of the difficulties involved in measuring K(h).directly,
methods to compute K(h) from the h(8) relationship are most worthy of
consideration. Millington and Quirk (1960) refined an equation origi-

nally derived by Childs and Colis George to compute K(h) from h{0).
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Jackson, et al. (1965} found that a matching factor was needed to make
the calculated conductivities agree with measured data. The eguation

may be written

N
K :
K(h‘,):3lhfs-—@h/3-l—2 Z{(_23+1-21) ] i=1,2,...0 (11)
* sc W™

=1

C_E.DJNJH

<)

where the matching factor KS/KSC 1s the quotient of the saturated con-
ductivity to the calculated saturated conductivity, N is the number of
pore classes obitsined by dividing the water content scale of the soil-
water characteristic inte increments of equal length, and h. is the mean
pressure head of the jth pore class. Kunze, et al. (19568) ;ound that
better agreement between predicted and observed conductivities could be

L
obtained by using € rather than © /3

in equation 11. While good predic-
tiong of the conductivity function have been obtained for most of the
published investigations of eguation 11, discrepancies from the equation
have been found for some of the solls investigated in this study.

Brooks and Corey (1964 ) showed that for -h values greater than the
bubbling pressure, the conductivity for the outfliow or drainage cycle

could be related to the pressure head by the following equation

Py
K(h) = K_(=) (12)
where Ks is the saturated conductivity, By, is the bubbling pressure,
and n is related to the pore size distribution and may be determined
directly from the soil-water characteristic. Although the validity of
equation 12 for the drainage cycle has been well proven by Brooks and

Corey (196L) and Ialiberte, et al. (1966), no evidence has been presented

concerning its validity for imbibition.
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CHAPTER 2

METHOD FOR DETERMINING K(h)

EBvidence has been presented showing that the theoretical approach .
can be used to quantify infiliration for many of the boundary conditions
of interest. 'The soll properties required as inputs are the imbibition
branches of the conductivity function, K(h), and the soil-water character-
istic, h(8). While results of experiments and solutions to the Richards
eguation have been in general agreement, instances of significant dis-
agreements for both laboratory -and field investigations have been
recorded. The lack of reliable measurements of the soil properties
has been frequently cited as a reason for these disagreements. A
review of the literature showed that present technigques for measuring
K({h) are difficult to implement and usually reguire a prohibitive amount
cf time to carry out. Conseguently, the development of a fast, reliable
method for estimating X{h) is essential toc theoretical description of
infiltration if it 18 to be used in a practical sense. Furthermore,
the method should define an effective conductivity function, one that
will compensate for the effects of minor heterogengiiies such as worm

holes and plant roots which exist in even the most homogeneous soils.

Method Description

Consider the infiltration of water from s shallow ponded surface
into a column of soll with a uniform Initial water content. The hound-~

ary conditions may be written in the form

h=0 (6=6) x=0 t

\
&)

bo=h (0

f
@
ke
vV
O
c.f.k
1
O

(13)

1A
o

h=h (6=8) x=1L 1%
L 1 e
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where @s—is the saturated volumetric.water content, hi and ei are the
initial pressure head and water content respectively, L is the column
‘length, and te\is,the time during which infiltratien is considered.
This formulation of the boundary conditions assumes that the initial
water content 1s small so that water movement in advance of the wetting
front is negligible. :

If it is tentatively assumed that %he soil properties, X(h) and.
C(n) are constant, and that C{h) = C is known, égpation.9 may be written

oh % 3 h . (1)

The solution to equation 1k, now linearized, subject to boundary condi-

tions 13 is given by Schneider {1957) as

h = h, erf (15)
2/ Kt/c
Then
. h.
dh| O S (16)

dxlxmo Vit /C

and the infiltration rate may be obtained from equations. 2, 4, and 16

&5

+ K (17)

Consequently K can be determined for the linear system by measuring the
infiltration rate, f, at two arbitrary values of time, t. .Since the in-
filtration rate is much less difficult to measure than either h or @,

K can be determined from equation 17 with less time and effort than by
methods previously discussed.

Since K(h} and C(h) are not constant for soils, but are nonlinear
functions of the pressure head, X(h) cannot be explicitly determined
from the influx curve as above. .However, an analogous method will be
proposed to define K(h) from a known C(h) relationship and a measured

Anflux curve.
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A critical assumption in the proposed method is that K(h) can be
effectively represented by an explicit, functional relationship.
Gardner (1958) proposed an empirical equation relating the conductiviity
to the pressure head. A slightly rearranged form of that equation may

e written

®(n) = [(n/n ) + 017" (18}

where a, hl’ and b are equation parameters which must be determined
empirically. Gardaer indicated that the conductivity functions of a
number of seils were represented quite well by eqguation 18. King (1965)
obtained a nondimensional form of equation 18 by dividing both sides of
the equation by the saturated conductivity, Ks° He used regression
techniques to fit equation 18 to the imbibition conductivity data of
four goils and reported excellent agreement between the equation and the
measured data.

The procedure given here for approximating K{h) assumes the conduc-
tivity function can be effectively represented by equation 18. Under
this asgsumption, the method for approximating K(h) is resolved to pro-
cedures for defining the parameters a, hly and b in equation 18. Other
eguations for K(h) have been proposed by Rubin, et al. (1964), Brooks
and Corey (1964), and King (1965). -The general concepts of the method
developed here can also be used to define the parameters in these or
other equations. for K(h).

A schematic plot of the infiltration rate-time relationship that
would be measured for a soil column subjected to boundary conditions 13
is shown in Figure 2. Assuming h(@) for the soil is known, the Richards
eguation can be solved subject to beundsry conditions 13 by taking
trial values of the parameters a, hl’ and b in equation 18. The infil-
tration rate-time relstionship obtained from the golution is slso shown
schematically in Figure 2. Another set of trial values for the equation
18 parameters would result in & second predicted influx curve which
might more closely approximate the measured relationship. By varying
the parameters in equation 18 and obtaining repeated solutions of the

governing equation, values of a, hl’ and b can be found which give the
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Figure 2. Schematic Plots of Measured and Computed Influx Curves.

minimum difference in the predicted and measured,infiltraticn rate-time
curves. This set of parameters can then be used in equation 18 to
describe the effective conductivity-head relationship for that soil.
Since substitution of h = O in equation 18 results in K(0) = 1/b,
the parameter b can be evaluated independently by measuring ¥(0). If
water is alloved to enter the column until steady state flow is attalned,
and 1f the boundary condition at x = L is held at h = 0, K(0) can be
obtained directly by setiing it equal to the ste&dy state flow rate.
The procedure of defining the conductivity function is now gimplified
to the task of finding values for only two parameters, a and hl,.in
equation 18. K{O) would be less than the saturated conductivity, K_,
gince alr 1s entrapped during the inflow process. 'KS is convention;lly

determined by wetting under suction to purge the air in the soil matrix.
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The agreement between measured and predicted influx curves may be
guantified by computing the sum of the areas lying between the. two
curves. The sum of the areas, denoted as the objective function, R, ean
be computed numerically by dividing the time axis in small increments, .
calculating the area between the curves for each increment by the trape-
zoidal method, and then swmming the areas.

Techniques for defining parameters a and h. in eguation 18 will be

further developed in an example using Sarpy loai solil. The points
plotted in Figure 3 were obtained by solving equation 10 subject to
boundary conditions 13 with 6, = 0,06 (n:,,L = -3300 cm) and o, = .41,
(The numerical method used to solve eguation 10 will be described in
Chapter 3.} The ©-based equation was solved because the smaller gradi-
ents allowed a faster, more efficient solution than was possible for the
h-based equation. The soil properties for Sarpy were taken from Hanks
and Bowers (1962). The infiltration rate-time curve corresponds to that
which would be measured assuming equation 10 is valid, boundary condi-
tiong 13 were maintained perfectly, and the soil property measurements
were free of experimental error. Treating the computed influx curve as
a "measured” relationship, equation 10 was repeatedly solved for various
combinations of a and hl in equation 18 and the objective function, R,
~determined. The response surface shown in Figure k4, is a unimodal sur-
face with its minimum situated on a sharp, relatively flat ridge. The
minimum R value of 0.28 om occurred at = = 2.1 and hi = -1.95 cm. The
parameter b = 717 sec/cm was determined from X(0) in the original data
of Hanks and Bowers. The solid line in Piguvre 2 represents the solution
to eguation 10 using the conductivity function of equatieon 18 with the
above parameter values.

Various search technigues can be used to reduce the number of
trials necessary to define the minimum point on the response surface.
A two dimensional search technique of the Pattern or Partan type ag
discussed by Thompson and Peart (1968) is suitable for determining the
pogition of the minimum point.on the surface. Since the response sur-
face has a relatively flat ridge, however, a large number of trials may
‘be reguired to find the minimum point. On the other hand, the possi-

bility exists that a good Ffit of the "mezsured”™ influx curve can be
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Figure 4. Response Surface for Sarpy Loam.
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Figure 5. Relative Conductivity Versus Pressure Head for Sarpy Loam.

obtained by estimating one of the parameters a or hl independently,
thereby simplifying the search for the remaining parameter.

Plots of relative conductivity function K(h)/KS, for Sarpy are
given in Figure 5. The discrete points represent the conductivity
values given by Hanks and Bowers (1962), while the curves represent
equation 18 for various values of parameters a and hln The solid curve
is the conductivity function which gave the minimum R value on the
response surface with a = 3.1 and hl = -1.95. Twe additional values of
the parameter a were arbitrarily chosen. Curves are given in Figure 5
corresponding to the ridge peaks for a = 2, where hl = ~0,49 cm and
R = 0.3% cm and for a = 4.0 where hl = ~3.54 and R = 0.30. Although
the solid curve appears to give a better approximation of the measured
conductivity data over the entire range, the other two curves are also
in fair agreeﬁent. This supports the argument that the conductivity
function may be adequately described by estimating one of the parameters
independently and determining the other by a one-dimensional search

procedure.
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The parameter a can be estimated independently from the model of
Brooks ‘and Corey (196L) given by equation 12. If log X{h) is plotted
versus log (-h) for equation 12, the result will be a straight line with
a slope of -n. A plot of log K{h) versus log (-h) for the conductivity
function of equation 18 will also yield a straight line with slope -a
for large values of h., Consequently, an initial approximstion of para-
meter a in equation 18 can be made by obtaining v from h(8) by the

method given by Brooks and Corey, and setting a = 7.

FPreliminary Evaluation of the Methed

The method for determining K(h) was based on the critical assump-
tion that the conductivity function could be effectively represented by
equation 18. Although evidence has been cited showing that equation 18
is appropriate for many soils, 1t obviously will not describe the highly
nonlinear X{h) exactly for all soils; the same can be said of other
equations for K(h)., However, by.obtaining the aquation parameters from
an influx curve, an average or effective conductivity function should be
defined which will be adequate for characterizing infiltration.

The validity of this assumption was evaluated for four soils whose
properties were obtained from the literature. In addition to Sarpy loam,
data were obtained from Hanks and Bowers (1962) for the soil properties
of (eary silt loam, and from Staple and Gupta (1966) for Castor loam and
Grenville silt loamal The properties for each so0il were used in the
same manner as described for Sarpy to define the infiltration rate-tine
relationships for low initial water contents. Treating this relation-
ship as the "messured” influx curve, equation 10 was solved subject to
boundary conditions 13 for many values of a and hl’ and the response
gurfaces were defined. The response surface for each of the soils was
similaxr to that given for Sarpy in Figure 4. In addition, the exponent,
&, was estimated for each soil using the model of Brooks and Corey
{196l1). The Golden Hection gearch technigue described by Thompson and

Peart {1968} was then used to find h, corresponding to the minimum value

lThe data obtained from both sources was 8 - h - D, K was determined

de
from these data by the relationship X =D an
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of R at'a. The R values. obfained in this way were within 1.2 percent of
the minimum point on the response surfaces for each of the four soils
analyzed.

The influx curves shown in Figure & for Castor loam are analogous
to those given in Figure 3 for Sarpy. As in Figure 2 the points corre-
spond to & "measured” influx curve while the solid line was obtained
using equation 18 Tor the conductivity function.

The conductivity function defined by the proposed method agreed
well with the original data for the Sarpy, Grenville, and Geary soils.,
However, the form of the conductivity-head relstionship for Castor loam
deviated from that given by equation 18. This is shown in Figure 7
whare the relative conductivity is plotted versus pressure head for the
original data and for equation 18.

Figures 8 and 9 compare 'measured” and computed influx curves Tor
Barpy and Castor loams at different initial water contents. As in
Figures 3 and 6 the "measured" curves represented by the discrete points
were obtained by solving equation 10 subject to boundary conditions 13
with soil properties obtained from the literature. The infliux curves
defined by the solid and broken lines were also obtained by solving
eguation 10 . subject to 13, but the conductivity function was calculated
from equation 18 with the parameter values obtained from the influx
relationship for the dry condition. The results obtained for Geary and
Crenville soils were very similar to those given in Figures 3, 5, and 8
for Sarpy loam. Although the form of the original conductivity data for
Castor loam differed considerably from that given by equation 18, the
curves given in Figure 8 show that equation 18 can be used to character-
ize infiltration for relatively high initial water contents. Thus by
‘defining the parameters in equation 18 by the method described, an

effective K(h) relationship can be obtained.

Discussion

Simulated tests on four sepazrate soils indiecate that an effective
K(h) relationship can be defined by the proposed method. Based on the
results.of'these-testsj & step by step procedure for determining the

parameters iln eguation 18 for a soil column are outlined as follows.
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1. Determine the imbibition branch of the water characteristic,
R{0). Methods and equipment deseribed by Tanner and Elrick
(1958) or Anat, et al. (1965) can be used to determine this
relationship.

2. Messure the influx-time relationship for infiltration into the
501l column subject to boundsry .conditions. 13.

3. Determine K(0) by allowing infiltration under the above bound-
ary conditions to be continued until the column is satursted
and h = 0 at the bottom. Set b = 1/X(0).

L. Estimate the parameter a Trom the model of Brooks and Corey

(1964),

5. Using the Golden section search procedure to make successive
estimates of hl’ repeatedly solve equation 10 subject to bound-
ary conditions i3 until the objective Ffunction, R, is minimized.
A listing of the computer program used o accomplish this step
is given in Appendix B,

The most obvicus drawback to the proposed method is the computer
time necessary to repeatedly solve equation 10 in order to determine the
parameters in equation 18 corresponding to the minimum of the response
surface. By using the Independent methods for evaluating the varameters
a and b in eguation 18, however, a one-dimensional search to determine
rarameter h, can be accomplished at reasonable cost. The time required

1

to determine hi for the soils analyzed in this study was on the order

of 2 minutes of central processor time on a CDC 6500 computer. The Time
could probably be reduced by at least a factor of 2 by refining the com~
; 18
to use an influx curve for a shorter period of real time. Experimen-

puter program. One way to reduce the computation for determining h

tally, this would correspond to subjecting shorter soil columns to
boundary conditions 13. Considering the spproximate nature of the pro-
posed method, however, a more reliable K(h) function would be defined
if the influx curve ig considered for a time, te, éorresponding to the
maximum core length available. For field cores, this length would be
limited by the depth of a seil layer which could be considered homo-

geneous .
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The major disadvanbage in the proposed method is the requirement of
the inflew branch of the water characteristic. Available techniques
such-as the one proposed by Tanner and Elrick (1958) reguire several
days to determine the h(€) relationship. However, h(8) is a necessary
input for characterizing infiltration by solving eguations 9 or 10,
regardless of the method used to define K(h)., The additional measure-
ments needed to determine K(h) by the present method are rather simple
in nature and can be made rapidly, particularly in comparison to conven-
tional techniques.,

The criteria used to judge the validity of the theoretical spproach
for characterizing infiltration has commenly been the agreement between
predicted and observed water content distributions. In most practical
appiications, however, the infiltration rate-time relationship is a more
important variable. Since the proposed method of defining K(h) is based
on predictions of the infiltration rate, the effect of some of the heter-
ogeneitles present in natural solils will be Lumped into the conductivity
Tunction. The effect on dnfiltration rate predictionsof other incon-
‘slgtencies such as the transition zone observed by Bodman and Colman
(1943) will also be lumped. into XK(h). Consequently, solutions to the
Richards equation obtained with this conductivity function could possi-
bly give more accurate predictions of the infiltration rate-time
reletionship than would predictions based on & K(h) determined by con-

ventional technigques.

Comparigon with the Method of Millington and Quirk

The method of Millington and Quirk (1960) was used to compute the

K(h) relationship of the four soils investigated above. The saturated
conductivity from the original data was used 1o obtain a matching factor
and the number of pore classes, N, was arbitrarily determined by break-
‘ing the water content axis of the h(e) relatienship into increments of
1 percent. The computed and observed relative conductivities of Sarpy
and Castor loams are plotted in Figure 10. Although the computed XK(h)
relationship for Castor has the same general shape as the messured data,
it underestimates the conductivities for -h values less than 70 com.

Also the computed conductivities for Sarpy are much lower over. the en-

tire h range than the observed.
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Figure 11. '"Measured" and Computed Influx Curves for Sarpy and Castor Loams.
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In Figure 11, the "measured" influx curves of Figures 3 and 6 are
compared to curves obtained by solving equation 10 with K(h) computed by
the method of Millingﬁon and Quirk. OFf the four soils investigated, the
- best agreement between the "measured" and computed influx curves was
cbtained for Castor while the worst agreement was obtainsd for Sarpy.
Kunze, et al. {1968) showed that a somewhat better estimate of the con-
ductivity function could be obiained by using a total § to 10 pressure
classes compared with 25 used here. However, their results showed little
difference in the computed relationship when the number of classes was
increased from 8 to 32. This was especially true for the higher water
contents where large deviations occurred for the soils investigated
above.

A comparison of Figures 1C and 11 with Figures 3, 5, 6, and T shows
that, for the soils investigated, the proposed method gives a better
estimate of the conductiviiy function fthan can be obtained by the method
of Millington and Quirk. The only additional measurement reguired by
the proposed method is the influx curve for infiltration into an ini=
tially dry soil. A technique for measuring the influx curve is described

in Chapter L.
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CHATTER 3

NUMERTCAL SOLUTION OF THE GOVERNINMG EQUATION

The method developed to define the conductivity function required
repeated solutions to the governing Richards eguation. Numerical solu-
tions to the 8-based equation (equation 10) which required less computer
time than corresponding solutions to the h~based equation (equation 9)
were uged in determining the conductivity function. However, a numerical
technique to solve the h-based eguation was also necessary to test the
conductivity function for infiltration into layered columns where both
saturated and unsaturated flow can eccur. The numerical procedures
developed to solve both forms. of the Richards equation will be described

by considering equations 9 and 10 in generalized notation as

3 D reroy dyy X
G(y) St T [(F(y) 5}{} = (19)
where y = h, G(y) = C{h), and F(y)} = K(n) for eguation 9, and y = &,
G(y) = 1, and P(y) = D(6) = K{n)/c{n) for equation 10.
Consider the solution of 19 subJect to the boundary conditions 13.
Taking a time increment of At and a depth increment of Ax, the solution

domain can be represented schematically by Flgure 1Z2.

Finite Difference Equations

Using a backward difference approximation, %% may be written
v (20)

where 1 and J denote depth and time, respectively.
A three point ceatral difference approximation of the derivatives
with respeet Lo % may be used to express the right side of equation 19

as
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Then equation 19 may be written in finite difference form as
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By combining terms, equation 22 can be reduced o

o it e eyl - (23)
where
O”i = (th * F§+1 - Ff~1) WJ_Z (2k)
SRR R (25)
G- E ) = (26)
Ky g - el T A (21)

Solution of Finite Difference Equations

The coefficlents o, B, €, and { for time step J are expressed in
terms .0f the soll properties for that time and the v values for step
J~1. Tentatively assume that these coefficients can be evaluated
directly. Then equation 23 can be written for each interior node at
time j giving M-2 equations in M unknowns. Two additional equations
may be formulated from the boundary conditions at x = 0 and x = L. The
resulting tridiagonal set of equations may be rapidly solved by a
technique given by Richtmyer (1957). A solution of the finite differ-
ence equatlions is obtained by first defining the coefficients o, Bs; e,
and { for j = 2 from the yi values given by the initial conditions.
The tridiagonal set of equations is then solved for the y'sat j =2,
and the next time step is considersd. Thus the solution schene pro-
ceeds from left to right in Figure 12 until a solution has heen

generated for the length of time desired.

J
i
iteration process or an extrapolation procedure is required to evalu-

Since Gf, Fg, and Kg are dependent on yY, however, either an
ate the coefficlents in equation 23. In the iteration process, vslues
of G, ¥, and K (soil properties) are based on values of ygwl, a solution

is .obtained, and the properties are re-evaluated based on the new yf



-31-

values. Iteration Is continued until the parameters used are. Function-
ally consistent with the y's obtained. An iteration process was used by
Whisler and Klute (1965) to solve equation 9. Hanks and Bowers (1962)
used an extrapolation technique 4o estimate. the soil properties for
succeeding time steps. Although this permitted rapid sclution of the
finite difference equations, the solution is not as reliable as one
obtained by iterating. The apparent instability in the early portions
of the computed infiltration rate-time curves published by Hanks (1964}
-and by Green, et al. (196L) are probsbly due to inadequate estimates of
soil property values for succeeding time steps.

The difficulties of evaluating the soil properties for the jth
time step can be avoeidad by using an explicit finite difference form of
equation 19 as was used by Staple (1966). In the explicit form, the
derivatives with respect to x are written in fterms of the soil proper-
ties at the -(j-1)th time step. A reliable solution can be obtained
using this form of the equation, but a swall time step is usually needed
for convergence and, for most cases, large amounts of computer time are
reguired.

The computer program developsd to solve the 6-based eguation
(INFIL2) was used extensively in determining the conductivity function
as described previously. A program was also developed.to solve the
h-based equation (INFIL3) and was used to predict infiltration for
layered soils. Listings of both programs, slong with sample input data

and computer output, are given in Appendix B.

Determination of Infiltration Rate

Onee the y distribution has been determined for s particular time,
the infiltration rate can be obtained from eguation 4. REquation &

written in generalized form is

x|, _, (28)

= - dy
S P v

where f represents the infiltratlon rate. . Using a three point forward

difference approximation of %%, equation 28 may be written
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J J o Jo_ody L J
0= T (hy2 3vy y3) o T K (29)

After the wetting front has progressed beyond two depth increments, i.e.,
beyond 1 = 3, the three point forward difference approximation of %% is
more accurate than the two point forward difference form often used.
Prior to that time, a better estimate of the infiltration rate can be
obtained by using a two point forward difference approximstion of

Ay o wdond o 3y L J
R R P Rl cal i S (30)

layered Boils

The computer program developed to solve the h-based eguation was
written to accommodate a two layered system. For infiltration into a
layered soil in which a top layer has a higher conductivity thanISOme
lower layer, positive pressures may develop. The result ig a situation
in which water is flowing under saturated conditions.in part of the soil
profile and unsaturated conditions in the remainder of the profile. As
was noted in the review of theory, the h-based eguation reduces to
Laplace’'s equation for regions of saturated flow. .Substiﬁution of
Gly) = ¢(h) = 0 and F(y) = K{h) = K, reduces equation 32 to a Finite
difference form of the Ilaplace equation for flow in the vertical direc-
tion. In solving the finite difference eguations for a layered system,
the solution was continuously checked at each node to determine if
saturation had occurred. When an hi greater than zero was found, satu-
ration was assumed; C(h) = 0 and X(h) = K_ were substituted, and the
procedurs for solving the finite difference equations was ceontinued.

The soil properties K(h) and C(h)} are both discontinuous functions
at the junction of two layers. Denoting the node situated at the layer
Junction by the subscript n, the coefficients in equation 23 vwere
defined for i = n by equating the efflux from the top layer to the
influx to the bottom layer. This equation was written in finite differ-
ence form as

J J i
Ky (02) [(n) - hi_l) =+l =k
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where Kl(h) and Kg(h} denote the conductivity functions of the top and

bottom- layers, respectively.

Yolubion Parameters and a Shorteut © Procedure

In solving the finite difference form of the governing equation, it
was necegsary to select values for Ax, At, and an iteration barameter de-
neted as CRIT in the computer pregrams given in Appendix B. CORIT was
defined for the 6-based solution as the minimum allowable absolute 4if-
ference between the valuss of GJ assumed to define the soil properities
and the GJ values finally. obtalned For the h-based equstion, CRIT. was
defined as.the minimum allowable sbsolute value of the ratio
(hi - hli)/hg where hlg was the value of hg assumed in evaluating the
soil properties. Selutions for four different soils showed that the
computed influx curves remained essentially constant for values of CRIT
less than 0.001 for the 6+«based equation and 0.0l for the h-based equa-
tion. Thege values were assumed for CRIT in all subsequent selutions.
In most cases 2 or 3 iterstions were sufficient to reduce the above
guantities to values less than CRIT for all i's at a given J.

The affect of the size of Ax was determined by solving both the
O-based and h-based equations for different values of Ax. Pigure 13
shows the effect of different Ax values on the influx curves pre-
dicted by the solution to the G=based eguation for infiltration into
Sarpy loam subject to boundary conditions 13. The solution Ffor
bx = 5 om demonstrates Insteblility caused by choosing a valus of Ax
that was too large. The predicted influx curves for Ax values of 0,25,
C.5;, and 1.0 cm, however, were in good agreement. The smaller Ax values
tended to produce slightly higher infiltration rates. However, the
maximum difference between predicted rates for Ax = 1 cm and Ax = .25 cm
was less than 2.5 percent while the computational time was increased by
a factor of 5.6 for the smaller increment. Based on these and similar
results for other seils, Ax = 1 com was selected for use in the computer
selution to the ©-based equation. A similar anslysis for the solution
of the h-based egquation resulted in the selection of Ax = 0.5 cm.

A variable dincrement, Ai was usad Since the gradlents for both

water content and soll properties are normally steeper during the initial
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stages, a time increment of increasing length could be used in the FTintte
difference equations without sacrificing dccuracy of solution. Variable
time inecrements have also been used by Henks and Bowers (1962), and
Whisler and Klute (1965). Prior. to evaluating the coefficients in equa-
tion 2Z for each succeeding time step, At was increased by a value that
was dependent. on the number of iterations required in the previous time
step. The length of the increase was (1~ 0.LT) seconds, where I was the
number of iterations in the previous time step.

Table 1 presents the computer times required for solutions with
fixed and variasble At for two soils with and without a shortcut proce-
dure. The values given represent seconds of (DU 6500 central processor
time -required to solve the &-based form of the Richards equation subject
to boundary conditions 13. The initial water content was 0.10 and the
duration of infiltration (te) was 60 minutes for both Sarpy and Castor
loams. For the variable time increments, At = 1.0 sec was assumed at
t = 0, and was increased as previously discussed. In order to obtain
a stable solution at small times, the fixed At was restricted to 5.0
seconds. The computer times reguired for the fixed At were approxi-
mately 3.0 .and 4.5 times greater than the variable At for Sarpy and
Castor loams, respectively. There was egsentially no difference in the

computed influx curves for fixed and variable At.

Table L. Effect of Fixed and Variable Time Increments and
a Shortecut Procedure on Computer Solution Tinmes
{Seconds) for Sarpy and Castor Loams.

Sarpy Loam Castor Loam

Shortcut HFixed © Variable t Mxed £ Variable t
No 93.0 33.0 89.6 21.0
Yes L2,0 13,7 39.0 8.2

Since the procedure described in the previous chapter Ffor deter-
mining K(h) required many solutions to the governing eguation, it was
imperative to minimize the reguired computer time. For infiltrasion

into seils at low initial water contents, the conductivity and
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congeguently the water movement at all points in advance of the wetting
front ‘are negligible. Therefore, nothing is accomplished by solving for
@ values far in advance of the wetting front, as these values remain
essentially constant until the weltting front approgches. Ag a result of
trial solutions with different column lengths, the procedure given
egriler was altered for dry soils. The solutien commenced by consider-
ing the colimn depth to be L/& which, in effect, changed the boundary
conditions € = &, at x =L to € = ¢, at x = L/, The value of © at the
node 1 = % -~ 5 was then checked gfter esach time step. When this wvalue
had increased by 1 percent, the length of the column considered was in-
creased by 54X and the check point advanced by a like amount. Thus, the
length of column considered was increased as the wetting front moved
down. Extensive comparisons between solutions obtained using this pro-
‘cedure and solutions obtained by considering the entire column length
showed no difference in either the predicted water content profiles or
the influx curves. As shown in Table 1, use of the shortcut procedure
reduced the computer time to less than one~half the time otherwise

reguired.

-Bvaluation of the Numerical Method

Tests were conducted to determine the reliability of the computer
programs developed to implement the rnumerical method given above. The
computer programs were used to solve equation 19 for several different
cagses and . comparisons were made with selutions obtained by independent
methods,

For constant K and €, analytical methods were used to solve egqua-
tion 19 subject to boundary conditions 13 for both uniferm and layered
soils. The solution for a uniform soil was given in .eguations 15 and
Y. Influx curves computed by equation 17, INFILZ, and INFIL3 for
K =:0.0001 cm/sec and C = 0,001 cmml were in almost exact agreement. For
time greater than 0.75 minutes the difference in the infiltration rates
computed by the three methods was less than 1 percent. Influx curves

for a layered soil with K, = 0.0001 cm/sec, X, = 0,0000L cm/sec} and

1 2

C, =G, =0.001 cm—l‘Were computed from an analytical solution by

Carslavw and Jager (1959) and from INFIL3I. Although the agreement
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between infiltration rates was not as good as for uniform soils, the
difference was less than b percent for times greater than 0.5 minutes.

The agreement between the analytical and numerical solutions for
constant soll properties. showed that the procedures programmed to set up
and. 801ve the finite. difference equations were baslcally correct. How-
ever, conclusions should not be drawn concerning the ability of the
computer programs to handle nonlinear soll properties. The agresement
found for constant soll properties represente necessary but not suffi-
cient evidence of the validity of the. computer solutions. _

Pigures 14 and 15 present solutions for infiltration into Sarpy
‘loam subject 1o the boundsryy conditions 13 with:-initial water contents
of 0,15 and 0.25.  Influx curves predicted by INFILZ and INFIL2 are .com-
pared with relationships predicted from Philip's (1957a) solution to
equation 10. The first three terms in Philip's series expression for
infiltration rate were used in calculating the influx éurvesa'-ﬂbr an
initial water content of 0.25, the three solutions agreed almost exactly.
The infiltration rates predicted by INFIL3 for an initial water content
of 0.15, however, were slightly'lGWef than those predicted by the other
two methods. This deviation could have been caused by round-off errors
due to steep gradients of h and K occurring at the lower initial water
contents,

From the evidence presented, it was concluded that reliable solu-
tione. to the &-based governing equation can be obtained from INFILZ., A
direct test of INFIL3 for infiltration into = layered soill with variable
K and C was not made. The solutions given in Figures ik and l5'show
that JHFIL? can be used to characterize infilfration into uniform soil
profiles. In addition, acceptable solutions were obtained for‘layere&
systems with coenstant K and €. On this basis it was concluded.that
INFIL3 would probably provide walid solutions for infiltration into
layersd solils.

Although INFIL3 appeared to give accurate solutions, it was diffi-
cult to apply for infiltration . into a layered soil with a low initial
water content. Due to the high gradients of h, large amounts of computer
time were required for convergence. Convergence was especially difficult
to . obtain when the wetting front approached the Junction of the two

layers.
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CHAPTER L4

EXPERTMENTS

Experiments were conducted to test the reliability of the method
given.in Chapter 2 for determining K(h}. The method was developed to
define an efTective conductivity Ffunction, one that could be used to
compute-thézinfiltration rate-time relationship by solving eguations 9
or 10 -for pertinent boundary conditicns. Therefore, the experiments
were designed to test the method based on predictions of the infiltrs-

tion rate-time relationships for verious boundary conditions.

Experimental Design

Experiments were conducted on two soils. Cne was an artificial
501l which was made up of a mixture of a graded silica sand and 10 per-
cent by weight of No. 270 ground silics. The other was a naturasl sandy
loam of till origin. Mechanical analyses of the soils are given in

Table 2.

Table 2. Mechanical Analysis of Soils Used in Experiments

Size Textural Percent by Weight .
(microns) Classification Sand Mixbure Sandy . Loam
0-2 Clay —— 1k.3
2-50 Silt 6.2 21.8
50-100 Sand 16.9 - 13.9
100-250 " 65.9 27.6
250~500 " 10.7 16.5
500-~1000 " 0.2 _ 5.6

1000-2000 ! 0.0 C.0
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The following experiments were conducted on each soil:

1. The imbibition branch of the soil-water characteristic, h{(8)},
was determined with a pressure plate apparatus of the type used
by Tanner and Hlrick (1958). This experiment was replicated
three times for the sand mixture and twice for the sandy leam.

2. Influx curves were measured. for infiltration into packed columns
of initially dry soil with boundary conditions given by equa-
tion 13. X(0) was determined by measuring the flow rate at
steady state. Then the K(h) relationship was determined by the
method given in Chapter 2. Two replications were made for each
soll,

3. Boeil columns were prepared with 3 different initial water con-
tent distributions. Influx curves vere measured for infiltra-
tion from a shallow ponded surface into the soil columns.
‘These influx curves were compared to relationships obtained by
solving equation 10 using K({h) determined above. Two replica-
tions of each initial water content distribution were made.

U, Influx curves were measured for infiltration inte layered soils.
Measurements were made for columns made up of & inches of sand
over 18 inches of sandy loam and 12 inches of sand over 12
inches of gandy loam. Measurements Were also made for sandy

loam over sand with the same layer dimensions.

Experimental Egulipment and Procedure

Soil-Water Characteristic
The imbibition branch of the soeil-water characteristic was deter-
mined with s commercially available volumetric pressure plate apparatus
and nysteresis attachment,l A schematlic of one of the four pressure
Plate units used is given in Figure 16.
Prior to beglnning a test, the pressure plate was saturated by
goaking in de-ailresd water for a period of 1 to 2 weeks. A test was

initiated by adjusting the water level in the ballast tube to the

lSoilmoisture Equipment Company, P. 0. Box 30025, Santa Barbara, Cali-
fornia.
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Figure 16. Schematic of Pressure Plate Apparatus.

reference mark, making sure that all air bubbles were removed from the

water supply lines and from the grooves under the porous plate. Then a
soll sample was packed to the required density in a 4 inch I.D., 1 inch
deep Lucite ring which rested directly on the porous plate. A picture

of the disassembled apparatus containing a packed scil sample is shown

in Figure 17. _

After the sample was packed, the apparatus was sealed and the
pressure maintained at atmospheric until approximately 3 cc of water had
been taken up. This insured good contact between the goil sample and
the water menisci in the porous plate. Then the pressure in the chamber
was raised to two atmospheres which was approximately the bubbling pres-
sure of the porous plates and, hence, the maximum pressure that could be
applied to the sample. Pressure was maintained by bottled compressed
air and regulated by a set of precision regulators.z Pressures were
measured with a water manometer for pressures less than 150 cm of water
and with a mercury manometer for greater pressures. A constant head was

maintained on the low pressure side of the porous plate by introducing

BIbid.
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water from & horizontal ballast tube. The level of the ballast tube wasg
gset ‘at the center of the soil sample.

The water level in the reservoir was read daily. When the intake
rate had decreased to 0.1 cc per day, the pressure was reduced 4o the
‘next lowest step. A sample set. of data is given in Appendix C.

Technigues described by Tanner and Elrick (1958) were used 4o reduce
errors in inflow measurements. Condensation ow the inside walls of the
pressure chambers was prevented by maintaining & small temperature gradi-
ent with a 3-watt heater placed on the top of each apparatus. Air
bubbles were removed from beneath the porous plate by clamping off the
water supply reservoir and circulating water between the two air traps.
“To prevent a net water loss from the chamber by egcaping ailr or from
back diffusion, the air from the regulator was passed through an ailr
saturator. The end of the ballast tube was sealed with a plastic bag.
For the experiments on sand, an empty unit was cycled through the sgame
pressure steps ag the other 3 replications. The water loss was to be
used as & correction. for the other tests; however, the loss was negli-
gible and the check was not made for the sandy loam. An overall view of
the four pressure plate units and associated equipment is given in

Figure 18.

Column Packing

The soil wasg packed into Zhk-inch cylindrical columns which were
constructed from Luclte tubing with 0.25 inch wall thickness. Two
columns had inside diameters of 3.5 inches and were segmented at 6 and
.12 inch depths for packing layered soils. A third columrn had an inside
dismeter. of 4.25 inches. The bottom end of sach column was fixed to a,

6 x 7 inch Plexiglas base. The base was constructed so that a constant
nead could be maintained at the end of the column for saturated condi-
tions. A schematic of a soil column is included in Figure 19.

The sand mixture used in these experiments was obbtained by thorough-
ly mixing graded sand and ground silice in a concrete mixer. The sandy
loam soil was collected from the field, air dried in the lsboratory, and
screened through an ASTM No. 30 sieve (0.590 mm sieve openings).

An extension of known volume was attached to the top of an empty

ccolumn as a first step in packing a2 soil column. Then a mass of soil
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Figure 17. Soil Sample in Disassembled Pressure Plate Unit.

Figure 18. Experimental Setup of Pressure Plate Apparatus
and Associated Equipmen
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necessary to give the desgired mean bulk density was packed into the ex-
tended column. The soll was poured into the empty column. by funneling
it through a 6 mn glass tube initially extended to the bottom end of the
column. The column was filled evenly by pouring soil into the funnel so
thet the:tube was always full while slowly raising the tube and moving it
laterally to distribute the soil.. When the extended column was filled,
a small vibrator was run up and down the sides. The end of the glass
tube was positioned so that soll fed into the top of the extension as
the s0il in the column compacted. When the required mass of soil had
been packed into the extended column, the extension was removed and the
density distribution determined. If the density at any point -in the top
20 inches of the column varied from the mean by more than 3 percent, the
column was rejected and another packed.

The procedure used for packing lsyered columns was essentially the
same as oubtlined gbove. First a full column of the soll used for the
bottom layer was packed. Then the top section was removed and emptied

and the top soil layer was packed directly onto the bottom layer.

Determining Density and Initial Water Content Distribution
A gamma ray attenuation device was constructed to measure the bulk
density and initial water content distribution of each soil column. The
density and water content vere measured at 1 inch increments over the
length of sach soil column. The gamma attenuation equipment, and asso-

ciated procedures are described in Appendix A.

Initially Wet Soil Columns
Soil columns with different initial water content distributions

vere prepared by dripping water onto the packed columns .at slow ratesg,
Rubin, et al. (196L) showed that a uniform water content could be ob-
tained in a homogeneous soil column by supplying water to the surface ab
a rate less than the saturated conductivity. Theoretically, the result-
ing water content would be the value of O for which K(@) = A, where A is
the application rate. Application rates of C.1 to 0.2 cm/hr were
-applied in an eflfort to get varying levels of initial water contents.

However, K(6) in this range was steep for both soils, and there was not
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much difference in the levels of water content obtained. Different
initial water content distributions were finally obtained by wetting the
columns to different depths.

The procedure for wetting the so0il columns was begun after the dry
dengity distribution had been measured.. A short extension was fixed o
the top of the column and filled with soil to prevent packing and
sealing of the column surface due to the impact of water droplets. De-
aired water was dripped onto the surface of the column at a constant
rate from a hypodermic needle which was fed by a siphon from a Mariotte
flask.

When the wetting front had reached the desired depth, water appli-
cation was stopped, and the column extension removed. The column was
immediately placed in the gamma attenuation apparatus and the water con-
tent disiribution was determined as discussed in AppendixxA, Then the
column was removed from the gammna, apparatus and preparations were made
to apply a ponded condition to its surface. Finally a ponded surface
boundary condition was applied to the wet column and the infiltration
rate-time relationship was measured. About 1-1.5 hours normally elapsed
from the time the water dropliet application was términated untll ponded
surface conditions were esgtablished. Since the initial water contents
were low, there was relatively little movement of water during this
interim period; the maximum amount that the wetting advanced was less

than 0.5 inches.

Ponded Water Application

The basic experimental determination reguired in this investigation
was the measurement of influwx curves for infiltration into soil columns
from shallow ponded surface conditions. A schematic diagram of the
experimental setup is given in Figure 19.

Water was applied to the soil surface by an applicator which was
constructed of Plexiglas and was eimilar in many respects to the one
described by Swartzendruber, et al. (1968)u Water entered the soil
column through the applicator plate which consigted of a 0.5 inch
Plexiglas plate perforated with 0.079 inch diameter holes. The holes

were drilled 0.25 inches apart in parallel rvows spaced on 0.25 inch
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Figure 20. Equipment for Applying Water and Measuring
the Rate of Infiltration into Soil Columns.



“50~

CHAPTER 5

RESULTS AND DISCUSSION

Experiments were run on columns of the sand mixture and sandy loam
and on stratified columns made up of layers of both soils. The conduc-
tivity functions for both scils were determined by the method given in
Chapter 2. The K(h) Tunctions were then used to predict infiltration
rate-~time relationships for infiltration into soils with different ini-
tial water contents and into layered soils. The computed and observed
influx curves were compared to determine the reliability of the K(h)
Tunction for characterizing infiltration. A swmary of the tesis is
given in Table 3. The bulk density and initial water conteht distribu-

tions for each test are given in Appendix A.

-Experiments on Dry Soills

The infiltration rate-time relationships for two replications of
infiltration into initially dry columns of sand mixture (tests 1 and 2)
are given by the discrete points in Figure 21.  Similar results for the
sandy loam soil (tests 15 and 16) are given in Figure 22. The two col-
wmns of sand mixture had K(0) valves of 2.62 and 2.67 om/hn,
‘respectively. A mean value of 2.65 cm/hri;waS‘ assumed for calculating
b = 1385 sec/em in equation 18. Values of K(0) for tests on dry sandy
lcam were 2.03 and 2.18 cm/hr,_respectively} giving & mean value of
2.10 cm/hr and b = 1715 Sec/cmu

Soil water characteristic data collected with the pressure plate
apparstus are given by the points plotted in Figures. 23 and 24 for the
sand mixture and sandy loam, respectively. The solid curves represent
visual fits to the h{6) data and were used to estimate the exponent, a,
in equation 18. The values obtained by the model of Brooks and Corey
(1965} were a = 5.5 for the sand mixture and a = 3.9 for the sandy

loam.



Table 3. Summary of Tests on Soil  Columns.

1 Average TInitial Wet2
Test Nc. Seil Bulk Density Front Depth

(gm/cc) (in)

1 Sand Mixture (SM) 1.71 Dry
2 K " 1.69 Dry
5 " " 1.70 12.5
6 " " 1.70 12.5
7 " " 1.7 8.5
8 " " 1.70 8.0
9 " " 1.71 17.0
10 " " 1.7L 17.0
11 " " 1.71 18.0
15 Sandy Loam (SL) .41 Dry
16 " " .41 Dry
17 " " 1.h2 4.5
18 " " 1.k1 16.0C
19 " " 1.b1 12.5
20 o " 1.41 12.5
21 ! " 1.h2 8.5
22 " " 1.41 8.5
23 & in SL/18 in 8M 1.41/1.66 Dry
2l 12 in 8L/12 in 8M 1.41/1.68 Dry
25 & in 8M/18 in SL 1.68/1.41 Dry
26 12 in SM/12 in SL 1.67/1.k1 Dry

Iest Nos. 3, 4, and 12-1k were preliminary tests and were not
congidered in the analysis of results.

gThe bulk density and initial water content distribution for
eadh test 1s given in Appendix A.
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Figure 23. BSoil-Water Characteristic for Sand Mixture.
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The method described in Chapter 2 was used +to determine hl in equa-
tion 18, The sand mixture had h, values of ~7.85 and -7.92 cm for tests
1l and 2, respectively. A mean value of -7.88 em was used in subsequent
calculations. The ares between the computed and observed influx curves
wag R = 0.85 em for both tests. The solid curve plotted in Flgure 21
was obtalned by using the conductivity function given by eguaticn 18 with
the above parameter values to solve the 6-based Richards equation sub-
Ject to boundary conditions 13. The difference in the influx éurves
calculated for hl = ~7.85 cm and hl = ~7.92 cm was not perceptible when
they were plotted to the scale of Figure 21.

For the sandy loam, hl values ¢f -3.17 and -2.30 cm were chtained
for tests 15 and 16, respectively. The broken curves given in Figure 22

were calculated using these h. values in equation 18. The asrea between

the computed and cbserved infiux curves was R = 0.82 cm for test 15 and
R = 0.95 cm for test 15. 'The solid curve given in Fﬁgure 22 was calcu-~
lated using a mean value of h, = -2.78 cm.

In generzal, there was close agreement between ithe calculated and
measured influx curves for both the sand and sandy loam soils. The
agreement was not as good s thalt obtained for the simulated testg in
Chapter 2 (Figures 3 and 6); however, the curves shown above Were sub-

Ject to experimental error and soil variations while the corresponding

results in Chapter 2 were defined strictly from thecry.

Effect of h(&) Errors on K{(h)

The most likely source of experimental error in the proposed method
for determining the conductivity function probably occurs in the experi-
mental evaluation of n{(¢). Measurements are particularly susceptible to
error for low walber contents where the total amount of inflow is small
and the resulting h(o) relationship very steep. Since the water content
at the largest value of -h was still greater than zero for hoth soils,
it vwas necessary to extrapolate the h(6) relationships to © = 0. Three
possible extrapolations for each soil are denoted by A, B, and C in
Figures 15 and 16. The consequences of errors made in the messurement
and/or extrapolstion of h(¢) at low water contents were determined by
solving ﬁhe gbverning eqﬁatien using the h(e) relationship with each

extrapolation. The infiltration rate-time relationships are tabulated
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in Table 4. The results show that the. solubions were not sensibive to
the nature of h(8) at low water contents. The cause of this insensi-
tivity was the extremely low conductivity values for this range in water
contents. Since the maximum difference in the threse solutions was less

4

than 0.5 percent for both soils, errors in h(6) at low water contents
were Judged negligible and extrapolation A was assumed for subsegquent

calenlations.

Table 4. Infiltration Rates for Different Extrapolations

of h{e).
Infiltration Rate (em/hr)
Time Sand Mixture Sandy Loam
(minutes) A B C A B ¢

0.5 54,38 s5h.23 5Lkl 48.87 48,86  L48.8s

1.0 32.35 32.60  32.35 29.10 29.10 29.09

2.0 20.93 20.9%  20.93 15.58  15.53 15.52
3.0 16.98  17.06  16.98 W14 1ho13 14,10

5.0 12.68  12.69 12.70 12,7k 12.7h 0 12.73
7.5 10.23 10,22 10,21 10.98  10.98  10.99
10.0 8.93 8.93 8.92 9.55 9.56 9.55
15.0 7.61 7.61 T.61 7.69 7.69 7.69
20.0 6.81 5.81 6.81 6.58 6.57 6.57
30.0 5.88 5.88 5.88 5.1 5.40 5.43
k0.0 5.3k 5.35 535 L9 b.78 k.79
50.0 4.97 Lh.gr .97 L.ho L Lo b4l
60.0 L.71 L.71 horl b, 13 h.12 k.12

The nature of h(®) at higher water contents, in contrast to that
for low g, is critical to the solution of the governing Richards equation
(Hanks and Bowers, 1963). The effect of n(8) at high water contents on
the K(h) relationship defined by the proposed method was investigated by
using curve 2 in Figure 23 to determine XK(h) for the sand mixture.

Curve 2 represents one of the three replications made in measuring h(e)

for this soil. The parameters in equation 18 were a = 6.5 and
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Figure 25. Effect of Errors in h(8) at High Water Contents on K(h)
and Calculated Influx Curves for Sand Mixture.
h = -9.45 cm with an objective Ffunction of R = 0.91 em. (These values

compare to a = 6.5, hl = ~7.88 cm, and R = 0.85 em for curve 1.} The
resulting influx relationship is given by the solid curve in Hgure 25.
1though the total arsa between the observed and caleulated influx
curves was only slightly larger than the corresponding area in Figure 2k,
the deviations at small times were relatively large, while there was
almost exact agreement for times greater than 25 minutes.

The consequences of an error in the h(®) relationship at high water
contents would have been more serious if K{h) had been determined by one
of the conventional methods which was independent of h(©). This can be
shown by assuming that the true conductivity function is glven by egqua-
tion 18 with a = 6.5, h, = ~7.88 om, and b = 1385 sec/cm. The computed
influx curve using this K(h) and h(8) as given by curve 2 is represented
by the broken curve in Figure 25. The objective function for this curve

was 1.36 cm with deviations occurring over the entire test duration of
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90 minutes. Although the effects of deviations in h(8) for the sandy
loam were not as pronounced as for the sand mixture, the results were
similar in & qualitative manner to those given in Figure 25.

‘Baved on this evidence it appears that the proposad method for
determining K(h) partially compensates for errors made in determining
n{6). Infiltration predictions with the resulting h{8) and K{(h) rela-
tionships are not as accurate as predictions based on some improved
estimate of h(6), but more accurate than Tor cases where K{h) and h{(e)

are determined independently with the same magnitude of error.

Movement oI the Wetting Front

The position of the wetting front as a function of time, as deter-
mined from time-lapse photographs, is given im Figures 26 and 27 for the
gand mixture.and gandy loam, respectively. Gamma ray atbtenuation mea-
surements on initially wet columns showed that the visually perceptible
limits of water content were approximately 7 percent for the sand mixture
and 10 percent for the sandy loam. Assuming these values for O at the
wetting front, its preogress was determined from the solution to the
Richards equation for each soil as sghown in Plgures 26 and 27. The com-
puted curves given in Figure 27 for the sandy loam also show the effect
of the value of h1 on the predicted wetting front movement. Since the
computed wetting front was very stesp for both goils, the measurement of
the visually perceptible limit of water content was not critical to the
determination of the wetting front position. The closs agreement between
the measured and calculated wetting front depths supports the validity

of the conductivity functions obtained by the proposed method.

Boundary Condition at x = O
As noted in Chapter 4 the boundary condition at x = O was main-
tained at h = B = O0.75 em for t > 0. The solutions of the S-based
Richards equation obtained in determining XK(h), however, assumed h = O
at x =0, £ > 0. The error introduced by this inconsistency was evalu-
ated by solving the h-based equation subject to boundary conditions 13
but with h = % at x = 0, INFIL3 was used to obtain solutions for infil-

tration intc the sand mixture with a uniform initizl head distribution
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of -70.0 em (corresponding to a uniform initial water content of 0.10).
The calculated influx curves for & values of O, 1, and 5 cm are given in
Pigure 28. The difference in calculated infiltration rates for & = O
and & = 1 cm was always less than 2 percent. Since the magnitude of the
pressure head gradients increase with decreasing initial water content,
the effect of & on the solution for an initialiy dry sand mixture would
have been even less than that given in Fgure 28. Similar results were
obtained for the sandy loam soil. In view of these results, the errors
introduced in the K(h) function due to & values of approximately 0.75 om

were considered negligible.
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Experiments on Wet Soils

Sand Mixture

Observed and calculated influx and cumulative volume relationships
for infiltration inte initially wet columns of sand mixture are given in
Figure 26 (tests 5-11). The calculated infiltration rates, with the
lone exception of test 8, were greater than the observed rates for almost
all times during the testis. In general, the deviations were rather
large during the early portions of the tests, but diminished to negli-
gible magnitudes for times greater than 25-30 minutes. DBoth the pre-
dicted and observed infiliration rates were much lower than for dry
initial conditions; consequently, the areas between the curves were of
about the same magnitude as for the dry tests 1 and 2. This is shown
in Table 5 where the total area between the calculated and observed in-
flux curves and the value of K(0) measured for each test on the sand

mixture are given.

Teble 5. Values of R and K{0) for Tests on Sand Mixture

Test No. R{cm) K(0)(em/hr)
1 0.85 2.68
2 0.85 2.63
5 0.88 2.60
6 0. 94 2.43
7 0.72 2.61
5] 1.36 2.70
9 0.70 2.52
10 .67 2.h0
11 0.89 2.39

The fact that the soclution to the Richards ecuation consistently
overestimated the infiltration rate is potentially more significant
than the magnitudes of the deviations themselves. A possible implica-
tion of this tendency is that the K(h) function for the sand mixture

cannot be adequately represented by equation 18, and hence the hl value
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cbtained for dry conditionsg would not be valid for predicting infiltra-
tion for higher initial water contents. In order to determine whether
ho was dependent on the initial water content, the method given in

1
Chapter 2 was uged to obtain h, values for each of the tests on sand

mixture. These values are giviﬂ in Table 6.

Ancanalysis of variance.didinot show signidicant!differenca ih the
hl values at the 9% percent confidence level. Due to differences in
bulk density and initial water content distributions, the tests were not
replicated in an exact sense. However, considering the large difference
between the hl values for tests 7 and 8, which had very similar bulk
density and initial water content distributions, the results of the
analysis of variance prdbably would not hawve been changed 1T true replica-
tions had been possible.

Arn analysisg of variance on the K(0O) values given in Table 5 failed
to show significant difference at the 95 percent confidence level. How-

ever, there was a tendency for K{0) to be lower at the higher initial
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water conitents, and a larger data base might have shown significant dif-
ference. In general, the tests showing the larger deviations in Figure

29 had the lower K{0O) values.

Table 6. Values of h. for Tests on Sand Mixture.

1
Rep Approximate Depth of Wetting Front
Dry 8 inches 12 inches 16 inches
1 -7.85(1)  -6.72(7) -6.85(5)  -6.45(9)
2 -7.79(2)  -10.45(8) -6.09(&) -5.68(10)

-5.05(11)

lThe test number is given in parentheses.

There was no apparent relationship between the deviations noted
above and the density distributions which are given in Appendix A. The
deviations in infiltration rates shown in Figure 29 could have been
partially caused by translocation of fine particles during the initial
application ¢f water at slow rates. Accumulation of the particles at
a glven section of the column could have formed a layer of low perme-
ability resulting in reduced inflow rates. Swartzendruber, et al.
{1968), however, showed that fine particle translocation in a mixture
¢f banding sand and ground silica accounted for only slight changes in
the bulk density at the entrance end of the column. Neither was there
evidence of fine particle translocaticon in the gamma attenuation
measurements of the initial water content distribution.

Perhaps s more likely cause of lower than expected inflow rates
for the initially wet columns was the possible disturbance of the column
surface. As described in Chapter 4, the procedure to obtain initially
wet columns utilized a partially filled extension at the top of the
colum. When the desired initial water content had been obtained, the
extension was carefully removed and the surface of the column leveled
with a straight edge. Although the sand mixture was of single grain
structure and there was no visual evidence of compaction, therse still
exists the possibility that the surface was slightly compacted causing

the subsequent inflow rates to be reduced.
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In spite of the deviaticns above, the experimental results for
initially wet columns of sand mixture provide evidence supporting the
validity of the conductivity function obtained by the proposed method.
Although infiltration rates were consigtently overestimated for wet
columns, the area between the cobserved and computed influx curves wasg
still of about the same magnitude as the minimum cbitained for dry soil.
The accuracy of the predictions given in Figure 29 wag: judged to be
acceptable in wview of alternative methods for determining the conduc-

tivity function and for evaluating infiltration.

Sandy Toam

Observed and calculated influx and cumulative volume relationships
for infiltration irto initially wet columns of sandy loam are given in
‘Figure 30 (tests 17-22). The calculated relationships given by the
golid curves 1n Figure 30 were obtained by using the mean values of the
parameters in equation 18 which were determined from tests on dry sandy
loam. Influx curves for each test were also calceulated with hl values
of ~3,17 and -2.30 cm from tests 15 and 16, respectively. Examples of
these solutions are shown by the broken curves for tests 20 and 22. The
area between the calculated and observed influx curves and the value of
K{C) measured for esach test are given in Table T.

The data presented in Figure 30 and Table T shows general good
agreement between calculated and observed infiltration relationships
for initially wet columns of the sandy loam soil. The agreements for
tests 17, 2C, and 22 vwere actually better than for tests on the dry
columns from which hl wag determined. The ocbserved influx and cumuls-
tive volume relationships for test 21 were lower than the calculsted
for times greater than 15 minutes. However, the area between the
obgerved and computed influx curves was still of about the same magni-
tude as the corresponding area for the dry tests. The cause of the
lower infiltration rates for test 21 was also reflected in the value of
K(0) which was 12.5 percent lower than the mean for the dry condition.
‘Packing irregularities which might have accounted for the reduced infil-
tration rates were not detected in measurements of bulk density. Compac-

tion of the column surface prior to establishing the ponded boundary
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Tsble 7. Values of R and K(0) for Tes+s on Sandy Loam.

Test No. R (em) k{0) {em/hr)
hy =-2.78 hy =-2.30 b, = -3.17
15 0.98 e 0.82 2,03
16 1.13 .95 e 2.18
17 O.h5 0.40 0.56 2.08
18 1.7L 2.01 1.55 2.81
19 2.12 2.Lo 177 2.93
20 0.69 1.11 0.39 2.21
21 1.10 0.89 1.56 1.8k
22 0.39 0.80 0.54 2.15

condition could have caused reduced infiltration rates. Although the
wet sandy loam compacted more readily than the sand wmixture, the par-
tially filled extension broke off cleanly and surface compaction was
avoided.

Tests 18 and 19 had considerably higher infiltration rates than
predicted. The discrepancies between the predicted and cbserved results
cccurred for times greater than about 10 minutes, The discrepancies
were also reflected in the XK{0) values which were zbout 35 percent
higher than the mean value for dry soils. The cause of the high infil-
tration rates is not known. In preliminary ftests the sandy loam was
passed through an ASTM No. 20 sieve {(0.840 mm openings ) and packed in a
column with & procedure similar to that given in Chapter 4. However, as
the soil was poured into the empty column, the larger particles tended
te roll to the column walls forming a circumferential path of low resis-
tance to flow. Extremely high infiltration rates resulted. BSubsequently
a smaller sieve size was used (0.590 mm) and the procedure for packing
columns was altered so that the larger particles were more evenly dis~
tributed throughout the column. In view of congistent results cbtained
for the other 6 tests on sandy loam, the high infiltration rates
observed for tests 18 and 19 were probably due to nonuniformly packed

scil columns.
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With the exception of tests 18 and 19, the results obtained for
infiltration into initially wet columns of the sandy loam supported the

validity of the conductivity Tuncticn obitained by the proposed method.

leyered Soils

Cbserved and computed influx curves for the tests éonducted on
layered soils are given in Figures 31-3L. The computed influx curves
were difficult to obtain. Since the soils were dry, the initial pres-
sure head hi in boundary conditions 13 was so low that the solution
procedure of INFIL3 failed to converge for small times. This diffi-
culty was circumvented by assuming the goll was uniform and using INFILZ
to obtain the initial portion of the solution. The validity of this
assumption has already been discussed in connection with the shorteut
procedure given in Chapter 3. This procedure was used until the wetting
front had advanced 10 within Z cm of the layer junction.

The pressure head distribution from INFILZ was then used as the
initial pressure head distributiocon in INFIL3 to obtain the remainder of
the solution for layered soils. Although a relatively large amount of
computer time was required, this procedure worked well for layered soils
made up of Sarpy loam and Ceary silt loam with an initial pressure head
of -1000 cm. However, this procedure failed to give a converging solu-
tion for the layered soils of the present study. The failure was
apparently due to the very steep K(h) function of the sand mixture.

The remainder of the solution was therefore obtained with INFIL3
by assuming an initial pressure head of -200 cm. Although this was
more thar a tenfold decrease in the magnitude of hi’ the corresponding
initial water contents were still low, 0.025 for the sand mixture and
0.11 for the sandy lcam. However, when the wetting front had passed
the layer junction, the computed infiltration ratss were slightly lower
than would have been obtained if the complete solution for the initially
dry conditicon had been possible. BSelutions were cbtainsd for infiltra-
tion into uniform soils at the above initial water contents and the
infiltration rates compared to those compubed for dry initisl condi-
tiong. The difference in the two sclutions was then used as a basis

for adjusting the computed infiltration rates for the layered soil.
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Since the maximum adjustment was less than 5 percent, the above proce-
dure apparently gave a good estimate of the true solution.

The results for the layered soil made up of 6 inches of sandy loam
over 18 inches of sand mixture {fest 23) are given in Figure 31. Corre-
sponding results are given in Figure 32 for a column made up of 12
inches of sandy loam over 12 inches of sand mixture (test 24). The cal-
culsted infiltration rates for both layered soils are in almost exact
agreement with the sclution for a uniform sandy loam. This was consig-
tent with solutions obtained by Hanks and Bowers (1962) for a lavered
soil in which the top layer had a smaller saturated conductivity than
the bottom layer. .

During the early portions of both tests 23 and 2k, the calculated
infiltration rates were considerably higher than the observed. However,
the differences were of aboub the magnitude as for the uniform, dinitially
dry sandy loam shown in Figure 22. (ood agreement between the computed
and observed infiltration rates at times greater than 40 minutes was
obtained for test 2i. This again corresponded to the results given in
Flgure Z2., Tor test 23 the computed infiltration rates were at least
10 pércent higher than The observed for the entire test dursation. The
areas between the computed and observed influx curves were 1.53 and
1.18 em for tests 23 and 2k, respectively.

The computed and observed times of arrival of the wetting front
at the layer Junction were 32 and 43 minutes, respectively, for test
23, and 121 and 146 minutes, respectively, for test 2L, The density
distributions recorded in Appendix A& gave no indication of pscking non-
uni formities that would account for the differences in the observed and
computed results given above. However, there was an error in packing
the sand mixture sections of all the layered columns. Due to a calcu-
lation error, the sand mixture sections were packed to a mean bulk
density of 1.68 gm/cc (the desired bulk density was 1.71 gm/cc). Since
the infiltration was essentially controlled by the top layer of sandy
lbam, however, the error in the mean bulk density of the sand mixture
had no apparent effect on the observéd infiltration rates for test 23

and 24,
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The results for tests 25 and 26, for layered columns having sand
mixture top layers of & and 12 inch depths, respectively, ars given in
Figures 33 and 34. The observed infiltration rates were higher than
the predicted during the initial stages of bhoth tests. These deviations
can be at least partially attributed to the error made in packing the
sand mixture layer to a smaller bulk density than that for which the
K(h) function had been determined. The observed and computed times of
arrival of the wetting front at the layer junction were, respectively,
15 and 18 minutes for test 25, and 55 and 51 minutes for test 26.

The computer solutlons wers unsiable Tor about 5 minutes after the
vetting front resched the layer junction. The calculated infiltration
rates during that period were nearly constant and, for test 26, were
actually higher than the calculated rates for the uniform sand mixture.
Then the calculated infiltration rates decreased rapidly and approached
the predicted influx curve for a uniform sandy loam. For purposes of
comparison the computed influx curves for uniform sand mixture and
sandy loam solls are also given in Figures 33 and 3.

The calculated rates for test 25 were in good agreement with the
observed for times greater than about 40 minutes. JFor test 26 the
obgerved infiliration rates approached the caleulated rates after the
wetting front reached the junction of the two layers. However, there
was still a difference of about 10 percent at the end of the 160
minute test. The total aresas between the computed and observed influx
curves were 1.83 cm for test 25 and 2.15 em for test 26, These values
are considerably larger than the 0.85 cm obhiained for uniform columns
of dry sand mixture. The differences were due t0 the high cbserved in-
filtraticn rates in the initial stages of the tests and to longer test
durations for the layvered soils.

Ag shown by the broken curves in Figures 33 and 3&, there was not
much difference in the infiltration rate-time relationships for uni-
form columns of the two sgoils investigated. Therefore, the experiments
on layered soils did not provide a very severc test of the éonductivity
functions obtained. The results given for tests 23 and 24 (PFigures 31
and 32) indicate that the K(h) Functions obtained for the two soils can

be used to glve reascnably accurate predictions of influx curves for
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layered solls made up of a layer of sandy loam over a layer of sand
mixture. Although the predicted influx curves for tests 25 and 26
{Figures 33 and 3k) were in general agreemsnt with observed regults,
the reliability of the numerical sclutions was uncertain due to insta-
bilities occurring when the wetting front reached the laver Junction.
“An error made in packing the layer of sand mixture further confounded
the results feor these tests. Consequently, the results of tests 25 and
26 probably should not be used to Judge the validity of the K(h) fune-

tions for the two soils.
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CHAPTER 6

SUMMARY AND CONCLUSIONS

Summary
An approximate method of determining the hydraulic conductivity

function of unsaturated soil was proposed. The method was based on the
assumption that the conductivity-pressure head relationship could be
effectively represented by an empirical 3-parameter eguation presented
by Gardner (1958). Procedures were given for evaluating the equation
parameters from measurements of the soil-water characteristic, the in-
flux curve for an initially dry soil column, and K(C). A preliminary
evaluation of the method was made usling soil property datsa obtained from
the literature for four scils.

An experimental investigation was conducted to further evaluate the
rropesed method. The conductivity functions of two artificially packed
soils were determined. Infiltration rate-time relationships were then
measured for infiltration intc soil columns having different initial
water content distributions. These relationships were compared to
influx curves calculated with the use of the determined K(h) functions.
Similar comparisons were made between computed and measured results for

infiltration iante layered columns of the two solls.

Conclusions

On the basis of the results obtained in this study, the Tollowing
conclusions were drswn:

The proposed method can be used to determine an effective hydraulic
conductlivity function for the soils agnalyzed in this study. The analysis
made with soil property data from the literature showed that the pro-
posed method gave a good approximation of the conductivity data for
soils in which the K(h) relationship had the general form of Gardner's

equation. Although the actual K(h) relationship for one soil was not of
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the form given by Gardner's eguation, the function obtained still allowed
reliable predictions of the infiltration rate-time relationships for a
wide range of initial water contents.

The K{h) functions obtained for the two soils which were investi-
gated experimentally gave reliable predictions of the influx curves for
different initlal water content distributions. Further evidence of the
validity of the K{(h) functions was given by the close agreement beiween
the predicted and observed wetting front movement for the tests on dry
soils. The resulis of experiments on layersd soils were inconclusive
due to errcors made in packing the sand mixture layer and to difficulties
encountered in obtaining numerical solubions for dry layered soils.

Frrors in the soil-water characteristic can be partially compen-
sated by the proposed method of determining the conductivity function.
Infiltration predictions with the resulting h(6) and K(h) relationships
will not be ag accurate as predictions based on some improved measure-
ment of h{0), but more accurate than when the Functions are Setermined
independently with the same error in h{e). '

With the exception of the h(€) determination, which is necessary
if theory is used to characterize infiltration regardless of the method
for determining K(h), the measurements required by the proposed method
may be made with much less time and effort than 1= required by conven-
tional procedures. Approximately 2 minutes of CPU time on a CDC 6500

digital computer were required to determine h. in Gardner's equation.

1

Recommendations for Future Research

The results of this study indicated that the proposed method 1is a
promising means of determining the effective hydraulic conductivity
Tunction of an unsaturated soil. Additional research is needed to
further evaluate and refine the method.

In order to evaluate the range of applicability of the method it
is suggested that investigationsg be conducted to determine the conduc-
tivity functions of additional soils. Although further experiments on
packed soils would be useful, investigations on field cores would have
gregter uwtility to the eventual practical application of the method.
The validity of the functions cbtained could be tested by comparing

them to measurements made with conventional procedures. However,
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differences in the itwe independent determinations should probably be
evaluated based on predictions of infiltration for various boundary
conditions. The validity of the functions should also be tested by com-
pering measured and calculated infiltration relationships for rainfall
boundary conditions as well as those applied in the present study.
Investigations are also needed to determine the relisbility with
which infiltration can be predicted under field conditions using a con-
ductivity function obtained from field cores with the proposed method.
Development and modifications of techniques to make In situ
measurements of the variables required by the proposed method would

also be a worthwhile objective of future investigations.
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APPENDIX A

GAMMA-RAY ATTENUATICH MEASUREMENTS

A gamma-~ray attentuation apparatus was constructed to provide a
nondestructive means of measuring the bulk density and water contents of
s0il columns. The apparatus was designed to have the capability of
measuring changing water comtents in a soil column undergoing infiltra-
tion or drainage. However, it was used in this study Tor measuring only

steady state bulk density and initial water conbtent distributions.

Attenuation Bquations

The principles and techniques for making gamma attenuation measure-
ments have been described in detail by Gardner (1965). The basic equa -
tions given below follow the notation of Swartzendruber, et al. (1969).
The intensity of & gamma beam passing through a g0il column may be

expressed ag
I =1 exp (—USQS - U.p, - Uﬁe) (A1)

where T and I are the fluxes {counts per minute) incident on and pass-
ing through the soil column, respectively. P, and p, are the densities
of the scil and column walls and 8 i€ the volumetric water content.

US and UC represent products of the mass attenuvation coefficients and
effective thicknesses of the soil and column walls, respectively; Uw is
the product of the mass attenuation coefficient, effective soil thick-
ness and the density of water.

For a dry soil (8 = 0) equation Al reduces to
I =1, =Texp (~UspS - Ucpc) {A2)

and for an empty column (ps = 0)



For a column filled with water (p\S =0, 8 =1)

Combining equations Al, A2, A3, and Al and solving for 6, Py and U,

vields
6 = éi in (Id/I) (A5)
1
g =5 i (T/14) (86)
U = 1n (Ia/zw) (AT)

By measuring I_ at several points along the column, an average

d
value of Us can be determined from equation AS by

U, = T, == In (1,71) (48)
s

‘where Eg is the known bulk density of the =soil and In (Ia/Id) is the

mean value of In (Ia/Id) for the points measured. '

Due to instrument drift for very high count rates (greater than
about 1,300,000 counts per minute), it was not possible to accurately
determine Ia; consequently 1t was necessary to make a measurement
additional to those outlined above. The count rate for the empty
column was reduced by placing a brass bar 0.438 inches thick in series

with the column. Then equations A3 and AL take the forms
I, =Ipexp (-Up, - Up ) (89)
I, = Iexp (-Ucpc - Upy - Uw) (410}

where Ub and o, are constants for the brass bar. The product Ubgb'”

was Obtained by making gamma atienuation measurements on two different
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bar thicknesses. Substituting eguations AQ and and ALO for equations A3
and. Ak, equation A6 becomes
L Ia
o, = = + Up, ] (A11)
g a
while equations A5 and A7 remain-in their dnitial form.
Thus by measuring I, Ia’ Iw, and Uhpb, the bulk density and water

content distributions of a soil column could be determined.

Boulpment and Procedure

A schematic diagram of the ganma-ray attenusation apparatus is
given in Figure Al. The gamma rays were émitted from a 25C-mc Cesium
137 encapsulated source which was shielded by embedding it in a lead
cylinder & inches in diameter and 6 inches.long;l The beam of gamma
rays was collimated through a slit having a minimum height of 1.0 mm,

a width of 1.0 cm, and a length (along the beam) of 8.1 e¢m. After
passing through the soil column, the beam was recelved through a second
collimator (l,O me high, 2.0 cm wide, and 5.1 cm long) and its intensity
detected by a sodium ilodide scintillation erystal. The light pulses
generated by the scintillation crystal were detected by a photomulbi-
plier tube and the signal was. transmitted through a preamplifier and an
amplifier to a pulse-height analyzerna Pulses with energy levels
greater than 0.5 Mev were counted by an electronic counter~timer3 and
the total number of counts for a preset time was recorded in digital

form on a Telet;y’pe_;L

lThe source was selected and the shielding and collimators designed
based on an apparatus developed in the Department of Agronomy, Purdue
University, described by Swartzendruber, et al. (1969).

ZThe gamma-ray source and associabted electronie eguipment, with the
exception of the electronic counter and Teletype, were supplied by
Nuclear-Chicago Corp., Box 367, Des Plains, Illinois.

3The counter-timer and the interfacing to the Teletype were designed and
constructed in the Department of Agricultural Engineering and are

described in detail by Goodrich (1970).

uTeletype Corp., Skokie, Tllinois.
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Figure Al. GSchematic of Gamma-Ray Attenuation Bquipment.

The lead shields containing the source and detector were rigidly
fixed to an elevator platform which could be moved up and down the soil
column. The elevator platform was situated in a 6l-inch by 30-inch
framework of Z-inch steel angle and was raised and lowered by three
0.75-inch diameter Acme screws which were connected by a chain drive to
an electric motor. The applicator described in Chapter 4 was used as a
reference in aligning columns in the apparatus. A picture of the gamma-
ray attenuation apparatus and associated eguipment is given in Figure AZ.

Due to gradual drifts in the electronic components at high count
rates, it was necessary to calibrate the apparatus prior to measuring
the density or water content distribution in each column. This was
geeomplished by placing é brass bar 0.438 inches thick between the source
and detector and adjusting the amplifier gain until a standard count
rate was obtained.

The bulk density distributicon of a column of soil was determined by
aligning the column in the ganmma-~ray apparatus and making three 320-second

counts at 1.0 inch increments aiong the column. Iﬂitial water content
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Gamme~Ray Attenuvation Apparatus and Assoclated Equipment.

Figure AZ.
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measurements were made by agaln taking three 30-second counts at the
same positions that were 'sampled" Ffor the dry condition. Since differ-
ences 1n bulk density would have appeared as errorsg in the water content
determinations, it was important to meke the gamma mezsurements in as

close Lo the same positions as possible for the wet and dry conditions.

Regults

The bulk density and initial water content distributions for all
the tests conducted in this study are given in Figure A3. The method
given by Gardner (1965) was used to calculate the uncertainty in the
water content determinations. Calculations showed that measurements
for the sand mixture at a water content of 0.12 cm3/0m3 were within
+ 0.0033 and * 0.0045 cmg/cms (99.5 percent confidence level) Tor the
L.25 inch and 3.5 inch columns, respectively. Corresponding destermina-
tions for the sandy loam at a water content of ©.30 cmS/cm3 were within
+ 0.0030 and = 0.0042 cms/cmBB Additional errors, not included in the
above calculations,; were caused by slight drifts in the instrumentation,
and by inadvertently positioning the gamma beam in slightly different
pogitions for the dry and wet conditions.

The relisbility of the gamma-ray attenvation measurements was
tested experimentally by comparing water contents determined with the
procedures described above to values obtalned by taking gravimetric
samples. The separate waber content determinations agreed within
0.01 cms/cm3 for 8 of the § columns tested. The independent measure-
ments for the remaining column were within C.02 cm3/cmsu Based on the
results of these tests and the above calculatiocns it was concluded that
the gamma-ray atienuation apparatus and procedures described herein
could be uged o measure water contents accurately to within spproxi-
mately & 0.0L cmB/cm3 for the soils investigated. This accuracy was

Judged to be sufficient for the present study.

Sample Calculations

The fellowing sample calculations demonstrate the computztions in-
voived and the count rates obtained in determining the bulk density and
initial water content for one point in a 4.25-inch column of sand

mixture.
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Test No. 6 Sand Mixture 5, = 1.71 gm/ec
I, = 1,094,860 counts per {through empty column plus
minute {CFM) 0.438~1inch brass bar)

I, = hsh, 800 CPM (through column filled with water
plug O.438-inch brass bar)

Id = 539,458 CPM (through column Filled with dry
sand mixture at x = 6.0 inches)

I = 479,256 CPM (through wet column at x = 6.0
inches )

From the count rates at 24 positions in the column and ﬁg, US Wasg
determined by equation A8 to be U, = 0.770 cms/gm, The value of the

product prb

of brass. prb

From equation ALl

was determined by counting through two different thicknesses
= 0.621

1 1,004,860
Ps = 57770 [1n 55558 * 0.621]
poo= 1.73 gM/cm3 (x = 6.0 inches)

From equation AT

L 1,09%,860
U, = I =5 Ee

i
il

0.88 cmg/cm3

Then using eguation A5

1. 539,58
=588 10 5 e

o©
i

[}
1

= (0,136 cm3/cm3 (x = 6.0 inches)
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AFPPENDIX B

COMPUTER PROGRAMS

The following pages contain listings of the computer programs,
INFIEZ and IWFIL3, developsd to solve the 6-bkased and h-based forms of
the Richards equation for infiltraticon into unsaturated soils. Doth
programs were written in FORTRAN IV and were processed on a (DC 6500

computer.

INFILZ

Ag described in Chapter 3, INFILLZ was developed to solve the
8-based form of the Richards equation for infiltration into a uniform
goil from a ponded surface of negligible depth. The version given here
is also capable of applying a one-dimensional search to determine the

parameter h. in Gardner'’s squation giving the minimum difference between

the measureé and calculated influx curves. Approximately 26,000 words
of memory are required to process this program. The basic logic and
essential features of solving the governing equation and conducting a
Golden section search for the optimum hl are given in the nmaln program,
INFILZ. _

Input data consist of: (1) the observed infiltration rate versus
time relationship (these data are needed only if a search for the opti-
mum h, value is desired); (2) basic variables describing the system,
length of the soil column, number of depth increments, and the time for
which the solution is desired; {3) the initial water content distribu-
tion; (L) the end points for the search hl and the number of trials to
be made (not necessary if search is not desired); and (5) the soil-water
characteristic and the conductivity function.

The purpose of the subroutine SETUP is to inpul tzbular data for
the soil-water characteristic and the parameters in Gardner's equation

and establish in an array corresponding values of the water content,
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pressure head, conductivity, and diffusivity. Intermolation is used to
define the array for increments of water content of 0.001 so that the
soil properties can be rapldly recalled. Cther versions of subroutine
SETUP were used to input the conductivity and/or Aiffusivity funetions
in tabular form as well as the soil-waler charscteristic. The version
given here was used in conjJunction with the search procedure for deter-
mining the parasmeters in Gardner's eguation.

The purpose of subroutine RETEN is to determine for an array of
water contents {solution Tor water content distribution at a given time
step) the corresponding values of preésure head, conductivity, and
diffusivity.

A sample of input data and the output produced is given with the
vrogram listing., The physically significant programming symbols ased
are defined in the following iist. Other symbols which appear in the

programs were used for convenience and will not be Turther defined.

Programming Symbols

A Coefficient ¢ defined in equation 2k (cmz/sec).

ABSVOI, Area between measufed and computed influx curves for one time
increment {cm).

ACCIF Calculated accumulative infiltration (cm).

AK Hydraulic conductivity stored in an array with corresponding
water content for rapid recall {em/hr).

ALEN Column length considered (em).

AT Time {minutes).

B Coefficient g defined in egquation 25 (cmgfsec).

C Coefficient € defined in equation 26 (cmz/sec)=

CLOCK Time in the measured influx curve dats (minutes).

Con Hydraulic conductiviﬁy'defined at each node.

CRIT Iteration parameter.

D Coefficient { defined in eguation 27 (cma/sec)e

DT Increase in time increment computed after each time step {seac).

DELX Depth increment (cm).

DIFF Soil-water diffusivity at each node point (cmz/sec)u

DT Time increment (seconds).



-DWDH
EXPT
EXFEVOL
GA

GB
GHL

NVOL

RATE

RATT

TH
ToTOF

Wl
Wa

XXA, XXB

w100

-1
Water capacity (em 7).
Measured infiltration rates {em/hr).
Measured accumulative infiltration (cm).

Exponent a in CGardner's equation {equation 18) for the
conductivity-head relationship.

Parameter b in CGardner's eguation (sec/cm).
Parameter h, in Gardner's equation {em).
Pressure head (om).

Pressure head data read in tabular form (cm).

Pressure head stored in an array with water content for rapid
recall {cm).

Number o©f iterations.

Number of infiltration rate-time data.
Number of depth increments.

Number of depth nodes.

Nede point at which water content is continuously checked in
shortcut procedure discussed in Chapter 3.

Nurber of trials to find the minimum R value.
Number of EXTVCOL data given.
Area between measured and calculated influx curves (cm).

Calculated infiltration rate using & three point forward
difference approximation of the potential gradient at x = O
(em/nr).

Caleulated infiltration rate using a two point forward differ-
ence approximation of the gradient at x = 0 {em/hr).

Time {secconds).

Water content data read in tabular form (cm3/cm3)v
Time at which solution is terminated {(minutes).
Water content (cms/cm3).

Initial water content (cmB/cmBJn

Water content for previous iteration (cmB/cmB)u
Depth (cm).

End points between which search is conducted for optimum GHL
(cm).

Depth for reading in initial water content distribution (em).

Initial water contents (cm3/cm3),
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ENFILZ

SKAGGS #% 04/1G/70
PRUGRAM INFIL2(INFUT,0UTPUT, PUNCH, TAPED=INPUT, TAPE6=CUTPUT]
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AKLE3=1.0/1CK s (~HEAD{ 1} 3%4GA+GE}

DXL Pi=AKIT b /DWOHEL S

WAITE (haeD)

WHITE (6466 GH1,GA,GB

WHITE {6,70)

WRITE (6,75

WRITE (6,40)

WRITE {G,65)

WRETE (6, 70)

00 £§l1=ml,wa,1u

AL=X71600,0

WRITE L &,B5) READILIY, AL AKELY ;DUOHIL )Y

RETURN

FORMAT {1H1)

FORMAT (3EL15.01

FORMAT (12} :

FORMAT (F10.%, k0X,F10,5)

FORMAT (15X, 62HTHE AELATIONSHIP USED FOR CONDUCTIVITY VS, HEAD MAY
}, 0 WRITTENZ/25K, GHK = [(H/ oF5.2,5H 15 oF5.2:3H ¢ ,F9.2,8H )os{-
1§?§MAT UIH F25%,4HECMT g ISX g GHIPERCENT) 12X e BHICH/SEC) 12X (BH{C Mo Ew

FORMAT { LHO/ 1RO}

FOAMAT {28%,24HTABLE OF SOIL PROPERTIES)

FORMAT (LTHOJTHOZ25X 4HHEAD; LTXs SHTHE TA 3 12X s £ ZHCONDUCTIVETY o 7Xp L4HK
VATER CAPALITY )

FORMAT (15K, 4L£20,8

END

SAMPLE INPUT DATA
EAPFRIMENTAL DATaA
= 25
TiME RATE WAl UMF NVOL = 07
(MINUTES) (CMAMR) ) B
0000 96,50 0000 ALEN = 60cm
050 39,30 260 = 60

180 36l o B2 TSTOP = 30 min
2ol 1680 1a31

3,86 16,00 165 ¥XA = -6.0 cm
4000 12420 1:94 XXB -8.0 em
6000 11.60 #a39 .

7500 t1.22 ZaBA = 1385 sec/cm
8,00 19.50 278 m TRY = 08

9400 16e24 2,91

10.00 Se ¥l 3.10

31930 9539 Fo2% Iﬂiti&l Wa‘ter‘ an‘tegt
12.00 #e58 3041 )

13.00 B0 3,88 Z {em) Y (em”/em”)
1660 8,45 .70 0.0 0.35
15,08 8,20 3083 0.1 0.00
15:36 7. 9% 3,97

18,09 Te50 4023 60.0 0.Co
F0.00 Told LY %4
22.0¢ &o¥T 4o TO
26,60 &a50 &92
26,00 Bo2l B,1%9

28069 el B34

30.09 8,868 B84

Tebular date for the soll-water characteristiec are inclugded
in the output on the following page.
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SAMPLE OQUTPUT

THE RELATIONSHIP Useld FOR COMDUCTIVITY w8, WEAD MAY BE HRITIEN

K8 {{xg/

HEAD

S H

=1 ,450000008¢07
Q66000000402
wd 80060000807
=1:,71000000F¢02
w] 6 3000000E+0?
wy o NS000000F02
wR,650000008E08)
=8,82000000E40]
8. 1200000080}
T &&E00800008F20)
=T, 00800000050}
whs 48000G00E¢0)
«5,96000000E¢0}
=8, B0060000E+01
=%:,10000000F¢0}
whe THODGOOAGES (Y
et o4 2000000E+0]
b, 140600005+ 0}
w3.890000008%0)
wd,67000000F0}
w3, 4800000080
=3,20000000E¢0%
=3,860000005+03
w2, TROOGO00E 0
=P, R3060000r¢0]
22,32000000E¢0]
w2 1200000080}
w] B6000000FC0]
=1:80000000£+0)
=}o,4 0000000001
wl,16000000F¢0%
w3, 000000008400
«F:0000G00005400
«8.000000006E<00
=3, 00000000800
wll,

To26 39 6,56 o

13RS, 00

je® {el)

TABLE OF SO1L PROPERYIES

THETA

{PERCENTS

8o

1.00000080Ew02
2.00000060E=02
3,00600000nE~02
&, 00000000E=0p
5, 00000000E=0p
G.,000000060L=-02
T 00000000 w02
B,00000000E«02
2,00000000E=02
1.00000000E=01%
1,100000060E=01
1.70000000E=01
1036000060080
1,40060000E~01
L.50000006E=01)
1.60000000E=0])
1o TOBR0000E=DY
1A0000000E=01
1:30000000E~01
£.00000000E~01
2.100000006=01
2.20000000E=01
2,30000000E=01
2.60000000E=01
2.50000000E=01
2ob000000BE=DY
2,70000006E=01
Z.80000000E-01
2.90000060pe=01
3,00000000FE=01
3,10000000E-0}
3,20080000E=01
3.30000000E~01
3,40000000E-0%
3,50000000E=01%

CONDUCTIVITY

{CH/BECY

1209112660615
17063699 7Feld
21992084 0F=1p
Belt3115206510
3,77662306F =09
PRLABPR0PF=08
44834R91 7PE =08
BaT33I077IF 0B
1669473103F=0T
FeI7B11PRIF=0Y
J:92007422¢-07
6,6TI51I5TF T
1ol 142H383E=086
1.RT620794F =08
3:050065%8F (s
5. 1B7G90142F =08
TeTO0658530F =04
Lol 72610R8F=08
1o T4ITRIPEE08
FeSITRIGIEE=05
3.,69915455F 08
BoB4I0RTREF (G
Teb0T2234TE=0G
1300TRABE0F =04
Zo08200496F=04
3:00306302F =04
4.052T3305F 04
5.50690200E 00
6418262 18F=04
6oB5RYI434F 08
Tel09904357uqs
Te 19878 TP4r=04
Te2l60i69lF=04
7287449704
TeP20l0986E=04
TeZ2021681F=04

WAYER CAPAQTYY

4 L TR

2.000800008=08
2,000000006F=058
1. 010626328004
2o BRAPEBE6F =04
&, 92TE1R05F =04
To26817063F s
1,03132832€x07
1,335099608.00
1,56135811F-03
L. 707RY846F=03
Lo BR699560F =03
L, 907282 78E=03
2.14018980FE=07
2s3IT63T73I5IF03
Z.TDA063906F=03
3.035T71629F=03
3,486R6%108-03
3.8%389610F=03
6, 106129B70F=02
4, lRTBLI209E=01
4, 2T2T2TP2TF=0%
%5716 pBETE=0Y
5,357 16PREE=03
3, TABT14P9F 0
b,3R098238F =073
4, RA0O%R238F Y
b, PABTI420F =07
3,B8904T62F =01
6,5r333333F =07
6,533 03
4,00681026Fw0
B,4230TE92F 0
B, GOG0O000FE =03
5, 00000000F=n3
b, lAEBHOETE=0T
3,3333333366%
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TNFILS

INFIL3 was developed tTo solve the h-based form of the Richards
eguation for infiltration into a layered scil with arbitrary surface and
initial conditions. Approximately 30,000 words of memory are required
T0 process this program.

Input data consist of: (1) basic variables describing the system,
the depth of each layer, the total number of depth increments, the real
time at which the solution starts (used when it is necessary Lo start
the solution with an initisl head distribution from the O-based solution
due to convergence problems ), and the time Ffor which a solution is
desired; (2) the initial head distribution; and (3) the soil properties
for both soils.

The properties for the two soils are read and placed in arrays by
the subroutine SETUP. Tabular dsta are read in for the water content
and pressure head. The conductivity can beinputin tabular form, as the
coefficients in Gardner's eguation, or it can be computed from tabular
data for diffusivity. SETUP computes the water capacity and places it
along with water content and hydraulic conductivity in an array which
can be recalled by integer values of pressure For pressure heads from
-0 to ~2000 cm of water for each scil.

Subrouvtine REETEN takes the pressure head distribution at a given
time (an array) and recalls the corresponding water contents, water
capacities, and aydraulic conductivities for each soil.

A sample of input data and output produced is given with the
program listing. ©Some of the programming symbols are the same as was
used in INFTLZ and have already been defined. The remainder of the

physically significant symbols are defined in the following Iist.

Programming Symbols

AK Hydrsulic conductivity -~ an array that can be recalled for
integer pressure hesds (cm/hr).

C Water capacity (cm—l).

ce Coefficient ¢ defined in equation 26 (sz/sec),

col Hydraulic conductivity in the top layer corresponding to the

pressure head at the layer Junction (cm/hr).



-COZ

DEEYL
DEEF2
DEPTH
DER

DEDW

GA,OB,GHL
HL

H2

N1S

N1

NUML

NUMZ

PRES
TSTART
THETA

WATER
WAT
WA, WB, Wil

~110-

Hydraulic conductivity in the bottom layer corresponding o
the pressure head at the layer jJunction (cm/hr)g

Depth of top layer {cm).
Depth of bottom layer (cm).
Iength of layered column {cm).

Derivative of pressure head with respect to water content --
an array stored with corresponding pressure heads for rapid
recall (cm).

Derivative ¢f pressure head with respeet Lo water content --
an array computed from the input soll-water characteristic
date and used to define DER by interpolation (cm).

Parameters in Gardner's egquation for the top layer.
Pressure head for previous iteration (cm).

Initial pressure head (cm).

Node above which saturated conditions exist.

Node at the layer Junction.

Number of soil property data points for layer 1.
Mumber of soil property dats points for layer 2
Pressure head data input in tabular form {om).

Time at start of solution (minutes).

Water content array gtored with corresponding pressure heads
for rapid recall (em”/em3).

Water content (cmS/cmj)n
Water content data input in tebular form (cm3/cm3).

Parameters in Gardner’s equatbion for the bottom layer.
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SAMPLE INPUT DATA
The sample input datae and computer output vwere obtained for

infiltration into a layered soil made up of 10 cm of Sarpy Loam

Other input deta are given below.

The soll properties used were

over 39 cm of Geary s8ilt loam.
given by Hanks and Bowers (1962).

NI = 98

DEEPL = 10 om

DEEP2 = 39 cm

TSTOP = 50 min

TSTART

0

Tnitial Head Distribution

Y {em)

7 (em)
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SAMPLE OUTPUT

DESTRIAUTTON OF PRFSSURE AND WATER CONTENT FOR
TIMEs 1, 3200MINUTFS

THE INFILTRATION RATF 15 16,8357 cM/up

POSTTION=CM PRESSURE . WATER CONTFNT
6,060 G000 a1 0
D00 =1el78 P 3l
1,000 wgoIB7 %02
1500 23,579 ' -
2:008 =& A s 394
2.50n0 wbe I0T s SR
3,000 C wTeB4T »385
3.50n =Y 4B Ml
4,00p =11s191} adTT?
4 o500 w2 B9T s a7
5,000 =14,68% s JAH
5,500 ®176087 TY
f}‘,ﬂﬂﬂ “211:1@1 2 IR 2
BN mP2Ha034 o 375
7,000 LYY S311
Toan «H4 o HEh s 276
000 . 7R 275 0 €3G
A,b0n0 “29%,46) s 150
QQGOO B%Bla&?? e}.OZ
9,50n =hbbe 797 PRY L
it, 000 w44 TeTll 4.1
iD.50n 44T 337 s £RR
11,000 244Te L2 s £RA
11,500 “454T.,038 s £AH
12,000 b4 T 010 W £RA
12,500 244T.007 o288
1%3:,08n : 44T 000 : s £RAR
13,500 wbsTe 000 s £RH
14,000 s646TF 000 s £RR
14,500 =4 4T 000 e EAR
15,000 w4 &T, 000 « 2HR
18,500 wb4T 000 s £RA
16,000 “44T.000 e £RAK
16,500 44T 000 s EBH
174000 wh 67 o 000 s 4HA
17,5060 447600 s ERA
A, 000 o w44 F2000 T
1a,%00 =447,000 s ERKE
19,0065 54T 000 o £HHA
16,500 w64 T,000 s £AK
20,00n =447, 000 s2RA
20,500 4T 000 e AR
21.000 “447.000 s A
21,500 44T 000 s2HA
22,008 w847 000 « ERA
28,.%0n 46T 000 s £AR
23,000 w47 000 +ZRA
235590 ”é$790@0 «sCRE
26, 0on 244 Fa000 s 2RA
24,500 244 TG00 e &R
2S5, 00n w44 7,000 «ZRAR

25,500 s547e000 e 288
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DISTRIAUTION nF PRESSURE AND WATER CONTENT FOR

TiMEs 13.94¢1MINUTES

THE INFILTRATION RATF IS  9,2661 cM/HR

BOSTITION=CM PRESSURE WATER CONTENT
0,000 © DeD0O 410
2200 we b2y 409
1008 =847 s 407
1.500 =l 246G e$06
2,000 =1.588 806
2,500 wZe 100 +%073
3,000 =506 402
J.900 af 962 s 4080
4,000 =3s293 0 G0
4,500 =3.686 s 398
5,000 w082 ¢ 396
5:.900 wb ol T7 . 2 3959
6,00{} =bh o BHT eagﬁ
6,500 LTy 1Y e 92
T.000 wBoh24 s 301
74500 =5, 980 0350
B,000 b, 3l e « 389
8.50n =HaH1O « 388
9,000 b B892 e JAH
Q.500 wTal?27 o 387
10,000 74322 0 %45
10,.%0n wlb, 7Tl e 438
il1.000 =23.309. a417
1l.550 @360} b7 e402
12,000 =48,527 + 367
12,500 aTd.587 e 373
13,000 Q9,600 e 357
13,500 =13B8,244 0342
14,000 =192:.451 s 325
14,500 =256.573 e 310
15,000 e327.413 0301
15,500 w3T3:6%7 295
16,000 w406 RGE e 292
16,500 425, FTT o290
17,000 =635.,851 «2R9
i7.500 . wh6lall7 s 28H
18,000 =443,8084 +£RAR
18.500 =545, 351 s £AR
to,Bon . mhgbe )32 s 2RH
19,500 meb6,567 ] s OBAR
20,000 w4486 787 s 288
20,500 “t4bo BB e 2 BA
21,000 whbboBh] c2RA
21.%00 ©hbhe 9T 288
22,000 =446 QB T
22.500 wh4Ba 993 2 2R
23,000 2446087 o288
23,8060 nb46, 999 288
24,000 466,990 v 28R
24,500 =447.000 +EBA
28,000 =647, 000 cERE

25,.,%00 »44F=000 c 288
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DISTRIRUTION nF PRESRURE AND WATER CONTFNT FOR

TiME=2 IR, BATOMINDTES

THE INFILTRATION RATF 1§ 1.9965  cMm/HR

POSTTTON~CM PHESSURE WATER CANTENT
0,000 0000 +4 1N
o300 s 301 o% 10
1,000 B2 210
1.500n 2904 «&1n
2,000 1205 «B10
P.bon i.506 ]
3.000 1s807 e%10
3.500 £210R + 10
& 0o Fotln 2410
4,500 2a711 s%10
5,000 3.012 «4% 10
5,500 3:313 s%10
&,00np 3614 +810
6,500 34915 s410
T.000 T &e20T 410
T. 800 4,518 «&10
Helon 4e819 sl
f,50n0 5¢120 s & 10
g.udon 5.421 L
9,500 5.723 _ skl f
19,000 Bell24 e &
10.500 34674 YY)
11,0090 14324 % &0
11.50n0 «}e 026 < HRAR
12,000 =3 359 %53
12,500 w5673 aBHG
13,000 = Ta971] a b4
13.500 w«} 0261 L
16,000 «12:809 e &35
1a,%00 w]1S. 0673 o %30
15,800 w1769} s &P
18,500 =20.697 $421
16,000 wdd g 37 L
16,500 =27.613 411
17.000 »3te4T1 YT
17,500 235711} e G0
18,000 wbh(ob4T : 0 395
I8, 500 =46:816 s 3BY
16,000 LT TR R T e 2R
19.504 =HEe523 s 378
20,000 =FleB90 B b -
20,500 . eR2.308 s 366
21,000 mP3,610 s 30
21,500 = Ghs G2 LT
22.00n wi21.625 e 34R
22,900 =]139,810 o3&}
£3.000 =160,532 0 338
23,900 =lB3.40H e 32H
24,000 wd iR G4 4 e d21
24,5%0n =237 095 o315
25,000 “2HETets TO + 309

25.500 . =29R8,065 , 308
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APPENEIX C

EXPERIMENTAL DATA

Pressure Plate Data

A summary of the experimental pressure plate data for rep 2 of the
gandy lcam soil is given in Table Cl. Pressures less than 150 cm of
water vwere measured to * 0.1 cm of water. The water content was deter-
mined by dividing the accumulative inibibition by the sample volume. The
sample volume was measured to within + 0.5C cc and the inflow to within
0.50 and C.1 cc for pressures of 1 and 309 cm of water, respectively.
The uncerteinty of the water content measurements was determined by
using Xline and MceClintock's (1953) equation 4 which equates the absc-
lute maximum uncertainty of a wvarisble to a weighted sumn of the
absolute values of the uncertainties of its components. The sbgolute
maximum uncertainties of the water content measurements at pressures of
1 and 309 cm of water were, respectively, * 0.023 and * C.COT cmB/cmB,
These values represent + 9 and * 5 percent of the water contents given
in Table Ci. The uncertainties of measursments on the sand mixture were

of about the same magnitude.

Infiltration Rate-Time Relationship

A condensed plot of the strip chart recording of infiltration
volume versus time For test No. 2 (dry sand mixture) is given in Flgure
Cl. A weight loss_of 50 grams was recorded on the 5 em chart width and
the chart was maenually re-zeroced producing the traces shown in Figure
Cl. The sctual time scale was 1 mm/sec g0 the time axis of PFigure Cl is
compressed by a factor of 12. Data points taken from the strip chart
are given in Table C2. Infiltration rates were calculated by simple
Tinite difference techniques and are also given in Table CZ.

By using standard weights to calibrate the system, it was found

that reproducible measurements of the inflow couvld be obtained to



-

Table CiL. Summary of Pressure Plate Data, Sandy Loam Rep No. 2.

Pressure Plate # Bulk Density = 1.71 gm/cc
Sample Volume = 230.0 co Temperature = TOOF
Burette Accumulative Water
Date Pressure Reading Imbibition Imbibition Content
{em water) (cm3) (em3) (em3) (emd/em3)
10-15-69 2000 0.8 (Initial conditions set)
10-21 2000 13.6 12.6 12.6 0.056
10-26 1360 .7 1.1 13.9 0.060
10-31 950 i5.9 1.2 15.1 0.065
11-10 510 ° 17.8 1.9 17.C 0.0Tk
11-13 Lzg 8.7 .G 17.9 0.078
11-21 309 21.6 2.9 20.8 0.090
12-2 194 27.8 6.2 27.0 0.117
12-7 150 30.9 3.1 30.1 0.131
12-13 100 35.8 5.0 35.0 0.152
12-13 100{Refill} 0.8 +35.0
12-16 3.5 L.8 e 39.0 0.170
12-21 50.0 12.2 7.4 b6k 0.202
12-26 29.0 2h.bs 12.25% 58.65 C.255
1-3-70 20.2 33.2 8.75 67.50 0.293
1-12 10.2 U6 .4 13.2 80.6 0.351
1-12 10.2{Refill} 1.0 +h45.4
1-18 3.8 11.0 10.0 91.6 0.396
1 12.1 103.1 o.4u8t

1-31 1.0 23,

1
Gravimetric water content samples taken at the end of run gave

g = 0.446.
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Table C2. Infiltration Data for Test No. 2. (Column
Cross-sectional Area = 60.1 em®.)

Time Inflow Rate Time Inflow Rate
{minutes ) (cma) (em/br ) (minutes) (cmB) {em/hr)
O. 0 54.0 16.0 39.0 7.9
0.167 $.0 51.5 17.0 Lé.7 7.6
0.333 17.0 6.5 18.¢0 5h.3 7.4
¢.50 23.5 36.0 19.0 5.8 7.1
0.667 29.0 31.5 20.0 12.9 7.1
0.833 34,0 28.5 '22.5 30.6 7.0
1.0 38.5 27.0 25.0 7.8 6.7
1.5 50.5 2h.0 27.5 0.6 6.2
2.0 4.0 19.0 30.0 16.0 6.0
2.5 13.5 18.3 32.5 30.7 6.0
2,0 22.3 17.3 35.0 5.k 5,9
3.5 30.8 15.2 27.5 Refill of Water

Regervoir
L.0o 37.5 13.4 Lo, 0 0.5 5.h
k.5 Wiz 13.2 Le.s 14.0 5.4
5.0 50.7 2.7 Ls.0 27.5 5.2
5.5 56.9 12.2 .5 3.5 5.2
5.5 1.0 50.0 16.6 5.1
6.0 6.8 11.h4 52.5 29.2 5.0
6.5 12.4 11.0 55.0 k1.6 5.0
7.0 17.7 10.6 57.5 Sh.l 5.0
7.5 23.0 10.5 6C.0 1.1 4.9
8.0 28.2 10.4 62.5 23.3 4.8
9.0 38.6 10.1 65.0 34.9 k.7
10.0 L3,k 9.6 67.5 45.6 h.T
11.0 57.9 9.2 70.0 58.5
12.0 5.5 9.0 70.0 0.8 b7
13.0 14,5 8.9 75.0 2h.9 L.6
k.o 22.3 8.2 80.0 L8.5 .5
15.0 30.1 8.2 85.0 16.8 .5
90.0 35.1
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within * 0.3 grams (or * 0.3 cc). This wes consistent with the strip
chart recorder specifications which gave * $.35 gm for the seibings used.
The +time increment between the points taken Ffrom the chart was determined
within approximately 1 percent. Using these 1limits as the meximum un-
certaintises in the measurements, the maximum uncertainty of the infiltra-
tion rate was determined from equation 4 of Kline and McClintock. The

uncertainties are given in Table C3.

Table C3. Uncertainty of Infiltration Rates for Test No. Z.

Time Rate CooUhcérbainty,
(minutes ) (cm/hr) Absolute {em/hr) Percent
2.5 18.3 + 0.83 8.3
10.0 9.6 + 0.41 L.l
30.0 6.0 + 0,18 3.0
£5.0 b7 + 0.18 3.8

Thus the uncertainty in the infiliration rate measurement is grest-
est at small times where the time increment is necessarily short.
Eryrors in the Infiltration rate measurements, which are estimated by the
uncertainties given above, cause g plot of the determined infiltration
rates t¢ be scatltered rather than lying on a smooth curve as one would
expect for a natural process such as infiltration. Since the infiltra-
tion rates were determined at relatively short time increments, an
improved estimate of the rates was obtained by plotting the infiltration
rate versus time and drawing a smooth curve through the points. The
data from Table CZ2 are plotted in Flgure C2. The continuous curve is &
viswal fit to the data; this curve was used as input data in the method

digcussed in Chapter 2 to determine the conductivity function.
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