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A Microresonator Design Based on Nonlinear 1 : 2
Internal Resonance in Flexural Structural Modes
Ashwin Vyas, Student Member, ASME, Dimitrios Peroulis, Member, IEEE, and Anil K. Bajaj

Abstract—A unique T-beam microresonator designed to operate on the principle of nonlinear modal interactions due to
1 : 2 internal resonance is introduced. Specifically, the T-structure
is designed to have two flexural modes with natural frequencies
in a 1 : 2 ratio, and the higher frequency mode autoparametrically excites the lower frequency mode through inertial quadratic
nonlinearities. A Lagrangian formulation is used to model the
electrostatically actuated T-beam resonator, and it includes inertial quadratic nonlinearities, cubic nonlinearities due to midplane
stretching and curvature of the beam, electrostatic potential, and
effects of thermal prestress. A nonlinear two-mode reduced-order
model is derived using linear structural modes in desired internal
resonance. The model is used to estimate static pull-in bias voltages
and dynamic responses using asymptotic averaging. Nonlinear
frequency responses are developed for the case of resonant actuation of a higher frequency mode. It is shown that the lower
frequency flexural mode is excited for actuation levels above a
certain threshold and generates response component at half the
frequency of resonant actuation. The effects of damping, thermal
prestress, and mass and geometric perturbations from nominal
design are thoroughly discussed. Finally, experimental results for
a macroscale T-beam structure are briefly described and qualitatively confirm the basic analytical predictions. The T-beam
resonator shows a high sensitivity to mass perturbations and, thus,
holds great potential as a radio frequency filter–mixer and mass
sensor.
[2008-0107]
Index Terms—Bifurcation, microresonators, nonlinear oscillators, reduced-order systems, resonator filters.

I. I NTRODUCTION

M

ICROELECTROMECHANICAL systems (MEMS) utilizing resonantly actuated structures or microresonators
have a wide range of applications, such as chemical and biological sensors [1]–[4], pressure sensors [5], accelerometers [6],
[7], gyroscopes [8], and radio frequency filters [9]–[11]. Most
microresonators are excited in linear resonance. However, the
inherent actuation and structural nonlinearities in the presence
of high quality factors play an important role in the response
of microresonators. For example, Shuiqing and Raman [12] reported chaotic response of the atomic force microscopy (AFM)
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cantilever probes, resulting in the deterioration of the AFM
images. Huang et al. [13] concluded that the piezoelectric
actuation nonlinearity results in AFM image deformations and
consequently inaccurate interpretations of the geometric features. Younis and Nayfeh [14] developed a nonlinear model
of an electrostatically actuated microresonator and compared
their results with those of published experiments. They also
found that the dynamic response is very sensitive to nonlinearities, and inaccurate representation of the nonlinearities can
result in an error in the prediction of the resonator response.
De and Aluru [15] studied chaotic motions of electrostatically
actuated microresonators by including actuation nonlinearities.
Kozinsky et al. [16] demonstrated tuning of nonlinearities and
frequency through electrostatic actuation in a nanomechanical
resonator.
Microresonators based on parametric resonances have also
been reported in the literature [17], [18]. The response of a
parametrically excited resonator remains bounded due to the
nonlinearities in the system, and specifically, cubic nonlinearities play an important role [19]. The higher quality factor of microresonators, as compared to macrostructures, also enables the
excitation in higher order parametric resonances [18]; however,
microresonators operating in principal parametric resonance
with excitation at twice the natural frequency are the most
common. The response of a parametrically actuated structure
shows a characteristic nonlinear phenomenon of sudden jump
in amplitude as the excitation frequency is varied quasistatically. Zhang and Turner [20] utilized this nonlinear response
for improving the sensitivity of a microresonator as a mass
sensor. Rhoads et al. [21] designed a bandpass filter utilizing the
nonlinear response of a parametrically excited microresonator.
In this paper, we present a unique microresonator design that,
for the first time, utilizes structural inertial quadratic nonlinearities and nonlinear modal interactions for its functioning. Specifically, an electrostatically actuated T-beam microresonator
configuration with two flexural modes in 1 : 2 internal resonance (natural frequencies in a 1 : 2 ratio) is considered. Though
these two flexural modes are linearly uncoupled, the carefully
designed T-beam configuration ensures that the two modes are
coupled through inertial quadratic nonlinearities at the lowest
order. The combination of 1 : 2 internally resonant modes and
inertial quadratic nonlinearities then, in principle [19], result in
the autoparametric excitation of the internally resonant lower
frequency flexural mode when the other higher frequency mode
is directly excited in resonance. More specifically, it is shown
that it is possible to design a nonlinear microresonator such that
the output is at nearly half the excitation frequency.
The microresonator design in this paper is motivated and
guided by the literature on autoparametrically excited systems

1057-7157/$25.00 © 2009 IEEE
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[19], [22]–[25]. The nonlinear interactions of 1 : 2 internally
resonant modes and subsequent transfer of energy from a higher
frequency mode to a lower frequency mode have been observed
and demonstrated for several macro systems, such as an L-beam
structure in [24], a cantilever attached to an oscillatory system
[25], and pitch and roll mode interactions in ship dynamics
[26], among others. The common features of such internally
resonant systems are listed as follows: 1) two modes with
natural frequencies in a 1 : 2 ratio, e.g., f /2 and f ; 2) quadratic
nonlinearites, geometric or inertial, coupling the two modes;
and 3) resonant excitation of mode at a higher frequency f . The
resulting nonlinear interaction between the modes can result in
transference of much of the input or excitation energy from
the higher frequency mode to the lower frequency mode. The
attenuation of the higher mode response is accompanied by a
large amplitude response of the lower mode. This lower mode
response is known to arise due to the parametric instability of
the directly excited higher mode through a pitchfork bifurcation, and the lower mode response exists only in the frequency
interval or band where the amplitude of actuated modes exceeds
a certain threshold amplitude. Thus, the response of a microresonator working on this principle, specifically the output at
half the excitation frequency, can be highly frequency selective
and greater than the response amplitude of the directly excited
mode. Potential applications of such a microresonator with
these characteristics include biological and chemical sensors
and RF filters.
A detailed nonlinear structural model of the T-beam resonator is developed using a Lagrangian formulation. The model
also accounts for thermal residual stress or temperature changes
in the beams. The nonlinearities in the model include inertial quadratic nonlinearities and structural cubic nonlinearities arising due to midplane stretching and beam curvature.
Electrostatic actuation nonlinearities are retained to be able
to estimate static pull-in voltages [27], [28] for the resonator.
The analysis is based on a two-mode reduced-order model
that is developed using analytical mode shapes obtained by
a linearized model. The nonlinear dynamic response of the
T-beam resonator about a statically deflected position, when
responding to a harmonically oscillating voltage, is studied by
an asymptotic method based on the method of averaging. The
performance of a typical T-beam microresonator is illustrated
by presenting analytical and simulation results. The effects
of damping, thermal prestresses, higher order nonlinearities,
addition of a small (compared to a T-beam structure) mass,
and dimensional perturbations from nominal geometry needed
for exact 1 : 2 internal resonance are considered. Finally, the
phenomenon of 1 : 2 mode interaction and the basic predictions
of the analytical model are verified qualitatively through an
experiment with a macroscale T-structure.
This paper is organized as follows. A brief description of
the system is given in Section II. Section III presents a nondimensional Lagrangian for the system that includes thermal prestresses and structural nonlinearities due to midplane stretching
and beam curvature. Axial displacements of the beams are
obtained using inextensibility and slender beam assumptions
in Section IV. Section V presents linear analysis for the
T-beam structure to determine design conditions for 1 : 2 in-
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Fig. 1. T-shaped microresonator with rigid masses. The stationary parts of the
structure are shown in gray. The actuating and sensing roles of the electrodes
are switched, depending on the mode to be directly excited.

ternal resonance of the first two modes. In Section VI, a twomode approximate nonlinear model of the T-beam structure is
developed, and slow-amplitude evolution equations governing
the asymptotic response are derived. Section VII presents representative results on the response of the T-beam resonator along
with the effects of model parameters. Section VIII presents
essential results of experiments with a macroscale T-structure.
Finally, Section IX gives some concluding remarks.
II. D ESCRIPTION OF THE T-B EAM
N ONLINEAR R ESONATOR
A schematic top view of the T-beam microresonator is shown
in Fig. 1. The structure consists of three beams, with each of
the “bottom” two beams anchored to the substrate at one of
the ends. The lateral electrodes for actuation and sensing are
also shown in the schematic. The bottom left beam is referred
to as beam 1, the bottom right beam is referred to as beam 2,
and the upper beam is referred to as beam 3. Li and ti denote,
respectively, the length and thickness of the ith beam. Mc is a
rigid mass at the joint of the three beams, and Mt is a rigid
mass at the free end (tip) of the “upper” beam. To simplify
the analysis, the rotary inertia of the rigid masses are taken
into account without including the finiteness of these rigid
masses. Furthermore, we neglect the rotary inertia of beams as
we consider the operation of the structure such that only the
lowest two modes, which are excited directly or indirectly, are
involved.
A single electrode, referred to as electrode 1, is assumed to
span over both the bottom beams. Electrode 1 is located at a
distance d1 and d2 from bottom beams 1 and 2, respectively
(see Fig. 1). We assume that the gaps d1 and d2 are equal.
The lengths l1 and l2 denote the span of the electrode 1 over
the bottom beams 1 and 2, respectively. Another stationary
electrode, which is referred to as electrode 2, is assumed to be at
a distance d3 from the “upper” beam. The span of this electrode
is l3 . In this model, Vbj represents the bias voltage on the
jth electrode. Electrode 1 with ac voltage V1 acts as an actuating electrode. Electrode 2 acts as a sensing electrode.
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where a dot denotes derivative with respect to time t, and
a prime denotes derivative with respect to the corresponding
beam arc length. ṙp is the velocity of a point on beam 3 (the
“upper” beam), and the dot product of the velocity, i.e., ṙp .ṙp ,
is given as follows:
ṙp .ṙp = (u̇1 |s1 =L1 − v̇3 )2 + (v̇1 |s1 =L1 + u̇3 )2 .

Fig. 2. Coordinate systems and beam displacements for the T-beam microresonator. (X1 , Y1 ) is the reference coordinate system located at the left
anchor, (X2 , Y2 ) is the reference coordinate system located at the right anchor,
and (X3 , Y3 ) is the reference coordinate system for the vertical beam that is
located at the displaced junction of the three beams.

The motion is assumed to be in the plane of the T-beam. The
coordinate systems and displacements for the beam segments
are shown in Fig. 2. Axial and transverse displacements of the
ith beam element are denoted by ui and vi , respectively. The
beam displacements are functions of undeformed arc length
denoted by si . The displacements for the “bottom” beams are
with respect to the anchored ends, and the displacements of
the “upper” beam are measured with respect to the coordinate
system located at the junction of the three beam segments.
ψi (si , t) denotes the rotation of the ith beam element. The shear
deformation and warping are also assumed to be negligible as
we are interested only in the low structural modes [29]. Thus,
the rotations of the beam elements are given by
sin ψi =

∂vi
,
∂si

i = 1, 2, 3.

(1)

Note that due to the nature of the boundary conditions, the
upper beam can be assumed to be inextensible, whereas the
bottom beams’ models need to include midplane stretching
nonlinearities. A Lagrangian description will now be used to
model the T-beam resonator.

P=



3 L
i 1

i=1 0

−

2 (EI)i



0 r 2
2 Vb2

∂ψi
∂si

L
3
L3 −l3

s1 =L1

2
dsi +

L1 −l1

i=1
0

1 b3
2 d3 +v3 ds3

2
0 r
−
2 (Vb1 +V1 cos(Ω1 t))
L
L
1
2
b1
×
d1 +v1 ds1 +

L2 −l2

⎫
⎪
2
⎪
(EA)
e
ds
i
i
⎪
i0
2
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬


b2
d2 −v2 ds2


e30 =

1+

∂u3
∂s3

2

+

∂v3
∂s3

2

− 1 = 0.

(6)

(2)

(3)

Nondimensionalization is performed with respect to the following nominal parameters: 1) mass per unit length M ;
2) length L; and 3) flexural rigidity EI. The arc length si of the
ith beam is nondimensionalized with respect to the corresponding beam length; thus, 0 < s̄i < 1. ri is the ratio of mass per
unit length of the ith beam to nominal mass per unit length. We
also introduce variables ti , i = 1, 2, 3, to denote the ith beam
thickness in the Yi direction (see Fig. 2). The parameters νi , κi ,
and b̂i , respectively, represent the ratios of the ith beam length,

the

s3 =L3

2 L
i 1


where eT j = αT j ΔTj , j = 1, 2. Here, αT j is the coefficient of
thermal expansion for the jth beam, and ΔTj represents the
temperature above the stress-free state.
The assumption that the upper beam is inextensible results in
the following constraint on beam 3 displacements:

We now introduce the following nondimensional parameters
for the structural part of the resonator:
⎫
v̂i = vLi
ûi = uLi
s¯i = Lsii
⎪
⎪
⎪
(EI)i
⎪
mi
Li
⎪
αi = EI
ri = M
νi = L
⎪
⎪
⎪
Mc
Jc
Mt
⎬
Rc = (m1 L1 +m2 L2 ) γc = M L3
Rt = m3 L3 ⎪
Jt
bi
ˆ
γt = M L3
κi = ti /L
bi = L ,
⎪
⎪

⎪
⎪
EI
⎪
i = 1, 2, 3
τ = M L4 t
⎪
⎪
⎪
⎪
⎭
(EA)j κ2j L2
,
j
=
1,
2.
Nj =
EI
(7)

A. Lagrangian Formulation

s1 =L1

Furthermore, mi and (EI)i are the mass per unit length and
flexural rigidity of the ith beam in the lateral deflection, respectively. From here onward, we assume for simplicity that the
beams are uniform. Furthermore, Jc and Jt are rotary inertias of
the masses Mc and Mt , respectively, and bi is the width (dimension in the direction toward substrate) of the ith beam. In (3),
0 and r are the free-space permittivity (8.8504 × 10−12 F/m)
and the dielectric constant of the material occupying the gaps
(r = 1 for air gap), respectively.
Strain along the neutral axis of the ith beam is denoted by ei0 .
Then, the effects of postfabrication residual stresses common
in MEMS devices and temperature differences that may arise
during usage are accounted for by including thermal strain for
bottom beams as follows:

2
2
∂vj
∂uj
+
− 1 − eT j
(5)
ej0 =
1+
∂sj
∂sj

B. Nondimensionalization

III. N ONDIMENSIONAL L AGRANGIAN F ORMULATION

The kinetic energy T and potential energy P (including
electrostatic potential) of the system are given by


L
2 L
 i 1  2 2
3 1

T=
u̇
ds
m
+
v̇
+
i
i
i
i
2
2 m3 ṙp .ṙp ds3
i=1 0
0




+ 12 Jc ψ̇12 
+ 12 Jt ψ̇32 
s1 =L1
s =L


 3 3

1
2
2
+ 2 Mc u̇1 
+ v̇1 
+ 12 Mt (ṙp .ṙp )

(4)

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
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thickness, and width to the nominal length. The nondimensional
parameters (Rt , γt ) and (Rc , γc ) correspond to the rigid masses
Mc and Mt , respectively. The parameter αi denotes the ratio of
flexural rigidity of the ith beam to the nominal flexural rigidity.
The nondimensional axial rigidities are denoted by N1 and N2
for beams 1 and 2, respectively. τ denotes nondimensional time.
The nondimensional parameters related to electrostatic potential energy terms in (3) are defined as follows:
di
gi =
L

¯li = li ,
Li

i = 1, 2, 3

Ω̄1 = Ω1

[F0j , F1j , F2j ]T
=

L 0 r b1 L1
EI 2d1



Vj2
Vbj2 +
2

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

EI
M L4




, (2Vbj Vj ),

Vj2
2

j = 1, 2

T ⎪
⎪
⎪
⎪
⎪
⎪
⎪
,⎪
⎪
⎪
⎪
⎪
⎭
(8)

with V2 = 0. Here, gi is the nondimensional gap between the
ith beam and the corresponding adjacent stationary electrode; ¯li
is the nondimensional span of the electrode over the ith beam;
F0j corresponds to the static force due to the jth electrode, and
F11 and F21 correspond to the harmonic force components,
with nondimensional frequencies Ω̄1 and 2Ω̄1 , respectively,
which are generated due to the voltage applied to electrode 1.
Then, using the nondimensional parameters [see (7) and (8)],
expressions for nondimensional kinetic and potential energies
can be obtained.
Along with the kinetic and potential energies of the system,
constraints on the beam segment slopes and displacements at
their junctions have to be satisfied. To account for all these constraints in a compact formulation, we can define an augmented
Lagrangian, which is denoted by Laug , as follows:
Laug = T̂ − P̂ +

×

1
2

L3
λ1


0

1 ∂ û3
1+
ν3 ∂s̄3

2

1 ∂v̂3
+
ν3 ∂s̄3

2

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

−1 ds3

⎪
⎪
⎪
⎪
⎪
⎪
⎪
+λ2 (û1 |s̄1 =1 + û2 |s̄2 =1 )+λ3 (v̂1 |s̄1 =1 +v̂2 |s̄2 =1 ) ⎪
⎪
⎪
⎭
+λ4 (ψ̂1 |s̄1 =1 − ψ̂2 |s̄2 =1 )+λ5 (ψ̂1 |s̄1 =1 − ψ̂3 |s̄3 =0 )
(9)
where the Lagrange multiplier λ1 imposes the inextensibility
constraint for beam 3, and the Lagrange multipliers λ2 , . . . , λ5
ensure that the three beam segments have the same displacements and slopes at their junctions. This augmented Lagrangian
will be utilized later to obtain the exact description of the
linearized model to define the required mode shapes and natural
frequencies of the T-resonator.
IV. A XIAL D ISPLACEMENTS
In the formulation so far, the displacements û3 and v̂3 are not
independent if the inextensibility constraint is utilized. Thus,
the model equations can be simplified further, as usual in non-
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linear structural dynamics [29]. We follow these arguments and
developments carefully for each of the three component beams.
Axial displacement of beam 3, i.e., the “upper” beam, is related
to its transverse displacement by the inextensibility constraint
ê30 = 0 in (6). Integrating the inextensibility constraint and imposing the boundary condition û3 = 0 at the junction, s̄3 = 0,
gives
1
û3 = −
2

s̄3

v̂ 3 2
ds̄3
ν3

(10)

0

where a prime denotes derivative with respect to the corresponding arc length.
To find axial displacements of beams 1 and 2, first, the
equations of motion governing axial displacements are obtained
using Hamilton’s principle [30]. Assuming the beams to be
slender, we assume that the inertial terms due to axial displacements û1 and û2 are negligible, and that the curvature
nonlinearities are negligible in comparison to the stretching
nonlinearities. Using these assumptions, the following equation
is obtained for axial displacements û1 and û2 :


1 v̂ 3 2

− νi eT i = 0,
i = 1, 2
(11)
ûi +
2 νi
along with the following boundary conditions:
⎫
û1 |s̄1 =0 = 0 û2 |s̄2 =0 = 0 û1 |s̄1 =1 + û2 |s̄2 =1 = 0 ⎬


2

v̂  2
(−1)i κN2 νi i ûi + 12 ν3i − νi eT i = 0.
⎭
i

i=1

(12)

The last boundary condition in (12) arises from the balance of
axial forces at the junction of the three beams. The other three
boundary conditions are for the clamped ends of the beams at
s̄1 = 0 and s̄2 = 0 and the continuity of the axial displacement
at the junction.
Integrating (11) and imposing the boundary conditions in
(12) result in the following expression for axial displacements:
1
ûi = −
2

s̄i

v̂ 3 2
ds̄i + Ci (τ )s̄i + νi eT i s̄i ,
νi

i = 1, 2 (13)

0

where C1 and C2 are functions of time τ , which is given as
follows:
⎫
2
1 v̂3 2

⎪
1
Ci (τ ) = Ji
i = 1, 2 ⎪
⎪
2
νj ds̄j − νj eT j ,
⎬
j=1

[J1 , J2 ]T =

0

1
ν1 N2 κ21 +ν2 N1 κ22


T
ν1 N2 κ21 , ν2 N1 κ22

⎪
⎪
⎪
⎭
(14)

where J1 and J2 are introduced to keep the expressions
compact.
The axial displacements thus derived can now be substituted
in the system kinetic and potential energies, thereby eliminating the axial displacements from ultimate consideration of
nonlinear dynamics of the structure. Note that the inertial and
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curvature nonlinearities arising from the “bottom” beams’
deflections are neglected. The resulting system Lagrangian,
i.e., L̂, in nondimensional variables and with up to quartic terms retained in the mechanical energy part is given as
follows:
⎫
⎛
⎞
3 1
⎪

⎪
1
2
⎪
⎪
⎪
L̂ = ⎝
ri νi v̂˙ i ds̄i ⎠
⎪
⎪
2 i=1
⎪
⎪
⎪
0
⎪
⎪
⎪
1 γc ˙  2
γt ˙  2
2
⎪
˙
⎪
+
|
+
|
+R
r
ν
|
v̂
v̂
v̂
⎪
t 3 3 3 s̄3 =1
1 s̄1 =1
3 s̄3 =1
2
2
⎪
2 ⎛ν1
ν3
⎪
⎪
⎞
⎪
1
⎪

⎪
⎪
1⎝
⎪
⎪
⎪
Rc (r1 ν1 +r2 ν2 )+Rt r3 ν3 + r3 ν3 ds̄3 ⎠
+
⎪
⎪
2
⎪
⎪
⎪
0


⎪
⎪
2
⎪
⎪
× v̂˙ 1 |s̄1 =1 +Rt r3 ν3 v̂˙ 1 |s̄1 =1 û˙ 3 − û˙ 1 |s̄1 =1 v̂˙ 3 |s̄3 =1
⎪
⎪
⎪
⎪
⎪
1
⎪
⎪
⎪
⎪
˙
˙
˙
˙
⎪
+ r3 ν3 (v̂ 1 |s̄1 =1 û3 − û1 |s̄1 =1 v̂ 3 )ds̄3
⎪
⎪
⎪
⎪
⎪
0
⎪
⎪
⎪
1
2
⎪
⎪
+
Rt r3 ν3 û˙ 3
⎪
⎪
2
⎪
⎪
⎪


⎪
γt ˙  ˙  
⎪
2
2
2
 ˙


⎪
− 2 3 û3 v̂ 3 v̂3 + û3 v̂ 3 +v̂ 3 v̂ 1
|s̄3 =1
⎪
⎬
ν3
1
⎪
⎪
1
2
⎪
⎪
+
r3 ν3 û˙ 3 ds̄3
⎪
⎪
2
⎪
⎪
⎪
0
⎪
⎛⎛
⎞
⎞
⎪
1
1
⎪


3
⎪
⎪
α3  2  2 ⎠
1 ⎝⎝ αi  2 ⎠
⎪
⎪
⎪
+
−
v̂
ds̄
v̂
v̂
ds̄
i
3
3
3 3
⎪
3
4
⎪
2
ν
ν
⎪
3
i
i=1 0
⎪
0
⎪
⎛
⎞
⎪


⎪
1
2
⎪

2
2
⎪


⎪
Ni
1⎝
1 v̂ 3
⎪

⎠
⎪
−
û
+
−ν
e
ds̄
⎪
i Ti
i
i
2
⎪
2 i=1
κ i νi
2 νi
⎪
⎪
⎪
0
⎪
⎪
⎪
⎪
+(F01 +F11 cos Ω̄1 τ +F21 cos 2Ω̄1 τ )
⎞⎪
⎛
⎪
⎪
⎪
1
1
⎪
⎪
ν1
ν2
b̂2 g1
⎟⎪
⎜
⎪
ds̄1 +
ds̄2 ⎠⎪
×⎝
⎪
⎪
1+(v̂1 /g1 )
g
1−(v̂
/g
)
⎪
2 2
b̂1 2
⎪
⎪
1−l̄1
1−l̄2
⎪
⎪
⎛
⎞
⎪
⎪
1
⎪

⎪
⎪
ν3
b̂3 g1
⎜
⎟
⎪
⎪
ds̄3 ⎠
+ F02 ⎝
⎪
⎪
⎪
b̂1 g3 1+(v̂3 /g3 )
⎭
1−l̄3

(15)
where a dot now represents derivative with respect to time τ .
V. L INEAR A NALYSIS
We first perform a linear analysis to obtain the mode shapes
and natural frequencies of the system with no electrostatic
actuation. The appropriately reduced Lagrangian in (15), with
up to quadratic terms and with the use of Hamilton’s principle
[30], gives the following three linear equations of motion for
transverse displacements:
v̂¨i +

Ni
∂ 2 v̂i
αi ∂ 4 v̂i
J
(ν
e
+
ν
e
)
+
=0
i
1
T
1
2
T
2
ri νi3 κ2i
∂s̄2i
ri νi4 ∂s̄4i
i = 1, 2
α3 ∂ 4 v̂3
= 0. (16)
v̂¨3 +
r3 ν34 ∂s̄43

As for the boundary conditions, the slope and displacement
of the bottom beams 1 and 2 are zero at s̄1 = 0 and s̄2 = 0.
Furthermore, the displacement of the upper beam, i.e., v̂3 = 0,
is zero at s̄3 = 0. The remaining boundary conditions are


∂v̂1 
ν1 ∂v̂2 
=
∂s̄1 s̄1 =1 ν2 ∂s̄2 s̄2 =1

(17)

v̂1 |s̄1 =1 = −v̂2 |s̄2 =1


ν1 ∂v̂3 
∂v̂1 
=
∂s̄1 s̄1 =1 ν3 ∂s̄3 s̄3 =0


(18)
(19)



N1
J ∂ v̂1 
κ21 ν12 1 ∂ s̄1 

(ν1 eT 1 +ν2 eT 2 )




α1 ∂ 3 v̂1 
α2 ∂ 3 v̂2 
+ ν 3 ∂ s̄3 
− ν 3 ∂ s̄3 




s̄1 =1

∂ v̂2 
2
− κN
2 ν 2 J2 ∂ s̄ 
2
2 2



= ((1+Rt )r3 ν3 +Rc (r1 ν1 +r2 ν2 )) v̂¨1 
1


α3 ∂ v̂3 
ν 2 ∂s̄2 

1

s̄1 =1

2

2

⎫
⎪
⎪
⎪
⎪
⎪
s̄2 =1 ⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎭

s̄2 =1

s1 =1

(20)


α1 ∂ v̂1 
− 2
ν1 ∂s̄21 s̄1 =1
3
3 s̄3 =0


v̂2 
α2
γc ∂ 3 v̂1 
− 2 ∂ 2 2 
=
ν2 ∂s̄2 s̄2 =1 ν1 ∂τ 2 ∂s̄1 s̄1 =1



α3 ∂ 3 v̂3 
¨

=
R
r
ν
v̂
t 3 3 3
3
3

ν3 ∂s̄3 s̄3 =1
s3 =1


2
3

α3 ∂ v̂3 
∂ v̂3 
=
−γ
.
t
ν3 ∂s̄23 s̄3 =1
∂τ 2 ∂s̄3 s3 =1
2

2

(21)
(22)
(23)

A. Analytical Mode Shapes and Natural Frequencies
The linear mode shapes and natural frequencies can be
obtained by separation of variables as follows:
√
v̂i (s̄i , t) = Υi (s̄i ) exp( −1ωτ ),

i = 1, 2, 3

(24)

where Υi is a spatial function, and ω is the natural frequency
associated with the mode shape Υi . In addition, from here
onward, we make the following assumptions: 1) the temperature changes and the coefficient of thermal expansions for
beams 1 and 2 are the same, and thus, eT 1 = eT 2 = eT ; 2) the
axial rigidities of beams 1 and 2 are the same, and thus, N1 =
N2 = N ; and 3) the thicknesses of beams 1 and 2 are the same,
and thus, κ1 = κ2 = κ. To keep the equations concise, we
introduce a parameter ST that represents the nondimensional
thermal stress in the bottom beams, which is defined as
ST =

N
eT .
κ2

(25)

Separating space and time parts, we find that the following
solution satisfies the governing equations:
Υi (s̄i ) = ϕ1i cos βi1 s̄i + ϕ2i sin βi1 s̄i
+ ϕ3i cosh βi2 s̄i + ϕ4i sinh βi2 s̄i
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where i = 1, 2, 3, and βi(1/2) are given by
⎛
⎞
2
!
4
!
2
ν
r
ST
4αj ω ⎟
j j ⎜ ST
2
βj(1/2)
=
+"
+
⎝±
⎠,
2αj
rj νj2
rj νj2
rj νj4
4
4
= β32
=
β31

r3 ν34 ω 2
.
α3

j = 1, 2

(27)

The boundary conditions are used now to determine a characteristic matrix and, thereby, natural frequencies, ω, and coefficients ϕij . Thus, linear mode shapes and natural frequencies
are obtained analytically.
B. Illustrative Results of Linear Analysis
Consider a specific system with no rigid masses and all
three beams having the same mass per unit length and flexural rigidity. We assume that there is no residual stress in
beams 1 and 2, i.e., N1 = N2 = 0. Furthermore, we assume
that the lengths of the “bottom” beams are equal, i.e., L1 = L2
or ν1 = ν2 . The natural frequencies of the system are now computed analytically as a function of the length fraction (ν3 /ν1 ).
It is found that when the ratio of the length of the upper beam
to the length of one of the bottom beams is 1.3266, the first and
second natural frequencies of the structure are in a 1 : 2 ratio.
This provides us with an important design condition for the
nonlinear system to possibly have 1 : 2 internal resonance.
An ANSYS finite-element method (FEM) model of the
T-beam structure with no electrostatic actuation is used to verify
the above nondimensional linear analysis. Beam elements are
used in modeling the structure in ANSYS. The dimensions
of the structure with material properties of polysilicon are
chosen to be
⎫
L3 = 100 νν31 μm
L1 = 100 μm
⎬
b1 = 5 μm
t1 = 3 μm
.
(28)
⎭
ρ = 2330 kg/(m3 )
E1 = 169 × 109 N/m2
Furthermore, all the beams have the same cross-sectional area
and are made of the same material. The first four natural
frequencies for this system as a function of the length ratio
ν3 /ν1 are shown in Fig. 3. The analytically computed lowest
two modes for the critical length ratio (ν3 /ν1 ) = 1.3266 are
shown in Fig. 4. In the first mode, the bottom beams undergo
only a small transverse vibration as compared to the upper
beam. However, in the second mode, only the two lower beams
undergo transverse deflection, and the transverse displacement
of the upper beam is zero. In this second mode, the upper beam
only has axial or rigid body motion in absolute coordinates.
Due to the nature of these T-beam modes, note that the only
way that the upper beam will undergo transverse deflection
is when the response of the structure has some contribution
from the first mode. If the structure is excited near the second mode frequency, this can happen only when energy is
transferred from the second mode to the first mode through
1 : 2 internal resonance. This linear spatial decoupling between
the two modes is a very important characteristic of the T-shaped
microresonator as the second mode actuation using electrode 1

Fig. 3. First four natural frequencies, represented by fi = (ωi /2π), of the
T-beam structure as a function of the length ratio (L3 /L1 ) or (ν3 /ν1 ).
T-beam structure parameters are given as follows: no rigid masses (Rc = γc =
Rt = γt = 0); equal mass per unit lengths (r1 = r2 = r3 ); equal flexural
rigidities (α1 = α2 = α3 ); and equal lengths of the bottom beams (ν1 = ν2 ).
(Solid line) Analytically computed frequencies. (∗) Frequencies computed
using the ANSYS FEM model of the structure. ω2 = 2ω1 at (ν3 /ν1 ) =
1.3266.

Fig. 4. First two modes of the T-beam structure when the length ratio
(L3 /L1 ) or (ν3 /ν1 ) is equal to 1.3266. Other parameters for this T-beam
structure are given as follows: no rigid masses (Rc = γc = Rt = γt = 0);
equal mass per unit lengths (r1 = r2 = r3 ); equal flexural rigidities (α1 =
α2 = α3 ); and equal lengths of the bottom beams (ν1 = ν2 ). (a) First mode.
(b) Second mode.

will result in no capacitive current at electrode 2, unless the
energy gets transferred from the second mode to the first mode
due to nonlinear modal interactions through internal resonance.
VI. N ONLINEAR R ESPONSE U NDER
R ESONANT E XCITATION
To study the nonlinear response of the T-beam structure,
modal expansion is now used to develop a reduced-order model
of the resonator, and the analytical mode shapes determined
above are used in this expansion. Since the modes not excited
directly by external resonance or indirectly through internal
resonance are expected to decay due to the presence of damping [19], [26], the long-term behavior (including steady-state
response) can be studied by retaining the two directly and
indirectly excited modes in modal expansion. Thus, for the ith
beam displacement, we can write
v̂i = (A1 φ1i + A2 φ2i ),
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where Ai are functions of time, and φ1i and φ2i are the ith beam
spatial functions in the first and second modes, respectively.
Substituting this modal expansion for beam displacements in
the system Lagrangian in (15) and spatially averaging it over
the domain, the following averaged Lagrangian [19], [24] is
obtained:

T-resonator structure obtained using the Lagrangian are given
as follows:
2W11 A10 + 2W12 A20 +

⎞
⎛
1 
2

i 2−j j ⎠
+⎝
Qij A1−i
1 A2 Ȧ1 Ȧ2

=

 4



i
Ki A4−i
1 A2

i=0

+ (F01 + F11 cos Ω̄1 τ + F21 cos 2Ω̄1 τ )
⎛

⎞

×⎝

⎠
fij Ai+1−j
Ai−1
2
1

n+1
i+1

i=0 j=1

⎛

n+1
i+1


+ F02 ⎝

⎞
⎠.
hij Ai+1−j
Ai−1
2
1

i−1
iKi A4−i
10 A20

n 
i+1


(i − 1)Ai+1−j
Ai−2
20 (F01 fij + F02 hij ) (31)
10

i=1 j=2

i=0 j=0

− 2W12 A1 A2 −

4

i=1

⎛
⎞
2 
2

i 2−j j ⎠
+⎝
Θij A2−i
1 A2 Ȧ1 Ȧ2

−

i−1
(i + 1 − j)Ai−j
10 A20 (F01 fij + F02 hij )

2W22 A20 + 2W12 A10 +

i=0 j=0

−

n 
i

i=1 j=1

L̂ = Γ11 Ȧ21 + Γ22 Ȧ22 + 2Γ12 Ȧ1 Ȧ2

W22 A22

i
(4 − i)Ki A3−i
10 A20

i=0

=

W11 A21

3


(30)

i=0 j=1

where A10 and A20 are the static equilibrium modal amplitudes.
The equations in (31) comprise a set of two coupled nonlinear
equations for the deflection amplitudes A10 and A20 and can
be used to obtain static pull-in voltages [28], [31]. The static
pull-in voltage results predicted for a typical T-resonator will be
presented in the next section. These will be important to assure
that the bias voltages utilized for the operation of the resonator
remain sufficiently small compared to the pull-in voltages.
In the resonant mode of operation for the T-beam structure,
we set the bias voltages much lower than the pull-in voltages.
As a result, the static deflections can be approximated by
assuming a power series solution in terms of the powers of bias
voltages F01 and F02 , and thus, we get
Ai0 = μi0 + μi1 F01 + μi2 F02 +

5


5−j j−3
μij F01
F02 + h.o.t.,

j=3

i = 1, 2
Note that the above averaged Lagrangian is only time dependent
and depends on two degrees of freedom defined by the modal
amplitudes of the two interacting given modes. The parameters
Γ11 , Γ22 , Γ12 , W11 , W22 , and W12 are the coefficients of
quadratic terms due to the structural part of energy, Qij s (with
i = 0, 1 and j = 0, 1, 2) are the coefficients of inertial cubic
nonlinearities, Θij s (with i = 0, 1, 2 and j = 0, 1, 2) are the
coefficients of inertial quartic nonlinearities, and Ki s (with
i = 0, 1, 2, 3, 4) are the coefficients of stretching and curvature
quartic nonlinearities. Actuation nonlinearities up to an arbitrary order n are retained in the Lagrangian. Higher order terms
in electrostatic potential are relevant mainly for estimating
the static equilibrium position of the structure under applied
bias voltages and for estimating the static pull-in voltage.
The expressions for Γij , Wij , Qij , Θij , Ki , fij , and hij in
terms of the modal functions are given in the Appendix. Also
note that the mode shapes for a nominal design are scaled
such that Γ11 = Γ22 = 1/2. Finally, recall that F01 and F02
represent electrostatic bias voltages, and Fij , i = 1, 2, represent
the harmonic components of excitation.

(32)

where h.o.t. stands for higher order terms, and μij are the power
series coefficients. Balancing the zeroth-order powers of F01
and F02 in equilibrium equations gives nonlinear equations
for coefficients μ10 and μ20 , with μ10 = μ20 = 0 as one of
the possible solutions. Assuming the beams to be without
any initial curvature, it is natural to set μ10 = μ20 = 0. The
coefficients μ11 and μ21 in the power series are obtained by
balancing the first-order powers of F01 and F02 , and these are
1
2 )
4 (W11 W22 −W12
×[2W22 f11 −2W12 f12 ,−2W12 f11 +2W11 f12 ]T
1
[μ12 , μ22 ]T =
2 )
4 (W11 W22 −W12
×[2W22 h11 −W11 h12 ,−2W12 h11 +2W11 h12 ]T .
(33)
[μ11 , μ21 ]T =

Similarly, higher order terms in the expansions in (32) can be
evaluated easily. For our nonlinear analysis near resonances
with small bias voltages (much less than pull-in voltages), linear
approximations of static deflections will be seen to be sufficient.

A. Static Equilibrium Equations
Electrostatic forces due to bias voltages result in deflecting
the beams from the zero (or undeformed) equilibrium position.
The equations governing static equilibrium deflection of a

B. Scalings and Equations of Motion
In the resonator mode of operation, the total response comprises of the static deflection and an oscillatory motion about
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the static equilibrium. Further, in the nonlinear analysis, we
are interested in studying the response of the resonator for
small but finite amplitude oscillations. As a result, we assume
the following scaled form of modal amplitudes and actuation
forces:
Ai = Ai0 + ai (τ )

F0i = F̂0i

Fj1 = 2 F̂j1

(34)

where i = 1, 2, j = 1, 2, and  is a nondimensional scaling
parameter with 0 <   1. Here, a1 and a2 are the timedependent oscillatory components of modal amplitudes A1 and
A2 , respectively. The scaling for actuation forces implies that
the nonlinear analysis is for the case of weak excitation. The
static actuation force parameters F0j are scaled to make explicit
the assumption that the bias voltages are much lower than
the pull-in voltages, and thus, the static deflection amplitudes,
denoted by Ai0 , are also small. In addition, the scaling  also
serves as an ordering parameter in the equations of motion.
The resonator’s dimensions and properties can be different
from the designed (nominal) microresonator due to many reasons, e.g., fabrication uncertainties, addition of a mass particle,
or an increase in temperature during or after fabrication. These
small perturbations in beam lengths, residual stresses, and tip
masses from the corresponding nominal parameters are now
included in the resonator model through deviations from their
nominal values. We have
ν3 = ν30 (1 + σL3 ) ν2 = ν20 (1 + σL2 )
Rt = Rt0 + R̂t
ST = ST 0 + ŜT .
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The scaled damping is related to the ith mode modal damping ζi by
ζi = ζ̂i ,

i = 1, 2.

(37)

The scaling of damping coefficients implies that the system is
assumed to be lightly damped. The natural frequencies ωi s for
the two-mode model are
ωi2


Wii 
=
,
Γii =0

i = 1, 2

(38)

where the parameters Wii and Γii are already defined in
averaged Lagrangian in (30). Note that the modal amplitude
equations are uncoupled at the zeroth-order because exact mode
shapes of the nominal structure have been used in modal
expansion.
To first order (in ), only the parameters η11 and η22 affect
the natural frequencies, and these parameters are given by
η11 =

1 
S11 σL3 + S12 σL2 + S13 R̂t
Γ11
+ S14 ŜT − ω12 (Q00 Ā10 + Q10 Ā20 )
 
− (f21 F̂01 + h21 F̂02 ) 
=0

(35)

Here, σL3 and σL2 represent perturbations in beam 2 and 3
length fractions, respectively, from the corresponding nominal
length fractions. The nominal parameters are indicated by the
subscript “0” in the above representation. R̂t denotes perturbation due to addition of a small mass at the tip of beam 3. ŜT
accounts for variation in the residual stress from the nominal
residual stress.

η22 =

1 
S21 σL3 + S22 σL2 + S23 R̂t
Γ22

+ S24 ŜT − ω22 (Q02 Ā10 + Q12 Ā20 )
 
(39)
− (f23 F̂01 + h23 F̂02 ) 
=0

where

C. Equations of Motion for the Two-Mode Model

Āi0 = μi1 F̂01 + μi2 F̂02

Substituting the scaled modal amplitudes, actuation forces,
and perturbed system parameters in the system Lagrangian in
(30) and using the definitions of Lagrange’s equations, the
following equations of motion are obtained:

äi +ωi2 ai + 2ζ̂i ωi ȧi +ηi1 a1 +ηi2 a2 +ηi3 a21 +ηi4 a22

+ ηi5 a1 a2 +ηi6 ȧ21 +ηi7 ȧ22 +ηi8 ȧ1 ȧ2


1
=
f1i (F̂11 cos(Ω̄1 τ )+ F̂21 cos(2Ω̄1 τ ) +O(2 )
2Γii |=0
(36)

Si1 =

−ωi2

∂ 2 Wii
∂ 2 Γii
+
∂σL3 ∂ ∂σL3 ∂

Si2 =

−ωi2

∂ 2 Γii
∂ 2 Wii
+
∂σL2 ∂ ∂σL2 ∂

where i = 1, 2. In these equations, terms of O(2 ) and higher
are not explicitly depicted as they will not contribute to the
first-order asymptotic approximation of nonlinear response. In
addition, the accelerations äi s in the nonlinear terms on the
right-hand side are approximated by −ωi2 ai s. Note further that
in these equations, viscous damping has been introduced, with
ζ̂i being the scaled modal damping coefficient for the ith mode.

Si4 =

=0


∂ Γii
∂ Wii 
−ωi2
+
∂ R̂t ∂ ∂ R̂t ∂ =0

2
∂ 2 Wii 
2 ∂ Γii
−ωi
,
+
∂ Ŝt ∂ ∂ Ŝt ∂ =0
2

Si3 =





=0





2

i = 1, 2.

(40)

The effect of variations in the system parameters on the
ith mode’s natural frequency is captured by the sensitivities Sij ,
i = 1, 2, j = 1, 2, 3, 4, defined above. The rest of the parameters in (36) are given explicitly in the Appendix. Note that
the coefficients ηii depend linearly on the bias voltages F̂01
and F̂02 . Thus, for small bias voltages, the squares of natural
frequencies of oscillation around a static equilibrium change
linearly with bias voltages.
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D. Resonance Condition
We consider the case of resonant excitation of the second
mode. The second mode can be resonantly excited when the
frequency of the ac voltage at electrode 1 is near the linear
natural frequency of the second mode. Further, the resonator
dimensions have to be chosen such that the natural frequencies
of the first and second (in-plane) resonator modes are in a
1 : 2 ratio. The first- and second-mode internal resonance and
the resonant actuation of the second mode are made explicit by
the requirements described as follows:
Ω̄1 = ω10 (1 + σR2 )
ω20 = 2ω10 (1 + σin ).

(41)

Here, σin is a detuning between the first and second natural
frequencies of the nominal system, denoted by subscript “0,”
from perfect 1 : 2 internal resonance, and σR2 is the external
detuning from perfect resonant excitation for the second mode.
E. Averaged Equations
The two-mode reduced-order model in (36) is nonlinear and
nonautonomous. Method of averaging can be used to approximate its periodic solutions. In this method, a set of autonomous
amplitude equations is obtained, which can then be studied for
equilibrium solutions and their stability. We first use the method
of variation of parameters to transform the equations of motion
as follows:
Ω̄1
Ω̄1
τ +qi sin i τ
2
2
Ω̄1
Ω̄1
−pi sin i τ +qi cos i τ ,
2
2

slowly varying functions of time and are asymptotic approximations to modal amplitudes a1 and a2 , respectively. The variables
σ̄R2 and σ̄in are introduced to keep equations concise and to
denote effective external and internal mistunings, respectively,
in the presence of variations in system parameters. The two
natural frequencies of the mistuned system are related through
the effective internal mistuning as follows:
ω2 = 2ω1 (1 + σ̄in ).

Thus, the first and second natural frequencies of the perturbed
system are in perfect internal resonance when the effective
internal mistuning σ̄in is zero. Similarly, when the modified external mistuning σ̄R2 is zero, the second mode of the perturbed
system is in perfect external resonance [to O()].
The averaged equations in (43) are sometimes represented
in polar coordinates in terms of amplitudes Bi and phases θi .
Assuming that pi = Bi sin θi , qi = Bi cos θi , i = 1, 2, the
equations in (43) are transformed to the polar form as follows:
⎧
⎫
Ḃ
⎪
⎨ 1˙⎪
⎬
B1 θ1
⎪Ḃ2 ⎪
⎩
⎭
B2 θ˙2
⎧
⎫
−ω1 ζ̂1 B1 − ω1 Λ1 B1 B2 cos(2θ1 − θ2 )
⎪
⎪
⎪
⎪
⎪
⎪
⎨−ω1 (σ̄R2 + σ̄in )B1 +ω1 Λ1 B1 B2 sin(2θ1 − θ2 )
⎬
.
=  −ω ζ̂ B + ω1 Λ B 2 cos(2θ −θ )+ f12 F̂11 cos θ
2 2 2
2 1
1
2
2 ⎪
⎪
4
4Γ22 Ω̄1
⎪
⎪
⎪
⎪
⎩
⎭
f12 F̂11
−ω2 σ̄R2 B2 + ω41 Λ2 B12 sin(2θ1 −θ2 )− 4Γ
sin θ2
22 Ω̄1
(46)

ai = pi cos i
ȧi = i

Ω̄1
2

i = 1, 2.

(42)

In this transformation, the variables (pi , qi ) are functions of
time. This transformation along with the resonance conditions
in (41), when substituted in (36), provide a system of equations
that is called in “standard form” [19], [32] for applying the
method of averaging. The standard form is then averaged over
the fast period to obtain slow-time equations for the variables
(pi , qi ). The resulting first-order amplitude equations are given
as follows:
⎫
⎧
⎧ ⎫ ⎪−ω1 ζ̂1 p1 −ω1 (σ̄R2 + σ̄in )q1 +ω1 Λ1 (p1 q2 −q1 p2 )⎪
ṗ
⎪
⎪
1
⎪
⎬
⎨ ⎪
⎬ ⎪
⎨−ω ζ̂ q +ω (σ̄ + σ̄ )p −ω Λ (p p +q q )⎪
1 1 1
1 R2
in 1
1 1 1 2
1 2
q̇1
=
ω1
−ω2 ζ̂2 p2 −ω2 σ̄R2 q2 + 2 Λ2 p1 q1
⎪
⎪
⎩ṗ2 ⎪
⎭ ⎪
⎪
⎪
⎪
 2 2  f12 F̂11 ⎪
⎭
⎩
ω1
q̇2
−ω2 ζ̂2 q2 +ω2 σ̄R2 p2 + 4 Λ2 q1 −p1 + 4Γ22 Ω̄1
(43)
where
σ̄R2 =
Λj =

η22
η22
η11
−
σ̄in = σin +
2ω22
2ω22
2ω12
Q10
− Q01 |=0 ,
j = 1, 2.
(44)
2

σR2 −
1
2Γjj

(45)

Note that the  term appearing on the right-hand side of the averaged system can be absorbed by defining a slow time scale τ .
Thus, as expected, the parameters (p1 , q1 ) and (p2 , q2 ) are

Equations in the form of the averaged equations in (43) and
(46), including their equilibrium solutions and stability, have
been studied in detail by many researchers (see [19, Ch. 2]
for a quick overview). Note that a semitrivial steady-state
equilibrium solution with a trivial (or zero) first-mode amplitude B1 and some nonzero second-mode amplitude B2 is a
characteristic response of these equations. It is also possible
to find solutions in which both B1 and B2 are nonzero. Such
a coupled-mode response is shown to arise through a pitchfork
bifurcation from the semitrivial second-mode solution when the
excitation strength is increased above a threshold value. This
threshold or critical value depends on other system parameters.
A period-doubling route to chaos has also been observed in
these systems for some parameter combinations in a lightly
damped system [19], [23].
A stability analysis of semitrivial equilibrium solution [p1 =
q1 = 0, and (p2 , q2 ) = 0] for T-resonator averaged system provides an estimate of required threshold electrostatic force above
which both the modes participate in resonator response. The
resulting nondimensional electrostatic threshold force F̂11 is
described as follows:



¯ 1 Γ22 |=0 ω2 
4Ω
2 + ζ̂ 2 .
(σ̄R2 + σ̄in )2 + ζ̂12 σ̄R2
(F̂11 )th =
2
f12
Λ1
(47)
This relation shows the dependence of threshold voltage on
the mistuning between the two modes and on the dissipation
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in the two modes. If the two modes are perfectly tuned (i.e.,
σ̄in = 0) and the system has no damping, the threshold voltage
required for coupled response is zero.
It can be shown using elementary calculus that the modified
external mistuning σ̄R2 (and thereby, the excitation frequency)
for which the threshold is minimum is given by
σ̄R2  −

ζ̂22
ζ̂12

+

ζ̂22

 2
.
σ̄in + O σ̄in

(48)

We now have all model equations at our disposal to study the
various aspects of model predictions and T-resonator response.
VII. T-R ESONATOR R ESPONSE : N UMERICAL R ESULTS
The general formulation in the preceding nonlinear analysis
allows for studying T-resonator response with tip and central
masses, temperature variations and prestresses, asymmetry due
to unequal lengths of beams 1 and 2, and beams with different
flexural rigidities. For a given design, the natural frequencies,
mode shapes, and the parameters in the averaged system can be
exactly calculated. Here, we consider a specific case and revisit
the T-resonator design considered in the linear analysis, with no
rigid masses, zero thermal prestress, and no asymmetry (equal
“bottom” beam lengths) and with all three beam segments having the same cross section and material properties. The effects
of concentrated masses, asymmetries, variations in length from
nominal values, and thermal stresses are presented as perturbations to the nominal system. We use beam 1 parameters for
nondimensionalization. Using linear analysis results, the length
ratio of the “upper” beam is set to ν3 = 1.3266 to achieve a
1 : 2 internal resonance condition. In this nominal design, all
three electrode gaps are assumed to be equal (i.e., g1 = g2 =
g3 ) and the electrode spans are set to be ¯l1 = ¯l2 = ¯l3 = 2/3.
The parameters in an averaged equation for this nominal
design are
ω1 = 1.699

ω2 = 3.398

Γ11 = 0.5
Λ1 = 0.7858

Γ22 = 0.5
Λ2 = 0.7858

S11 = −4.5586
S13 = −5.361

S12 = −0.6074
S14 = −0.01356

S21 = −3.6708
S23 = −3.6708
μ11 = 0

S22 = −9.7137
S24 = −0.5773
μ12 = −0.3006/g1

μ21 = −0.057/g1
Q00 = 0

μ22 = 0
Q10 = −0.0224

Q02 = 0
f21 = 0.0018/g12

Q12 = 0
h21 = 0.9844/g12

f23 = 0.3591/g12
h11 = −0.8677/g1

h23 = 0
h12 = 0 f12 = −0.6588/g1 .

σin = 0.0001

(49)

Note that the nondimensional frequencies, sensitivities, and
nonlinear coupling coefficients are independent of physical
dimensions and material properties. Sij s are the sensitivity

753

coefficients for the ith mode’s natural frequency to variations
in system parameters, as defined in (40). The electrostatic negative spring affect is captured by the coefficients (f21 , f23 ) for
electrode 1 and (h21 , h23 ) for electrode 2. Since h23 = 0, the
second mode’s natural frequency remains unaffected by the bias
voltage at the “upper” electrode (electrode 2). The parameters
(h11 , h12 ) and (f12 ) determine the strength of electrostatic
actuation in a particular mode. The nondimensional forces F̂11
and F̂12 are determined using (8) for the specified physical
dimensions of the T-resonator structure. Thus, as expected, the
strength of electrostatic actuation in comparison to structural
elastic energy is dependent on the actual length scale.
A. Approximate Nondimensional Pull-In Force
The nondimensional quantities specified so far are independent of the dimensions of the device. However, structural
cubic nonlinearities in the equations governing pull-in voltages,
i.e., (31) and the definition of cubic terms in the Appendix,
depend on the ratio of beam thickness to length (parameters
κi , i = 1, 2, 3). The intent in this section is to provide simple
analytical formulas for pull-in voltages that are valid for any
nominal T-resonator design and, as a result, consider static
equilibrium equations [see (31)] with only linear structural
terms in deriving formulas here. The effect of cubic stretching
and curvature nonlinearities will be included in calculating
the pull-in voltages when the response of a T-resonator with
a specific dimension is considered. However, in general, it
can be expected that the pull-in voltages will be higher when
stretching nonlinearities are included. Thus, the formulas here
will provide a lower estimate of pull-in voltages.
The pull-in voltages are obtained for each electrode individually; for example, when considering the pull-in voltage for
electrode 1, only the bias voltage on electrode 1 is assumed.
Note that when the bias voltage is applied on electrode 1,
the first mode does not participate in the response. When the
voltage is applied on electrode 2, the modal participation of the
second mode can be assumed to be very small as the “bottom”
beams deflect symmetrically in the second mode while the
response caused by the force of electrode 2 is asymmetric.
Thus, the participation of the second mode is neglected in
calculating the pull-in voltage for electrode 2.
Fig. 5(a) and (b) shows the static deflections A10 /g1 and
A20 /g3 as functions of electrostatic voltages represented by
nondimensional ratios F01 /g12 and F02 /g32 , respectively. Since
the equilibrium equations are nonlinear, these plots show multiple equilibrium deflections for some electrostatic forces. Physically, when the electrostatic forces are small and are slowly
increased starting from zero, the deflections follow the upper
branch close to zero equilibrium. The pull-in forces can be
obtained from the plots by identifying the ratio at which the two
solution branches merge or the slope of the solution curve is ∞.
The pull-in nondimensional forces thus obtained by considering
linear stiffness and up to tenth-order electrostatic terms (to
achieve convergence) are
F01
= 4.58
g12

F02
= 0.41.
g32
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Fig. 5. Nondimensional deflections for the T-resonator structure as a function
of electrostatic forces. (a) Ratio of the maximum “upper” beam deflection to
the “upper” electrode gap as a function of “upper” electrode force. (b) Ratio
of the maximum “bottom” beam deflection to the “bottom” electrode gap as a
function of “bottom” electrode force.

B. Periodic Response of a T-Resonator
Now, we present periodic response results for the nominal
T-resonator. We assume both electrode gaps d1 and d3 to be
2 μm. The “upper” beam length L3 is set to 133 μm for
nominal design. Note that this deviates from the ideal length
ratio of L3 = 1.3266L1 and, thus, acknowledges fabrication
uncertainties. The resonator is consequently slightly mistuned
from 1 : 2 internal resonance, and the mistuning is determined
by the sensitivities S11 and S21 [see (40)] associated with the
“upper” beam length mistuning σL3 . The resulting decrease in
the first and second natural frequencies due to the presence
of this length mistuning are 0.08% and 0.40%, respectively.
The effective internal mistuning from 1 : 2 internal resonance
[see (45)] for the nominal design with zero bias voltages is
σ̄in = 0.0033 (or 0.33%).
Bias voltages are first set such that the effective internal
mistuning from 1 : 2 internal resonance reduces to zero. Further,
the bias voltages must be much smaller than the pull-in voltages
to avoid static or dynamic pull-in instability [27], [33]. Using
the results in (50), we get Vb1 = 177 V and Vb2 = 53 V for
the electrodes 1 and 2 pull-in voltages, respectively. Pull-in
voltages when calculated specifically for this resonator dimensions and properties using a model that includes up to cubic
stiffness terms (as compared to only linear stiffness terms) are
Vb1 = 182 V and Vb2 = 53 V. Thus, the electrode 1 pull-in
voltage shows a small increase when cubic stiffness terms
are included; however, the electrode 2 pull-in voltage remains
essentially unchanged. Note that for electrode 1 pull-in, cubic
nonlinearities are due to the stretching of the midplane, which
are significant even for small deflections; for electrode 2 pull-in,
however, the cubic nonlinearities are due to the curvature of the
beam deflection, which become significant only at much larger
beam deflections. The static deflection of the T-structure with

the bias voltage on electrode 1 is essentially that of a fixed–fixed
beam with a distributed load. Thus, the pull-in voltage obtained
in this study for electrode 1 is compared to the pull-in voltage
obtained by using the formulas by Pamidighantam et al. [27]
for fixed–fixed beams. Note that in [27], the approximate
formulas developed for pull-in voltages were verified to be in
very good agreement with simulation results from the finiteelement MEMS software CoventorWare. In using the formulas,
the effective stiffness of the structure is calculated for the
electrode length used in this paper, and the maximum deflection
of the beam—needed for calculating stiffening effect due to
beam deflection—is assumed to be one-third of the electrode
gap, which is the first-order approximation for pull-in voltage
deflection. The effective width of the beam is adjusted for fringe
voltage effects. The pull-in voltage thus obtained for electrode 1
from the formulas in [27] is 165 V. However, when the fringe
field effect is not included and the effective width is assumed
to be the same as the width of the beam, the resulting pull-in
voltage is 178 V. We also note that the pull-in voltage (without
fringe effects) varies from 176 to 182 V when the assumed
maximum deflection to the electrode gap ratio is varied from 0.2
to 0.5, respectively. These results are in very good agreement
with the pull-in voltages obtained in this study for electrode 1.
The effective internal mistuning, as defined in (45), decreases
(increases) as the bias voltage at electrode 1 (2) increases. We
set the bias voltages to Vb1 = 32 V and Vb2 = 5 V, which
results in a decrease in the internal mistuning of the resonator
from 0.33% (with no bias voltages) to less than 0.004%.
We assume a quality factor Q = 5000 (ζ1 = ζ2 = 0.001) for
each of the two modes, which is a reasonable assumption for
microresonators operating in vacuum [34]. Nondimensional
scaling parameter  is set to 1 for the results in this section. The
equilibrium solutions of averaged system in (43) are obtained
through the bifurcation and continuation software AUTO [35]
and are shown in Fig. 6(a) and (b). Fig. 6(a) shows the transverse displacement of the “upper” beam tip as a function of the
actuation signal frequency for different values of the ac voltage
Vac . Fig. 6(b) shows the corresponding transverse displacement
of beams at the junction of the three beams.
As already indicated earlier, there are two types of solutions.
The semitrivial solution is the one in which B1 is zero and B2
is nonzero. Thus, this solution is the resonant response of the
second mode and exists for all applied voltages Vb1 Vac = 0 over
the entire frequency interval with a peak near 396.75 kHz. In
this response, the upper beam has no transverse displacement,
and only the bottom beams move, as shown in Fig. 6(b). The
second type of solutions are those in which both B1 (or a1 ) and
B2 (or a2 ) are nonzero. This solution branch arises through a
pitchfork bifurcation instability of the semitrivial branch only
when Vac is taken such that the threshold voltage is exceeded.
The threshold voltage for this resonator, using (47), is Vb1 Vac =
0.08 V2 . Thus, when the applied ac voltage exceeds the threshold, the response of “bottom” beams (the semitrivial response
of the resonator) becomes unstable [indicated by the dotted
lines in Fig. 6(b)] and a new stable coupled-mode response
arises due to a pitchfork bifurcation, as visible in Fig. 6(a)
for the “upper” beam response. Note that in this nonlinear
interaction between the two flexural modes, the first mode

Authorized licensed use limited to: Purdue University. Downloaded on June 29, 2009 at 12:23 from IEEE Xplore. Restrictions apply.

VYAS et al.: MICRORESONATOR DESIGN BASED ON NONLINEAR 1 : 2 INTERNAL RESONANCE

Fig. 6. Response of a T-resonator when excited resonantly in the second
mode as a function of input frequency for different ac voltages (Vb1 Vac in
square volts, with Vb1 = 32 V). The response is obtained through averaged
equations. (a) “Upper” beam’s tip response. (b) “Bottom” beams’ transverse
displacement at the junction. Parameters for the microresonator are given as
follows: L1 = L2 = 100 μm; L3 = 133 μm; t1 = t2 = t3 = 3 μm; b1 =
b2 = b3 = 5 μm; d1 = d3 = 2 μm; Vb2 = 5 V; ζ1 = ζ2 = 0.0001; E1 =
169 GPa; and ρ = 2330 kg/m3 . Solid lines represent stable responses, and
dotted lines represent unstable responses.

causes the “upper” beam to oscillate with nonzero transverse
displacement at half the input frequency [see (42)]. In addition,
the directly excited second mode has its amplitude drastically
reduced in this coupled mode as compared to the case when the
motion is in a semitrivial solution branch. Thus, the “upper”
beam response v3 is nonzero only over a small frequency
interval around the directly excited resonant frequency.
The frequency bandwidth over which the first mode response
exists depends on the actual voltage Vb1 Vac above the threshold
voltage. Therefore, although the coupled-mode response starts
to exist for a very small threshold voltage, for a practical range
of frequencies, the actual voltage must be much higher than
the threshold voltage. Furthermore, observe that the frequency
bandwidth over which the “upper” beam responds can be
adjusted by changing the ac voltage level, even if the maximum
ac voltage is limited by possibility of dynamic pull-in [33].
The periodic solutions of the two-mode model equations
of motion [see (36)] that include cubic structural nonlinearities and up to fifth-order electrostatic actuation nonlinearities
with ac voltage Vac = 1.2/Vb1 are computed numerically using
the software AUTO, and the results obtained by this higher
order (and fidelity) nonlinear model are shown in Fig. 7(a)
and (b). Here, we take advantage of the fact that the timedependent model can be appropriately formulated in AUTO
to numerically find its periodic solutions, as opposed to the
equilibrium solutions of the averaged system, which can be
obtained analytically. The approximate response obtained using
averaged system is also shown in the same figure. In the
response of “bottom” beam shown in Fig. 7(b), the hardening
nonlinearity due to stretching is clearly visible; however, the
nonlinearities have little effect on the response arising due to
modal interaction between the two modes. Note that the stable
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Fig. 7. Microresonator response as a function of input frequency for ac
voltage Vac = 1.2/Vb1 V. Lines with marker “∗” denote periodic solutions constructed through AUTO using the two-mode model that includes
cubic structural and up to fifth-order actuation nonlinearities. Lines with no
marker denote averaged system predictions. (a) “Upper” beam’s tip response.
(b) “Bottom” beams’ transverse displacement at the junction. Parameters of
the microresonator are given as follows: L1 = L2 = 100 μm; L3 = 133 μm;
t1 = t2 = t3 = 3 μm; b1 = b2 = b3 = 5 μm; d1 = d3 = 2 μm; Vb1 =
32 V; Vb2 = 5 V; ζ1 = ζ2 = 0.0001; E1 = 169 GPa; and ρ = 2330 kg/m3 .
Solid lines represent stable responses, and dotted lines represent unstable
responses.

response amplitude of “bottom” beam is much smaller than the
unstable response, which represents the response of the mode
in the absence of modal interaction. Fig. 7(a) shows that the
averaged system response for the “upper” beam using only up to
quadratic nonlinearities matches very well with the model that
includes higher order nonlinearities. Furthermore, averaging
provides a very good approximation of the response exhibited
by the two-mode model.
C. Effect of Damping
The threshold actuation level [see (47)] required to indirectly
excite the “upper” beam is strongly dependent on system damping and mistunings. The effects of damping in general on a twodegree-of-freedom autoparametric system are detailed in [19]
and [23]. Interestingly, the emergence of Hopf bifurcation in
an autoparametric system is also strongly dependent on internal
mistuning and modal dampings. For a given excitation level,
a decrease in damping in the two modes accompanied with
mistuning from exact 1 : 2 internal resonance can result in a
Hopf bifurcation followed by a period-doubling bifurcation
route to chaos for certain parameter combinations [23].
In Fig. 8, the resonator response is shown for modes with
lower quality factors, i.e., Q = 500. The quality factor of Q =
500 corresponds to modal dampings ζ1 = ζ2 = 0.001. The bias
voltages and other parameters, except for damping, remain
unchanged from the parameters used for Fig. 6. A tenfold
increase in damping results in an increase in the threshold
actuation by a hundred times to Vb1 Vac = 8 (V)2 . Thus, as the
damping increases, the minimum voltage required to indirectly
excite the “upper” beam increases considerably. Note, however,

Authorized licensed use limited to: Purdue University. Downloaded on June 29, 2009 at 12:23 from IEEE Xplore. Restrictions apply.

756

JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 18, NO. 3, JUNE 2009

Fig. 8. Response of the T-resonator for increased dampings ζ1 = ζ2 = 0.001
as a function of input frequency for different actuation voltages Vac (in volts).
(a) “Upper” beam’s tip response. (b) “Bottom” beams’ transverse displacement at the junction. Parameters of the microresonator are given as follows:
L1 = L2 = 100 μm; L3 = 133 μm; t1 = t2 = t3 = 3 μm; b1 = b2 =
b3 = 5 μm; d1 = d3 = 2 μm; Vb1 = 32 V; Vb2 = 5 V; E1 = 169 GPa;
and ρ = 2330 kg/m3 . Solid lines represent stable responses, and dotted lines
represent unstable responses.

that when excited, the upper beam’s response is nearly constant
over the whole interval of existence. Thus, the response output
of the upper beam is very sensitive to changes in excitation
frequency as well as minimum voltages applied to the actuating
electrode.
Now that we have described the basic operation of the
T-resonator, we present the effects of adding mass and changes
in the dimensions of the beams forming the resonator.
D. Effects of Adding a Tip Mass
A mass particle when placed on the “upper” beam tip
changes the natural frequencies and internal mistuning of the
interacting modes, as predicted by (39), (44), and (45). The
change in internal mistuning is directly proportional to the mass
ratio Rt , and thus, the resonator will be tuned toward or away
from 1 : 2 internal resonance by the addition of a tip mass. Also
note that for a given tip mass, the change in natural frequencies
and internal mistuning will be larger for a smaller structure due
to a bigger mass ratio Rt .
Measurement of resonance frequency shift on addition of a
mass particle is the basis of many MEMS mass sensors. Detection up to subattogram mass measurements has been reported
using a resonantly excited nanosized cantilever structure [36],
[37]. In the microresonator regime, with structure thickness,
width, and length in micrometers, subpicogram measurements
have been reported [3], [20].
Fig. 9 illustrates the effect of adding a picogram mass on
the “upper” beam tip in a typical T-resonator. We assume a
quality factor of 5000 for each of the modes. Except for the
ac voltage and the added mass, all other parameters are the same
as for Fig. 6. Response curves are shown for the following three
different ac voltages: 1) without any tip mass, and Vac = 6 mV;
2) with a tip mass of 1 pg, and Vac = 6 mV; and 3) with a
tip mass of 1 pg, and Vac = 11 mV. The “upper” beam tip
oscillation amplitude is ∼ 0.08 μm at half the input frequency
for case 1), i.e., when there is no tip mass. When a tip mass
of 1 pg is placed on the upper beam [case 2)], the two modes

Fig. 9. Response of the T-resonator as a function input frequency for
(i) zero added mass and ac voltage Vac = 6 mV, (ii) an added mass of 1 pg
at the “upper” beam tip, with Vac = 6 mV, and (iii) an added mass of 1 pg
at the “upper” beam tip, with Vac = 11 mV. Parameters of the microresonator
are given as follows: L1 = L2 = 100 μm; L3 = 133 μm; t1 = t2 = t3 =
3 μm; b1 = b2 = b3 = 5 μm; d1 = d3 = 2 μm; Vb1 = 32 V; Vb2 = 5 V;
ζ1 = ζ2 = 0.0001; E1 = 169 GPa; and ρ = 2330 kg/m3 . Solid lines represent stable response, and dotted lines represent unstable response.

are sufficiently mistuned away so that the first mode is not
excited. Thus, the “upper” beam oscillation amplitude goes
down to zero. Increasing the voltage to Vac = 11 mV [case 3)]
resets the maximum tip amplitude of the “upper” beam to
∼ 0.08 μm. Thus, not only is there a frequency shift, but the
nonlinearly excited response of the “upper” beam is also so
sensitive to mass perturbation that it can switch from nonzero
to zero due to the addition of a small mass. This response can,
again, be restored with an increase in the ac voltage. Thus, a
shift in the ac voltage level instead of the resonance frequency is
another possible measure that can be used for mass sensing with
the nonlinear T-resonator. These results suggest that there is
promise in working toward possible application for T-resonator
as a mass sensor and is a topic of further research.
E. Effect of Length Mistuning
The effect of changing the “upper” beam’s length on natural
frequencies is captured by sensitivities Si1 , with i = 1, 2, for
length change ratio σL3 in (39), (44), and (45). The effective
internal mistuning, as defined in (45), is increased by increasing
the length of “upper” beam and vice versa. Thus, the effect
of the “upper” beam length change is similar to the effect of
adding a tip mass at the “upper” beam.
When the two “bottom” beams have unequal lengths, the
result is a nonzero mistuning σL2 , as defined in (35). The
sensitivities Si2 , i = 1, 2, in (49) for the mistuning σL2 were
obtained using the mode shapes of the symmetric nominal system. We note that a resonator structure with unequal “bottom”
beam lengths is no longer symmetric, and thus, the “upper”
beam has a nonzero displacement component in the second
mode of the T-resonator. For the example resonator considered
here, a change in length of beam 2 from 100 to 101 μm,
keeping all other parameters the same as the nominal system,
results in changing the effective internal mistuning in (45) from
0.33% to −0.29% for zero bias voltages. The change in internal
mistuning is calculated by using the sensitivities Si2 in (49).
To tune the system to exact 1 : 2 internal resonance, the bias
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voltages are set to Vb1 = 21 V and Vb2 = 10 V, which results
in reducing the mistuning to 0.004%.
Note that the two-mode model of the system with unequal
lengths for beams 1 and 2 could be redeveloped based on
the methodology for linear analysis already presented earlier.
This will give a more accurate model without the assumption
of symmetric second mode for the nominal system. If this
approach is followed, the two-mode model predicts a −0.36%
effective internal mistuning with zero bias voltages. The nonlinear coefficients also change, though by only less than 0.5%
from the nominal system parameters to Λ1 = Λ2 = 0.7823.
The effective internal mistuning reduces to −0.002% when the
bias voltages are set to Vb1 = 18 V and Vb2 = 10 V. More important from the point of operation of the resonator, the “upper”
beam has a small nonzero transverse deflection (approximately
one-hundredth of the beam 1 deflection at the junction) in
the second mode. Thus, in a semitrivial solution, the “upper”
beam oscillates with a small amplitude at the input frequency
due to direct excitation; however, the nonlinear response after
pitchfork bifurcation is quite distinct due to its larger amplitude
response with oscillations at half the input frequency.
F. Effect of Residual Stresses
Residual stresses in a microresonator are known to depend
primarily on the fabrication process and choice of material for
the resonator. Surface micromachined polysilicon resonators
can have significant residual stresses, resulting in large variations in the resonator natural frequencies [38]. Data published
by MEMSCAP Inc. [39] for the last 20 runs of the polySilicon
Multi User MEMS Processes (poly-MUMPS) process (from
run 61 to 81) show that the maximum residual stress in the
structural polysilicon layer is 15 MPa in compression, with
average stress and standard deviation of 7.6 MPa (compression)
and 3 MPa, respectively. The maximum residual stress for the
ground electrode polysilicon layer (for runs 61 to 81) is reported
as 41 MPa (compression), with average stress and standard
deviation of 25.5 MPa (compression) and 7.6 MPa, respectively.
Using the sensitivities Si4 , i = 1, 2, for residual stress mistuning ŜT , the effect of residual stresses on natural frequencies
and effective internal mistuning in (45) can be computed. The
dependence of internal mistuning σ̄in can be traced to the
coefficients η11 and η22 in (44), and further to the expressions
in (39). For small changes, it can be seen that the coefficients
η11 and η22 depend linearly on the residual stress parameter
ŜT , which is directly proportional to the thermal strain equation
in (25). Thus, the internal mistuning is linearly proportional
to the residual thermal strain for small strains. For example,
a compressive stress of 20 MPa in the “bottom” beams changes
the effective internal resonance mistuning σ̄in to −6.8% with
zero bias voltages. Since the bias voltages need to be kept small
to avoid pull-in instabilities, reducing the internal mistuning
by adjusting bias voltages is not a good choice in this case.
However, if the “upper” beam length is increased to L3 =
140 μm, the effective internal mistuning [see (45)] reduces to
−0.2% for zero bias voltages. The mistuning can be reduced
further to less than −0.01% by setting the bias voltages to
Vb1 = 28 V and Vb2 = 10 V. We note that the Euler buckling
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Fig. 10. Macroscale T-structure used in the experiments.

stress for the bottom beam for this example resonator is nearly
125 MPa.
The two-mode model for the system with a compressive
residual stress of 20 MPa in the bottom beams is redeveloped
using the analysis procedure described for the nominal system.
The new model that directly accounts for the compressive stress
of 20 MPa predicts effective internal mistuning, with zero bias
voltages, to be −7.1% when the length of the “upper” beam
is assumed to be 133 μm. To obtain the new design length
of the “upper” beam, the natural frequencies of the system
with 20 MPa compressive stress are obtained analytically for
different “upper” beam lengths in steps of 1 μm. The analysis
predicts that the effective internal mistuning, with zero bias
voltages, reduces to a minimum of 0.4% for the “upper” beam
length of L3 = 140 μm. Note that in the present case of a
T-resonator with 20 MPa compressive stress, the design length
of the “upper” beam, i.e., L3 = 140 μm, predicted by the model
that directly accounts for the residual stress, remains the same
as that obtained by using the residual stress sensitivities Si4 ,
i = 1, 2, for a nominal system with no residual stress.
VIII. E XPERIMENTAL R ESULTS
In this section, we describe a macroscale T-beam structure
and present a sample set of experimental response results to
qualitatively validate the concept of the T-resonator. Details of
this experimental investigation can be found in [40].
A photograph of the T-beam structure is shown in Fig. 10.
The structure is formed by two strips of stainless-steel shim
that are cut and glued to each other to form an upside down T.
The lower or the horizontal beam is clamped at its ends.
The clamped boundary conditions are achieved by holding the
bottom beam between two large steel blocks at each end. The
lengths of the right and left segments of the bottom beam
are denoted, respectively, by L1 and L2 . The length of the
upper beam is denoted by L3 . The thickness and width of the
beams are denoted by tb and wb , respectively. Two masses are
placed on the bottom beam near the T-junction, and a small
mass is attached to the vertical beam near its tip. These were
necessary to assure that the structure was tuned to achieve
the required 1 : 2 resonance between the two desired modes.
Details of this tuning process can be found in [40]. Piezoelectric
ceramic patches in the form of thin strips are bonded to the
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TABLE I
DIMENSIONS AND PROPERTIES OF THE TUNED
T-BEAM STRUCTURE AND PIEZO PATCHES

Fig. 11. Block diagram of the experimental setup for exciting a T-beam
structure and measuring its response.

bottom beams on both the lower and upper surfaces near the
two clamped ends. The length, thickness and width of the
piezo patches are denoted by Lp , tp , and wp , respectively.
When a voltage is applied to a piezo patch glued to a beam, a
bending moment is induced, which excites the beam structure.
The dimensions and properties of the T-structure and the piezo
patches used for the results presented in this paper are listed in
Table I. These dimensions and masses are for the T-structure
that has been tuned to have the first and the second modes in
1 : 2 resonance.
Now that we have described the T-structure and the piezo
patches for exciting the structure, we describe the experimental
setup. The experimental setup to conduct experiments and to
measure the response consists of the following: 1) a T-beam
structure with piezo patches and with two ends clamped;
2) two laser displacement sensors to measure the displacements
of the upper beam and one of the bottom beams; 3) a function
generator to provide harmonic and sweep signals; 4) a piezo
amplifier; and 5) a National Instrument data acquisition card
with signal conditioner. A block diagram of the setup is shown
in Fig. 11. The response of the T-structure due to piezo actuation is measured by laser displacement sensors and recorded
using the data acquisition card connected to a computer. The
sensor measuring displacement of a point on the upper beam
as well as its output are referred to as LD1, while the sensor
measuring the displacement of a point on the bottom beam as
well as the output are referred to as LD2.
Different sets of experiments were conducted with the
T-structure. In the first set of experiments, impulse responses of
the T-structure obtained by impacting the upper and the bottom
beams were captured. These were used to estimate the natural
frequencies and damping factors for the two interacting modes.
The linear natural frequencies for the first and second modes
of the T-structure were estimated to be 14.81 Hz and between
29.65 and 29.75 Hz, respectively.

Fig. 12. Frequency–amplitude response curve of the tuned T-structure in the
first mode U1 as a function of excitation frequency. This response component
is at half the excitation frequency. (∗) Forward sweep. (◦) Reverse sweep. Excitation and measurement parameters are given as follows: excitation amplitude,
1 V; sampling rate, 300 Hz; samples, 9000; and amplifier gain. 20. Excitation
frequency is varied quasi-statically in steps of 0.02 Hz.

In the second set, steady-state responses of the tuned
T-structure were recorded when the excitation frequency
applied to the piezo patches was changed quasi-statically in
steps of 0.02 Hz around 29.62 Hz, which is twice the first
mode’s natural frequency. The amplitude of excitation was kept
constant at 1 V. When the excitation frequency was changed,
the response was allowed to reach a steady state before taking
any measurements. The LD1 and LD2 data were recorded for
30 s at a sampling frequency of 300 Hz at each frequency step.
The frequency components of the response at the excitation
frequency and at half the excitation frequency were computed
using a fast Fourier transform (FFT) and interpolation. The response amplitudes thus obtained at half the excitation frequency
using FFTs of the LD1 and LD2 data are referred to as the first
mode response (or the contribution from first mode) and are
denoted by U1 and B1 , respectively. The response component
at the excitation frequency using FFTs of LD1 and LD2 data
are referred to as the second mode response and are denoted by
U2 and B2 , respectively. Fig. 12 shows the first mode response
U1 (using LD1 data) as a function of the excitation frequency.
Fig. 13 shows the corresponding response U2 , which is for
the second mode. In both figures, forward sweep is shown by
marker “∗,” and reverse sweep is shown by marker “◦.”
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Fig. 13. Frequency–amplitude response curve of the tuned T-structure in the
second mode U2 as a function of excitation frequency. This response component is at the excitation frequency. (∗) Forward sweep. (◦) Reverse sweep.
Parameters for measurement and excitation are given as follows: excitation
amplitude, 1 V; sampling rate, 300 Hz; samples, 9000; and amplifier gain, 20.
Excitation frequency is varied quasi-statically in steps of 0.02 Hz.

When the structure is excited at the frequency of 29.4 Hz,
only the second mode contributes to the response, and the first
mode response (U1 in Fig. 12) is zero. As the frequency is
increased (forward sweep) in small steps, the amplitude of the
first mode remains almost zero before it gets autoparametrically
excited at 29.52 Hz, and its amplitude shows a big jump to 1.4 V
(this corresponds to 3.5 mm of upper beam tip displacement)
from below 0.02 V. Upon further increasing the excitation
frequency, the first mode response does not show much change
until 29.98 Hz when it jumps again to below 2 mV in a
frequency step change of 0.02 Hz. The second mode response in
Fig. 13 first decreases and then increases and also shows a jump
in amplitude between 29.98 and 30.0 Hz. Fig. 14(a) and (c)
shows the steady-state time response measured by sensor LD1
at excitation frequencies of 29.50 and 29.56 Hz, respectively.
The corresponding FFTs computed using MATLAB are shown
in Fig. 14(b) and (d), respectively. Here, the associated first
mode component U1 and the second mode component U2 are
also shown. The time histories and FFTs show a clear change
in the upper beam response amplitude.
When the frequency is decreased from 30.16 Hz (reverse
sweep), the first mode response amplitude remains less than
0.02 V for excitation frequencies below 29.98 Hz and jumps
to a large amplitude at an excitation frequency of 29.94 Hz.
Thus, the response shows hysteresis in the forward and reverse
sweeps. These characteristics are typical of the T-resonator
responses presented in Section VII (see Figs. 6 and 7). The
first mode response having nonzero amplitude only in a narrow
frequency bandwidth and at a frequency half the excitation
frequency forms the basis of proposing the T-resonator for RF
MEMS filter–mixer applications. These results validate, at least
qualitatively, the analytical predictions made through analysis
of the T-resonator.
IX. S UMMARY AND C ONCLUSION
In this paper, a novel T-beam microresonator structure that
works on the principle of nonlinear modal interactions due

759

Fig. 14. Steady-state time response of the tuned T-structure measured by
sensor LD1 for two excitation frequencies: (a) 29.50 Hz and (c) 29.56 Hz.
The corresponding FFTs are shown in (b) and (d), respectively. Excitation
and measurement parameters are given as follows: excitation amplitude, 1 V;
sampling rate, 300 Hz; samples, 9000; and amplifier gain, 20.

to 1 : 2 internal resonance has been introduced. The microresonator is designed such that the lowest two flexural mode’s
natural frequencies are in a 1 : 2 ratio. Though linearly uncoupled, the two modes are nonlinearly coupled through inertial
nonlinearities. The response of this nonlinear microresonator
has the following unique characteristics in comparison to a
typical linear microresonator: 1) The directly excited higher
flexural mode, when driven above a threshold actuation voltage,
excites the internally resonant lower frequency flexural mode
due to autoparametric instability phenomenon; 2) the frequency
bandwidth over which the lower frequency mode participates
in the response can be controlled by actuation voltage; 3) the
nonlinearly excited lower mode results in the T-beam resonator
response output at half the input frequency; and 4) the response
component at half the input frequency is nonzero only when the
input frequency is close to the natural frequency of the directly
excited higher frequency flexural mode. Thus, the resonator
response in lower flexural mode acts as a filter, with very
high out-of-band rejection, that only allows input frequencies
close to the higher frequency flexural mode. In addition, the
T-beam microresonator can also perform mixing operation
as the microresonator output response is at half the input
frequency. The dependence of bandwidth on actuation in a
nonlinear T-beam microresonator can be potentially used in
designing voltage-controllable bandwidth filter devices.
The effect of various perturbations on resonator natural
frequencies and nonlinear responses are considered, and it is
shown that the resonator is very sensitive to changes from
the nominal design. It is illustrated that voltage tuning can be
used to tune the resonator natural frequencies in 1 : 2 internal
resonance, and in some cases, postfabrication treatment may be
required to tune the resonator modes to 1 : 2 internal resonance.
The high sensitivity of the resonator to perturbations can also
be utilized to design a very effective sensor. The simulations
show that the resonator response amplitude at half the input
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frequency, with the lower mode component arising due to
nonlinearities, can drastically change and even be eliminated
when a small mass (less than 0.01% of the mass of the microresonator) is placed on the resonator. The nonlinear response
can be then reactivated by increasing the voltage level. Thus,
the required increase in voltage level can serve as a measure
for the added mass. Note that as the quality factor decreases,
the threshold voltage required for indirectly exciting the lower
mode increases considerably. Consequently, power handling, in
addition to thermal stability, can be critical to the performance
of this resonator as an RF filter and mass sensor. Finally, results
of macroscale experiments are shown to qualitatively validate
the T-resonator proposed here.

(10) and (13) as follows:
ûk = χ11k A21 + χ22k A22 + 2χ12k A1 A2

(A3)

where k = 1, 2, 3, and variables χijk are spatial functions of
nondimensional arc length s̄k , described as follows:
⎫
2
1  

1
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⎪
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1 1
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k = 1, 2
− 2 νk φik φjk ds̄k ,
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⎪
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s̄3  
⎪
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χij3 = − 1 1 φi3 φj3 ds̄3 .
2 ν3

0

Coefficients Qij are then defined as follows:
1

A PPENDIX
Here, variables introduced in the two-mode system
Lagrangian in (30) are defined. Kinetic and potential energy
coefficients (Γ11 , Γ12 , Γ22 ) and (W11 , W12 , W22 ) associated
with linear terms in equations of motion are given as follows:
⎛
1
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φik φjk ds̄k ⎠⎠ .
νk
k=1

0

To concisely write coefficients Qij , Θij , and Ki in (30), we first
write a two-mode approximation for axial displacements using

Q̄ij ds̄3

(A5)

0

where
⎫
Q̄00 = 2(φ11 |s̄1 =1 χ113 − χ111 |s̄1 =1 φ13 ) ⎪
⎪
⎪
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⎪
⎪
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(A6)

Coefficients Θij are defined as follows:
⎛
⎞
1
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(A7)
where the values for each combination are given in (A8),
shown at the bottom of the page. Coefficients Ki are defined
as follows:
1 α
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The electrostatic potential terms fij and hij in the two-mode
Lagrangian (30) are decribed as follows:
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The parameters ηij in the equations of motion in (36) are
given as follows:
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