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Thermal and Electrical Conductivities of
Nanocrystalline Nickel Microbridges

Robert A. Sayer, Juan Zeng, Hao-Han Hsu, Dimitrios Peroulis, Member, IEEE, and Timothy S. Fisher

Abstract—DC electrical self-heating (Joule heating) is exploited
to characterize the thermal behavior of Ni microbridges. The tem-
perature rise of the devices due to self-heating is monitored using
an infrared microscope for current densities up to 105 A/cm2.
The obtained temperature profiles reveal significant heating at the
bases of the microbridges. Simulations are performed in order to
extract the thermal conductivity of the electroplated Ni thin film
from the experimental data. The thermal conductivity is found to
be 78.8 W/m · K or 13% less than that of bulk Ni. As current
flows through the microbridges, they deflect upward, significantly
changing the system response and pull-in voltage required for
actuation. Additionally, the electrical resistivity and specific elec-
trical contact resistances between the microbridges and the anchor
points are reported. The electroplated Ni is found to have an
electrical resistivity of 9.7 µΩ · cm which agrees with other values
in the literature for thin-film Ni. By combining the electrical and
thermal measurements, it is possible to determine the phonon and
electron contributions to thermal conductivity. Although demon-
strated on Ni films, this technique can be applied to any metal-
lic film without modification. Such characterization of transport
properties of constituent materials is important in the model-
ing of microelectromechanical systems and enables device per-
formance to be predicted with improved accuracy. [2011-0295]

Index Terms—Infrared (IR) imaging, microelectromechani-
cal systems (MEMS), nickel, resistivity, self-heating, thermal
conductivity.
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NOMENCLATURE

A Area.
d Grain size.
dA Differential area.
dq Heat rate from differential area.
dx Differential length.
h Convective heat transfer coefficient.
hint Thermal conductance of anchor.
g Acceleration due to gravity.
I Current.
J Flux.
k Thermal conductivity.
L Length.
P Perimeter.
Pr Prandtl number.
q Heat rate.
q̇ Heat generation rate.
R Electrical resistance.
Ra Rayleigh number.
S Source term.
T Temperature.
t Thickness.
V Volume.
w Width.
x Distance.

Greek symbols
α Thermal diffusivity.
β Volumetric thermal expansion coefficient.
∆ Length of unit cell.
ε Emissivity.
ρ Resistivity.
σ Stefan–Boltzmann constant.
ν Kinematic viscosity.

Subscripts
C Constant.
c Cross section.
conv Convection.
f Film.
gen Generation.
rad Radiation.
nb Neighbor.
P Cell centroid value.
s Surface.
t Thickness.
w Width.
∞ Ambient.

Superscripts
∗ Value from previous iteration.
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I. INTRODUCTION

THE SMALL length scales of microelectromechanical sys-
tems (MEMS) often lead to high current densities that

can result in local temperature rises of hundreds of kelvins
[1], [2]. In order to predict the thermal, mechanical, and elec-
trical performance of microdevices, accurate material property
information is essential. Although bulk thermal properties of
materials are readily available in the literature, materials tend
to exhibit different thermal properties when length scales are
reduced to microscale dimensions because of boundary and/or
microstructural effects [3]–[5]. This paper reports the electrical
resistivity and thermal conductivity of a practical MEMS bridge
element.

Electrical resistivity directly affects Joule heating of a mate-
rial and therefore plays a critical role in thermal management
of MEMS devices. Angadi and Udachan [6] measured the elec-
trical resistivity of thermally evaporated Ni films ranging from
6 to 70 nm in thickness. The measured resistivity was strongly
dependent on film thickness. A 20-nm-thick film exhibited a
resistivity of 40 µΩ · cm, which decreased to 19 µΩ · cm for
a 40-nm-thick film; both exceed the bulk value of 6.9 µΩ · cm
[7]. Similar trends were observed by Paddock and Eesley [8]
for electron beam (e-beam)-evaporated and e-beam-sputtered
Ni films. Johnson [9] investigated the effects of deposition
conditions (deposition rate and substrate temperature) on the
resistivity of thermally evaporated Ni. Increasing substrate tem-
perature and deposition rate tended to result in decreased resis-
tivity values. Aus et al. [10] measured the electrical resistivity
of electroplated Ni films with average grain sizes ranging from
11 nm (20.6 µΩ · cm) to 100 µm (7.4 µΩ · cm). The observed
trend of decreasing electrical resistivity with increasing grain
size is attributed to the smaller volume fraction of interfaces
associated with larger grains, and hence, boundary-related elec-
tron scattering events occur less frequently.

Reduced electrical conductivity at small scales leads to re-
duced thermal conductivity because the majority of heat flow
in a metal is carried by electrons [11]. Early experimental work
by Langer et al. [3] suggested that the thermal conductivity
of thin-film Ni may not be reduced from bulk values. They
measured films ranging in thickness from 0.4 to 8 µm and
found that the thermal conductivity was around 90 W/m · K
for all the films, which is in agreement with the bulk value of
90.7 W/m · K [12]. More recent experimental and theoretical
works have suggested otherwise. Wang et al. [13] measured
the thermal conductivity of a 1-µm-thick e-beam-evaporated Ni
film to be 47.5 W/m · K using the photoacoustic technique, a
value below that of bulk. Reduced thermal conductivity was
also reported by Caffrey et al. [14], who used the transient
thermoreflectance technique coupled with a pump–probe setup
to measure thermal properties of thin metal films deposited on
Si substrates. A 100-nm-thick Ni film, for example, was found
to have a thermal conductivity of 52.7 W/m · K. Yuan and Jiang
[15] investigated the effect of grain size on thermal conductivity
of thin nickel films using nonequilibrium molecular dynamics.
The computed room-temperature thermal conductivity of the
films ranged from 67.8 to 79.9 W/m · K for grain sizes from
20 to 50 nm, respectively. Thermal conductivity values reduced

below bulk values have also been reported in the literature for
many other metals, including Ag [16], Al [17], Au [3], Cu [16],
Pd [18], and Pt [14].

When a current is applied to a resistive device, self-heating,
also known as Joule or resistive heating, will occur. Self-heating
temperature profiles of MEMS devices are commonly measured
using infrared (IR) thermography. For example, Reano et al.
[19] measured the temperature rise of an RF MEMS capacitive
switch in both the ON and OFF states for RF input powers up to
6.7 W. Although minimal temperature differences (< 7 K) were
observed in the ON state, rises of up to 20 K were measured in
the OFF state. Coccetti and Plana [20] used IR thermography
to map the temperature profiles of both capacitive shunt and
series RF MEMS switches. Temperature rises as large as 50 K
were reported. Similar to the findings of Reano et al. [19],
the measured temperature rise was greatest when the switch
is OFF. Although IR thermography has been used to monitor
self-heating in MEMS devices, these data have not been used
to extract thermal properties or predict device performance.

In this paper, we present electrical and thermal measurements
conducted on Ni microbridges [21] in order to extract material
properties and predict the effect of self-heating on the switch’s
actuation voltage. Increased electrical resistivity and decreased
thermal conductivity in comparison to bulk values are reported
for the devices. DC electrical self-heating is monitored using
IR thermography. The finite-volume method is then used to
determine thermal conductivity by a fit to the measured tem-
perature profiles. Additionally, microbridge deflection during
self-heating is measured with a laser confocal microscope.
Computer simulation [22] of the deflected profiles is performed
to determine the change in actuation voltage of the switches due
to self-heating.

II. FABRICATION AND EXPERIMENTS

A. Device Fabrication

The Ni microbridges were fabricated on a p-type high-
resistivity Si substrate with a 500-nm-thick thermally grown
SiO2 layer [23]. The fabrication procedure is shown in Fig. 1.
First, a 1-µm-thick Au film is sputtered and lifted off to define
the bottom electrodes and electrical connections of the micro-
bridge, as shown in Fig. 1(a). The anchors are then patterned
using a 3-µm-thick photoresist sacrificial layer [Fig. 1(b)]. The
sacrificial layer is hard baked at 190 ◦C for 5 min. A seed layer
of 50-nm sputtered Ti and 30-nm evaporated Ni is deposited
on the whole sample, as shown in Fig. 1(c). Next, a 6-µm-
thick photoresist layer is patterned to form the electroplating
mold on the seed layer. The Ni electroplating is carried out in
a nickel sulfamate bath at a temperature of 50 ◦C and a pH
value of four. A 4-µm-thick Ni layer is selectively electroplated
on the seed layer based on the photoresist mold, as shown in
Fig. 1(d). After the removal of the photoresist mold, the Ni and
Ti seed layers are stripped with 1:1 HCl:H2O and 1:20 HF:H2O
at room temperature, respectively. The photoresist sacrificial
layer is removed by immersion in photoresist stripper 2000 at
75 ◦C for 24 h. Finally, the fabrication process is completed by
drying in a critical point dryer [Fig. 1(e)]. A scanning electron
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Fig. 1. (a)–(e) Fabrication process of the Ni RF MEMS microbridge. (f) Dark
field TEM image of the Ni film (courtesy of P. R. Cantwell).

Fig. 2. SEM image of a microbridge. CP denotes a contact pad, and AP
denotes an anchor point of the bridge to its support.

microscope (SEM) image of one of the microbridges is shown
in Fig. 2.

The microstructure of the Ni was investigated using trans-
mission electron microscopy (TEM). A dark field micrograph
is shown in Fig. 1(f). The grain sizes are on the order of
10–50 nm with the majority of the crystals in the {001} and
{111} orientations [23].

B. Experimental Setup

Electrical Characterization: The electrical resistivity of the
Ni was measured using a four-probe measurement setup [24].
Current sourcing probes were connected to the contact pads
(CPs) of the device (denoted by CP 1 and CP 2 in Fig. 2).
Voltage sensing probes were placed on the top of the micro-
bridge, one at each anchor point (AP) and spaced approximately
575 µm apart (as measured from center to center of the APs,

Fig. 3. Differential CV for 1-D conduction with radiation and free convection.

the suspended length of the microbridges is 500 µm). This
setup was used to eliminate the influence of contact resistance
at the interface between the anchor and the microbridge that
was found to be significant. The interfacial contact resistance
between the anchor and the microbridge was also character-
ized using a four-probe measurement. For these measurements,
current was sourced between the two CPs, and voltage was
measured between the top of the microbridge directly above the
AP and the nearest CP (i.e., between AP 1 and CP 1 in Fig. 2).
The resistance of the metal leads is found to be negligible in
comparison to the contact resistance, and therefore, the entire
measured resistance is attributed to the interface.

IR Thermography: IR thermography is a noninvasive tem-
perature measurement technique that has been applied to
MEMS [25]–[27], electronic components [26], [28], [29], and
numerous other devices [30]–[32]. IR thermography oper-
ates on the principles of thermal radiation governed by the
Stefan–Boltzmann law and can be used to make both steady
and transient temperature measurements across a 3-D surface.
This thermal imaging technique was employed to obtain 2-D
temperature profiles of the Ni MEMS microbridges. Electrical
probes are connected to the CPs (CP 1 and CP 2 in Fig. 2) of
the device. A current source is used to pass dc currents ranging
from 0 to 550 mA through the microbridge. An IR microscope
with a spatial resolution of 2 µm and a temperature resolution
of 0.3 K was used to measure the steady-state heating profiles.

Beam Deflection Measurements: As current flows through a
microbridge, self-heating causes thermal expansion of the Ni,
leading to thermal stresses that cause the microbridge to deflect
from its original profile. A laser confocal microscope with hor-
izontal and vertical resolutions of 0.6 and 0.1 µm, respectively,
measures the vertical deflection of the microbridges. The exper-
imental procedure is identical to that of the IR measurements,
except that the IR microscope is replaced by a laser confocal
microscope.

III. THERMAL ANALYSIS

The geometry of the microbridge can be represented ther-
mally as a 1-D beam subjected to axial conduction, radiation,
and free convection. Fig. 3 shows a control volume (CV)
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representation of a differential cell. Performing an energy bal-
ance at steady state, the CV is governed by

qx + q̇genAcdx = dqconv + dqrad + qx+dx (1)

where qx and qx+dx are the heat rates entering the CV at
location x and leaving at location x + dx, respectively, and are
given by

qx = − kAc
dT

dx
(2)

qx+dx = qx +
dqx

dx
dx (3)

where k is the thermal conductivity, Ac is the cross-sectional
area of the beam, and T is the temperature. x is the position
along a beam of length L, where x = 0 corresponds to the
center of the beam. q̇gen is the volumetric heat generation in
the CV due to Joule heating

q̇gen =
I2R

V
(4)

where I is the current and R and V are the electrical resistance
and volume of the beam, respectively. dqconv and dqrad are the
heat losses due to convection and radiation, respectively, and
are given by

dqconv = h(T − T∞)dAs (5)

dqrad = εσ
(
T 4 − T 4

∞
)
dAs (6)

where ε is the emissivity, σ is the Stefan–Boltzmann constant,
h is the convective heat transfer coefficient, T∞ is the ambient
temperature, and dAs is the surface area of the CV.

Substituting (2)–(6) into (1), the governing differential equa-
tion becomes

kAc
d2T

dx2
+

I2R

L
−εσP

(
T 4−T 4

∞
)
−hP (T − T∞)=0 (7)

where P is the perimeter of the beam.
Equation (1) is commonly solved by assuming that the ends

of the beam (x = ±L/2) exist at the ambient temperature
[33], [34]. Sayer et al. [35] showed that, in a real device,
the temperature at the beam ends can be elevated significantly
above that of the ambient due to the finite thermal and electrical
conductivities of the anchor. As a result, the following boundary
condition is applied:

−k
dT

dx

∣∣∣∣
x=±L/2

= hint(T − T∞) (8)

where hint is the thermal conductance of the anchor.
Additionally, a symmetry (adiabatic) boundary condition can

be applied to the center of the beam such that

dT

dx

∣∣∣∣
x=0

= 0. (9)

Fig. 4. Typical interior cell and its neighbors for a uniform structured mesh.

IV. FINITE-VOLUME METHOD

The finite-volume method was used to solve the temperature
profile of (7) numerically. The domain was discretized into a
uniform structured grid [36]. Fig. 4(a) shows a typical interior
cell P surrounded by its east, west, north, and south neighbors
(denoted by E, W , N , and S, respectively). Consider the steady
diffusion problem with a source term S

∇ · J = S (10)

where the flux J is

J = −k∇T. (11)

By integrating over the CV, applying the divergence theorem,
and linearizing the source term S = SC + SP TP , we find

∑
nb

Jnb · Anb = (SC + SP TP )V (12)

where V is the cell volume and the subscript nb denotes the
neighbor faces (e, w, n, and s). The microbridge geometry
can be simplified to a 1-D problem. By conducting an energy
balance as described in (7), Joule heat generation, convection,
and radiation are accounted for in the source term such that

S =
I2R

V
+

εσP
(
T 4 − T 4

∞
)

+ hP (T − T∞)
Ac

(13)

SC = S∗ +
4εσPT ∗4 + hPT ∗

Ac
(14)

SP =
−

(
4εσT ∗3 + hP

)
Ac

(15)

where the superscript ∗ represents values from the previous
iteration.

V. RESULTS

The electrical resistivity of the electroplated Ni microbridges
was found to be 9.7 ± 0.3 µΩ · cm. This value is 38% greater
than that of bulk Ni and is compared to other thin-film values
reported in the literature in Table I. Aus et al. [10] found that
the electrical resistivity depends on the film thickness. Thinner
films have higher resistivity in comparison to a thicker film
due to the increased volume interfaces at smaller grain sizes
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TABLE I
ELECTRICAL PROPERTIES OF THIN-FILM Ni

Fig. 5. IR thermograms of a typical Ni microbridge for currents of
(a) 300 mA, (b) 400 mA, (c) 500 mA, and (d) 550 mA.

and the associated increased electron scattering at the grain
boundaries. The electrical contact resistance between the beam
and the anchor was found to be 1.7 ± 1.2 Ω, which corresponds
to a specific contact resistance of 56 µΩ · cm2.

The self-heating of several devices was measured in air at
an ambient temperature of 296 K. The temperature profile of a
typical beam under heating conditions up to 550 mA is shown in
the thermograms in Fig. 5. The temperature profile is symmetric
about the middle of the beam (x = 0) and was confirmed to be
independent of electrical polarity. Additionally, the temperature

Fig. 6. Centerline temperature profiles averaged over all tested microbridges.

across the width of the beam is essentially uniform for all x
locations along the beam. The horizontal centerline temperature
profile averaged over all tested devices is shown in Fig. 6. The
temperature of the microbridge increases along the entire length
as the applied current increases. A maximum temperature rise
of approximately 75 K is observed for an applied current of
550 mA. Significant heating can also be observed in the anchor
of the device. The temperature rise at the base of the micro-
bridge is approximately 30% of the maximum temperature rise
in the beam for all applied currents. The heating of the beam
anchors is attributed to the thermal resistance of the anchors.

The temperature profiles on the Ni microbridge described
by (12) were determined using the finite-volume method.
The dimensions of the microbridge were obtained from SEM
images of the devices. The emissivity of Ni was measured to
be 0.09, which is in good agreement with that in the literature
[37], [38], and the heat transfer coefficient was calculated ac-
cording to Bejan [39]. Ni thermal conductivity and the thermal
resistance of the anchor were treated as fitting parameters.
Due to the large change in temperature across the device
(75 K at 550 mA), thermal conductivity cannot be as-
sumed constant. Rather, it was assumed to decrease linearly
with temperature over the range of interest [40]. The fitted
parameters were selected from the combination that yielded the
smallest residual sum of squares between the experimental and
numerical temperature profiles. The thermal resistance of the
anchor was found to be 1.3 × 106 W/m2 · K. This value is in
good agreement with experimental observations of temperature
rise at the beam ends and was taken as a known parameter in all
subsequent analysis.

The thermal conductivity of the Ni at 300 K is found to
be 78.8 ± 1.2 W/m · K, where the uncertainty is found using
bootstrapping [41], [42]. Table II compares this value to others
for thin films and bulk reported in the literature. The measured
thermal conductivity is 13% below that of bulk Ni and in good
agreement with the theoretical value of 79.9 W/m · K for a
film with a grain size of 50 nm [15]. The temperature profiles
calculated using the finite-volume method for Ni thermal con-
ductivity values of 67, 78.8 (measured value), and 90.7 (bulk
value) W/m · K are compared to the experimental results in
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TABLE II
THERMAL PROPERTIES OF THIN-FILM Ni

Fig. 7. Calculated microbridge temperature profiles for Ni thermal conductiv-
ity values of 67, 78.8, and 90.7 W/m · K compared to the experimental results
for an input current of 550 mA.

Fig. 7. It is evident that the middle curve accurately fits to the
data while the other two values (67 and 91 W/m · K) predict
temperature profiles that are too high or too low, respectively.

A simple Wiedemann–Franz analysis [43] using the mea-
sured electrical resistivity reveals an extracted electronic ther-
mal conductivity of 74.6 W/m · K at room temperature, which
is in close agreement with our thermal measurement. The
slightly higher measured thermal conductivity results from
the contribution of phonons to thermal conduction which is
not captured by the Wiedemann–Franz analysis. The phonon
contribution of 4.2 W/m · K is about 40% less than that of
bulk Ni [44]. If electrical resistivity was used to calculate
thermal conductivity instead of the IR temperature profiles, we
would underpredict the value by about 5%. The error would
be greater in materials where phonon conduction comprises
a larger fraction of the total thermal conductivity. This illus-
trates the importance of using nonelectrical-resistance-based
measurements for determining thermal properties. More impor-
tantly, by combining the Wiedemann–Franz analysis with the
IR measurements, it is possible to measure the electronic and
phononic contributions to thermal conductivity individually.

Wang [45] determined an empirical relationship of thermal
conductivity as a function of grain size for nanocrystalline Ni
films

k =
(

86.5 − 2.20 × 10−7 2.37
d

) [
W

m · K

]
(16)

where d is the grain size in meters, 2.20 × 10−7 is the specific
grain boundary thermal resistance in units of watts per kelvin,

Fig. 8. Centerline height profiles averaged over all tested microbridges. Data
at the edge of the beam have been omitted due to light scattering.

and the term 2.37/d represents the grain boundary surface
area per unit volume. This relation yields an average grain
size of the tested Ni films to be 67 nm, which is in good
agreement with that observed under TEM. It is noteworthy
that the Ni films measured by Wang [45] were nominally
1 mm thick and the microbridges of this study were 4 µm in
thickness. Although the thickness between the samples in the
two studies varies by two to three orders of magnitude, both
films follow the same empirical relationship. As a result, the
reduction in thermal conductivity compared to the bulk value is
not a surface scattering phenomenon; rather, it is solely due to
grain boundary scattering.

Self-heating during operation will cause thermal expansion
of the Ni film. The APs of the microbridge resist the expansion
of the film, thus giving rise to thermal compressive stress that
causes the beam to deform in the vertical direction. As the mi-
crobridge deforms, the gap between the suspended film and the
actuation electrodes increases. The average centerline profile of
the microbridges is shown in Fig. 8 for heating currents ranging
from 0 to 550 mA. Initially, the beam is not perfectly flat, but
rather, it is slightly curved. As the heating current increases,
the beam deflects upward, increasing the overall gap between
the microbridge and substrate. Under maximum heating, the
center of the beam (x = 0) deforms 5.3 µm upward, more than
doubling the initial gap. We note that the measured beam deflec-
tion is on the order expected, as calculated using a simplified
Euler–Bernoulli analysis [46]. The increased gap height can
have a profound effect on the pull-in voltage required to actuate
the switch in the ON state.

A 2-D beam model that incorporates residual stress, non-
linear stretching, platelike bending, squeeze film damping,
electrostatic force, and beam/substrate impact developed by
Snow and Bajaj [22] was used to predict the pull-in volt-
age required to actuate the switch to the ON state for three
different Ni thermal conductivity values [47.5 W/m · K [13],
78.8 W/m · K (this work), and 90.7 W/m · K (bulk)]. Fig. 9
shows the predicted pull-in voltages for the beam. For the zero
heating case (I = 0 mA), 160 V is required to actuate the
switch. A significant increase in actuation voltage is computed
as the heating current in the microbridge is increased. At the
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Fig. 9. Simulated pull-in voltages of the Ni MEMS switches under dc heating
for Ni thermal conductivity values of 47.5, 78.8, and 90.7 W/m · K.

maximum applied current of 550 mA, the pull-in voltage is
610 V, a nearly fourfold increase from the unheated micro-
bridge. Under dc heating, the pull-in voltage of the tested Ni
switch is about 10% greater than what would be expected
of a beam exhibiting bulk thermal properties. If the thermal
conductivity is reduced to that reported in [13], the pull-in
voltage increases by more than 50%. These results show that
self-heating must be accounted for in the design process to
ensure proper operation of electrostatically actuated MEMS
switches.

VI. CONCLUSION

Self-heating arising from the finite thermal and electrical
conductivities of materials and deformation due to thermal ex-
pansion under self-heating conditions are two important factors
that must be considered in the design of microscale devices. In
this paper, dc electrical self-heating in Ni microbridges has been
monitored using IR thermography. The obtained heating pro-
files were used in combination with the finite-volume method to
determine the thermal conductivity of the 4-µm-thick film with
grain sizes ranging from 10 to 50 nm. The resulting thermal
conductivity was found to be 78.8 W/m · K. Additionally, the
electrical resistivity of the Ni film was measured to be
9.7 µΩ · cm using a four-probe setup. By using a
Wiedemann–Franz analysis in combination with the IR
testing, it is possible to measure both the electronic and
phononic contributions to thermal conductivity. Additionally,
self-heating of the microbridge caused the center of the beam
to deflect 5.3 µm upward under maximum heating conditions,
leading to a fourfold increase in the predicted actuation of
the switch. Knowledge of these thin-film transport properties
enables thermal management to be accounted for in the design
of MEMS devices, thus permitting one to predict device
performance with better accuracy.

APPENDIX A
CALCULATION OF HEAT TRANSFER COEFFICIENT

Consider a thin cross-sectional slice of width ∆ at any
location x along the microbridge. The surface of the slice can be
divided into four sections: two vertical and two horizontal walls

all held at a constant temperature. For the vertical surface, we
have [47]

h =
k

t


0.68 +

0.67Ra
1/4
t[

1 + (0.49/Pr)9/16
]4/9


 (A.1)

where k is the thermal conductivity of air, t is the thickness
of the beam, Pr is the Prandtl number of air, and Ra is the
Rayleigh number given by

Rat =
gβ(T − T∞)t3

να
(A.2)

where g is the acceleration due to gravity, β is the volumetric
thermal expansion coefficient, and α and ν are the thermal
diffusivity and kinematic viscosity of air, respectively. All fluid
properties are evaluated at the film temperature Tf = 0.5 (T +
T∞).

For the upper horizontal surface, the heat transfer coefficient
is given by [48]

h =
0.54k · Ra

1
4
w

w
(A.3)

where w is the width of the beam and

Raw =
gβ(T − T∞)w3

να
. (A.4)

For the lower horizontal surface, the heat transfer coefficient is
given by [39]

h =
0.27k · Ra

1/4
w

w
. (A.5)
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