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A Result on Order Statistics

Jiangi Wang, David J. Love, Michael D. Zoltowski
Purdue University
School of Electrical and Computer Engineering
Electrical Engineering Building
465 Northwestern Ave.
West Lafayette, Indiana 47907-2035
{wang128, djlove, mikedz@ecn.purdue.edu

Let hy,...,hx be K i.i.d. M x 1 complex Gaussian random vectors, ike;,~ CN (0, I,). Let

Jjay = argmax |[hy||.

7j=1,...,.K
In effect, h;,, is the vector that has the largest norm. Denote the remailing 1 channel vectors other
thanh;,,, asha,...,hx_i. Theseh;'s are indexed as follows.
. h;, i1<j
hl’ _ 0 J(1)

hit1, 2> jq).
We have the following result.
Lemma 1: Conditioned ork; , , the vector that has the largest norm, the remaining vedkars .., by 1
are i.i.d.. Furthermore, ad( goes to infinity, conditioned oh; , , eachh,; converges to a complex Gaussian
vector in distribution.

Proof: For two M x 1 complex vectorsz = z, +iz; andz’ = z/. + iz}, we write z < 2’ if every
element ofz, and z; is less than its counterpart i, and 2/, respectively. We have
Pf{fh SR aiLK—l < ZK-1 ‘hjm = 2(1)}
= AthEo Pr{hl <21, hg 1 <z ‘Z(1) <hj, <zut+ AZ}
Pr{ilq <21, hio1 < zro1,20) < By, < 20+ AZ}
= lim , 1
Az—0 PT{Z(l) < hj(l) < Z(1) + Az} ( )
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where the real and imaginary parts k’s elements are all positive.

Note that

Pr {i‘l, Zl,...,iLKfl %ZK717Z(1) <h’j(1) Sz(1)+AZ}

Mw

Pr{ <21, hgo1 < Zr-1,20) < hy,, < 20) + Az, joy = Z} : (2)
=1

Becauseh;’s are i.i.d., Pr{le <21, hxo1 < zro1,20) < hy,, < z0) + Az, jo) = z} are equal for
all 1 <1i < K. Therefore, (2) becomes
Pr{’;'l < 21, '7fLK—1 < zK—laZ(l) < hj(l) < z(l) + AZ}
= KPI’{iu < 21,.. .,iLK_l X 2ZK-1,%2 1) < h](1> < z(1) + Az,j(l) = K}

= KPr{h; < z;,||hi| < ||hkl|, for1 <i < K — 1,z < hg < zq) + Az}, (3)

Let 7(Az) be the product of the real and imaginary parts of all the elementdafi.e., 7(Az) =
1L, (Az,), TTL, (Azi);. Let fr(-) be the p.d.f. of the complex Gaussian vedkoe CM. WhenAz is

very small, using Taylor expansion, we have [1]
PI’{Z < hg < Z(1) + AZ} = fh(Z(l))W(AZ) + O(\W(Az)|2) (4)

Hence the probability for any two independent vectbrsand h; to lie within the interval(z ), z(;) + Az]
is
PI’{Z < h; < Z(1) + AZ,Z(l) < hj < Z(1) + AZ} |fh Z(l)) (AZ)|2 + O(‘?T(AZ)F’)

Consequently, similar to [1, page 11], the probability that at least one vectorHiom., hyx 1 falls into

the interval(z (1), z(1) + Az] is of O(|w(Az)[?). Therefore,
Pr{h; < z;, |hi|| < |h]l, for 1 <i < K —1,24) < hg < z) + Az} (5)
= Pr{h; < zi, |h|| < ||zl for1 <i < K -1} Pr{z 1) < hg < z() + Az} + O( (|7 (Az)]?).
Similarly,
Pr{z < hj,, <zo+ Az}

= KPl’{thH < HZ(l)H, forl<:< K — 1} PF{Z(D < hg < Z(1) -+ AZ} -+ O(’?T(AZ)‘Q) (6)
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Using (1) through (6), we have

Pr{ﬁl < Z1,... ,’NlK_l <X ZK_1 ‘h](l) = Z(l)}

Pr{h; < zi, [|hi| < |lz@)ll, for 1 <i < K =1} Pr{z) < hg <z + Az} + O(|7(Az)[?)

Pr{h; < z, [|hi| < |lz@)l, for1 <i < K —1}
Pr{llhi| < [lz@)ll, for1 <i < K —1}

H Prihi < zi, [ hill < lz()ll}

H Pr{lihi| <z}

=1

K-1
= Pr{hi<zi
=1

1=

MH<WmH}

Hence,h;, ... hx_1 are i.i.d. with CDF P{h; < z; |||hill < [lz)ll -
But,

Jimlz) = oo
Therefore,
. Pr{l!hill<llz<1>||} = 1,
hril Pr{h zi, || P H<Hz H} = Pr{h; < z;}.
We have

lim Pr{hl < zZ;
+

MM<um\}=ﬂ@m

where Fj,(-) is the CDF of the complex Gaussian veciere CM. Henceh,, ...

converge to complex Gaussians in distribution.
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azm0 Pr{[h < Iz, for1<z<K—1}Pr{z < hg <z + Az} + O(|7(A2)]?)

(7)

(8)

,hx_; are ii.d. and
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