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Abstract When a microcantilever with a nanoscale tip is
scanned laterally over a surface to measure the nanoscale
frictional forces, the onset of stick-slip tip motions is an
extremely important phenomenon that signals the onset of
lateral friction forces. In this article, we investigate theoretically the influence of tip and microcantilever
compliance on this phenomenon. We show that static
considerations alone cannot predict uniquely the onset of
single or multiple atom slip events. Instead, the nonlinear
dynamics of the tip during a slip event need to be carefully
investigated to determine if the tip evolves to a single or
multiple atom stick-slip motions. The results suggest that
the relative compliances of the tip and microcantilever can
be engineered to induce single or multiple atom stick-slip
events and thus control lateral friction forces at the
nanoscale.
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1 Introduction
Friction force microscopy (FFM) [1] is an experimental
tool that provides insight into the atomic origin of friction
by measuring frictional forces at the nanoscale. In FFM, a
microcantilever with a nanoscale tip is brought into the
repulsive regime of tip–sample interaction. The microcantilever is then scanned laterally over a sample, while the
friction forces on the tip are measured indirectly by monitoring the torsional deflection of the cantilever, as shown
in Fig. 1a. FFM has been used to measure: (a) atomic-scale
stick-slip phenomena over single [2] or multiple atoms [3],
(b) the dependence of nanoscale friction on normal load
leading to the demonstration of a new regime of superlubricity [4], and (c) the reduction in nanoscale frictional
forces due to imposed high-frequency vibrations [5–7]. In
order to develop a theoretical basis for these and other
observed experimental results in FFM, reduced order
models of the elastic cantilever and tip sliding over atomic
lattices are needed [8–10]. The most common model used
for this purpose is Tomlinson’s model [11].
Tomlinson’s model assumes that the nanoscale tip is
rigid, and therefore, ignores the effects of tip compliance in
FFM. Tip compliance (Fig. 1b) is likely to play an
important role in FFM, especially when the lateral surface
force gradients are large such as for surfaces with high
adhesion or for tips under larger normal loads, or when a
high aspect ratio tip is used. While tip compliance is an
issue in conventional FFM (Fig. 1b), it bears even greater
importance for emerging carbon nanotube (CNT-FFM)
probes [12], as shown in Fig. 1a. Some other techniques for
examining tip compliance exist. For instance, molecular
dynamics (MD) calculations can be used to study the effect
of tip compliance [13]. However, extracting simple relationships from MD results can be quite challenging.
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of the tip, representing it in the reduced order model as a
compliant spring. This model [14] neglects the small but
finite mass of the compliant tip under the assumption that
the natural frequency of the nanoscale tip is far greater than
that of the cantilever, thus requiring the tip to respond
infinitely fast as it slips to the next atom in the lattice.
The present work seeks to improve upon previous
models by developing a physically motivated model of a
FFM microcantilever coupled to the lattice through a
compliant tip. Additionally, the present work: (1) provides
correct analytical values of the effective tip-cantilever
compliance at which a specific number of atoms may be
bypassed during a stick-slip event, (2) determines the
boundary in parameter space between single and multiple
atom stick-slip motions, (3) studies the effects of microcantilever and tip damping on multiple atom stick-slip
motions, and (4) describes the implications of tip compliance on the lateral forces measured in experimental FFM.

2 Model
Figure 1c shows a reduced order model which describes an
FFM microcantilever with a compliant tip in contact with a
sample lattice. The lattice being scanned is assumed to be
rigid and the interaction potential for the surface lateral
forces is assumed to be spatially harmonic, just as in
Tomlinson’s model [15]. The equations of motion of the
microcantilever and tip are:
2

dx
2ps
I
m ddt2x þ
 bl dt þ kl x ¼ T sin kI
dx
bt dt  v þ dt þ kt ðs  y þ xÞ ¼ T sin 2ps
k :

ds

Fig. 1 Schematics showing different mechanisms tip compliance in
friction force microscopy: (a) Flexure of carbon nanotube tips and (b)
tip deformation of conventional tips due to high aspect ratio or due to
high lateral surface force gradients. (c) A reduced order model
applicable to both cases

Moreover, in Luan and Robbins [13], a constant force is
applied to the base of the slider. Our interest lies in simple
models for predicting stick-slip dynamics when the slider
base is moved at a constant velocity which is more relevant
to FFM. Therefore, simple, reduced order models, which
capture the essential physics including the effects of tip
compliance, are quite useful. Johnson and Woodhouse [14]
extended Tomlinson’s model to include a finite compliance
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ð1Þ

The deflection of the end of the microcantilever relative to
the base is x and the deflection of the tip relative to the end
of the microcantilever is z. The base motion of the microcantilever, y, is assumed to be moving at a constant
velocity v, thus y = vt. The absolute position of the tip is s.
The different coordinates are algebraically related by
y = s + x + z. The reduced order model has effective
mass m, stiffness kl, and damping bl, respectively, representing the suspended mass, stiffness, and damping of the
torsional motion of microcantilever. Additionally, the tip
possesses stiffness kt and damping coefficient bt. For stiff
elastic samples, kt captures the effective stiffness of both
the tip and sample [16, 17]. However, if the sample is very
compliant, the above model is not sufficient and additional
equations describing the motion of the surface atoms need
to be considered.
This model builds upon the work of Johnson and
Woodhouse [14] by including a realistic finite time scale
associated with the slipping motion of the tip. Additionally,
as kt ! 1; the model reduces to the well-studied
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Tomlinson’s model [8]. The force required to slide the base
_
of the microcantilever at constant velocity is fl ¼ kl x þ bl x:
However, the lateral force measured in FFM experimentally is proportional only to the elastic (torsional) deflection
of the microcantilever, fmeas = klx.
To aid in generalizing the results of this model, the
following substitutions are used to non-dimensionalize
Eq. 1:
S ¼ s=k;
qﬃﬃﬃ

Y ¼ y=k;

3 Quasi-static Analysis

X ¼ x=k;

xl ¼ kml ;
Ct ¼ T I =kkt ; Cl ¼ T I =kkl ;
dl ¼ bl xl =2kl ; dt ¼ bt xl =2kt ;
q ¼ xl t:

ð2Þ

The non-dimensional equations of motion then reduce to:
d2 X
dX
dq2 þ 2dldq þ X ¼
dS
dX
2dt dY
dq  dq  dq þ Y  S



Cl sinð2pSÞ
 X ¼ Ct sinð2pSÞ:

dynamic effects on multiple atom stick-slip motions is
performed as the microcantilever and tip compliances are
systematically varied in Sect. 4. Finally, the implications of
multiple atom stick-slip on the average frictional force
measured in FFM are described in Sect. 5 and the conclusions are presented in Sect. 6.

ð3Þ

Cl can be regarded as the ratio of the microcantilever
compliance to the lateral surface compliance (inverse of
lateral force gradient), while Ct is the ratio of tip compliance to lateral surface compliance. The damping ratio of
the microcantilever is dl, while the tip damping ratio is dt.
Critical damping of a free microcantilever corresponds to
dl = 1. In terms of these non-dimensional quantities the
force required to slide the base at a constant velocity
l dX
becomes Ft ¼ CXl þ 2d
Cl dq and the lateral force measured in a
FFM experiment becomes Fmeas ¼ CXl ; since the experimental measurement relies on measuring the deflection of
the microcantilever.
The non-dimensional quantities in Eq. 3 depend on both
the material and geometric properties of the microcantilever, tip, and sample. For example, the microcantilever and
tip compliances (Cl and Ct, respectively) depend on their
elastic moduli and geometry; longer microcantilevers and
tips are more compliant. The surface lateral compliance
depends on the applied normal load and lattice spacing;
larger applied normal loads decrease the surface lateral
compliance, while smaller interatomic distance of the lattice increases the surface lateral compliance. The damping
in the microcantilever, dl, is due to both air damping and
internal material damping; damping of the tip oscillations,
dt, is likely to arise from the generation of phonons in the
lattice as slipping occurs between the tip and lattice.
This model improves upon that of Johnson and Woodhouse [14] by including a physically realistic finite
timescale of the tip motion because infinitely fast tip
response times can lead to non-physical simulation results.
Our objective is to use the compliant tip model (Eq. 3) to
investigate the mechanisms of multiple atom stick-slip
events in FFM. In what follows, the equilibria and
dynamics of Eq. 3 are investigated systematically. First, a
quasi-static model is considered in Sect. 3 when the sliding
velocity is infinitesimally slow. Next, an analysis of the

In this section, we investigate the equilibria of Eq. 3 for
vanishing sliding velocities (quasi-static assumption). In
this approximation, all velocities and accelerations are set
dx
d2 x
dz
to zero (V ! 0; dq
! 0; dq
2 ! 0; and dt ! 0), thereby
simplifying the coupled equations (3) to a single algebraic
equation:
Y  ¼ S þ Ce sinð2pS Þ;

ð4Þ

where Ce  Ct þ Cl is the effective compliance of the
combined microcantilever and tip and (Y*, S*) is an
equilibrium solution. In the quasi-static approximation,
the non-dimensional force measured in FFM is:

Fmeas
¼

X
¼ sinð2pS Þ:
Cl

ð5Þ

In an experiment, the base position of the microcantilever,
Y*, is prescribed. Our interest lies in the position of the tip,
S*, from which the lateral friction force can be directly
derived by Eq. 5. Once an equilibrium solution (Y*, S*) is
found, its Liapunov stability is determined via the
Lagrange–Dirichlét criterion, by examining the curvature
of the potential energy:




d2 U 
d2
1
1
2

cosð2pSÞ
¼
ðY
SÞ

  :

2
2
dS Y¼Y  ;S¼S dS 2Ce
2p
Y¼Y ;S¼S
ð6Þ
For a stable equilibrium, the curvature is positive.
Next, the qualitative dependence of the equilibrium
position, S*, as a function of the position of the base of the
microcantilever, Y*, and effective compliance, Ce, is
investigated. Equilibrium solutions (Y*, S*) are found via
Eq. 4 for continuously varying S* and the stability of each
equilibrium is determined by Eq. 6.
When Ce = 0.1, Fig. 2a shows the measured lateral
force, F*meas, as the base position of the microcantilever is
varied. The lateral force begins at the point A and varies
smoothly for all Y*.
When the effective compliance, Ce, is increased to
Ce = 0.5 a fundamental change occurs, as shown in
Fig. 2b. The figure shows the variation of the lateral force,
F*meas, as the base position, Y*, varies. The lateral force,
F*meas, begins at point A and remains associated with a local
equilibrium until the point B. As Y* increases beyond B, the
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Fig. 2 Plots of quasi-static
lateral force,

ðY  Þ ¼ X  =Cl ¼ sinð2pS Þ
Fmeas
as a function of base position Y,
for increasing effective
compliances. Stable solutions
are represented by solid lines,
while unstable solutions are
represented by dashed lines. (a)
Steady sliding for Ce = 0.1, (b)
Single atom stick-slip motion
(SASSM) for Ce = 0.5 as the
tip follows the path A - B B1, (c) For Ce = 1, two
possibilities exist, either the tip
follows a SASSM A - B B1 - C - C1 or a double atom
stick-slip motion (DASSM)
A - B - B2, (d) For Ce =
1.33, multiple possibilities arise
for tip motion including a
SASSM (A - B - B1 - C C1 - D - D1), DASSM (A B - B2 - D - D2), or triple
atom stick-slip motion
(TASSM) (A - B - B3)

tip transitions to the equilibrium at B1. It is easy to observe
that the only motion possible is A - B - B1, and this
motion repeats itself with a spatial periodicity identical to
the atomic spacing. We refer to this periodic motion as a
single atom stick-slip motion (SASSM).
If the effective compliance increases to Ce = 1, another
fundamental change occurs as shown in Fig. 2c. The tip
begins at point A and remains associated with the local
equilibrium until the point B. However, two different local
equilibria now exist beyond B. The tip may become associated with the equilibria B1 or B2. Thus, two different
motions are possible, the path A - B - B1 - C - C1 or
A - B - B2. The first path corresponds to a SASSM since
the tip moves approximately one lattice spacing between B
and B1, while the second path is a double atom stick-slip
motion (DASSM) since the tip moves approximately two
lattice spacings between B and B2.
If the effective compliance is increased even more to
Ce = 1.33, again the number of stable equilibria increases,
as shown in Fig. 2d. Beyond B, three possible stable
equilibrium are possible, B1, B2, and B3. These result in
three possible periodic stick-slip motions: (a) a SASSM
follows the path A - B - B1 - C - C1 - D - D1, while
(b) a DASSM follows the path A - B - B2 - D - D2,
and (c) a triple atom stick-slip motion (TASSM) follows
the path A - B - B3. Note that the TASSM path has a slip
length of approximately three lattice spacings.
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In Fig. 2, while the stable solutions Bn, Cn, and Dn
ðn ¼ 1; 2; . . .Þ are called nodes and the unstable solutions
Bn ðn ¼ 1; 2; . . .Þ are called saddles, the points B, C, and D
are called saddle-node bifurcations according to the language of bifurcation theory [18]. A saddle-node bifurcation
occurs when a stable node and an unstable saddle combine
and annihilate each other. It is helpful to record here analytical expressions for the position of the saddle-node
bifurcation, (Y*SN, S*SN). At the saddle-node bifurcation [18]


d½Ce sinð2pS Þ 
ð7Þ
   ¼ 1:
dY 
Y ¼Y
SN

Solving Eq. 7 simultaneously with Eq. 4 leads to the
following expression for (Y*SN, S*SN):


1
1
arccos 
SSN ¼
2p
2pCe

YSN
¼ SSN þ Ce sinð2pSSN Þ




1
1
1
arccos 
¼
þ Ce sin arccos 
:
2p
2pCe
2pCe

ð8Þ
In addition to providing knowledge of the positions of
the saddle-node bifurcations, the quasi-static model also
helps to determine the critical values of effective
compliance, C(n)
e , which separate the possibility of n - 1
atoms being involved in the slip event from n atoms being
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ð1Þ

involved in the slip event. For example if Ce \Ce ; then
ð1Þ
ð2Þ
only steady sliding occurs. However, if Ce \Ce \Ce ;
ð2Þ
ð3Þ
then a SASSM occurs. If Ce \Ce \Ce ; then either a
SASSM or DASSM may occur; the only way to resolve
which of the two possibilities actually occurs is to
numerically simulate the nonlinear dynamics of Eq. 3.
This issue is discussed in Sect. 4. However, the C(n)
e values
nevertheless provide an expectation on the dynamic
behavior of Eq. 3.
To determine the critical values of effective compliance,
C(n)
e , from Eq. 8, we observe from Fig. 2 that the force
curves are anti-symmetric about the origin. To find the
critical C(n)
e values, therefore, we must solve Eq. 8 together
with the requirement:
Y  ðSSN Þ ¼ Y  ðSSN Þ þ n;

ð9Þ

where n is any positive integer. For n = 1, an analytical
solution exists C(1)
e = 1/(2p). For n [ 1, Eqs. 8 and 9 need
to be solved numerically, for example C(2)
e = 0.733. If
ð1Þ
ð1Þ
ð2Þ
Ce \Ce ; then steady sliding occurs. If Ce \Ce \Ce ;
then the only possible solution is SASSM. If
ð2Þ
ð3Þ
Ce \Ce \Ce ; then either a SASSM or a DASSM is
possible. This logic is applicable to higher number of
atomic stick-slip events as well.
The quasi-static equilibrium analysis thus provides an
understanding of the different co-existing stick-slip
motions. The conditions presented here are different than
those of Johnson and Woodhouse [14]. The maximum
compression of the cantilever in Appendix B of [14] is not
the proper condition for multiple atom stick-slip motions.

4 Dynamic Response
During the sudden release of the tip as it snaps to the next
atom, the dynamics of Eq. 3 must be examined in order to
determine how many atoms the tip slides over. The quasistatic model simply determines the number of atoms over
which the tip may slip. However, specific damping (dt, dl)
and compliance values (Ct, Cl) in both the microcantilever
and tip must be individually investigated to determine how
many atoms are actually involved in the dynamic stick-slip
motion. The sliding velocity is set to be very slow
6
V ¼ dY
for all the simulations in the present work.
ds ¼ 10
Additionally, initial conditions are chosen at a time just
before the saddle-node bifurcation (point B), at time qIC.

We begin at YðqIC Þ ¼ 0:998YSN
and then numerically solve
for S(qIC) using Eq. 4. Then the quasi-static relation
XðqIC Þ ¼ YðqIC Þ  SðqIC Þ  Ct sinð2pSðqIC ÞÞ is used to
determine the initial microcantilever deflection. Lastly,
_ IC Þ ¼ 0 is specified. All the simulations are performed
Xðq
in Matlab using ODE45 with the default integration
tolerances.

In what follows, we will summarize results from
numerical simulations performed over a wide range of
compliance values (Ct, Cl). We vary the tip compliance Ct
from 0 (a very rigid tip, and very low lateral surface force
gradient) to 0.6 (very compliant tip and large lateral surface
force gradient). The microcantilever compliance Cl is
varied from 0 (a very rigid microcantilever and very low
lateral surface gradient) to 1.6 (very compliant microcantilever and large lateral surface force gradient). The
microcantilever dissipation (dl) is varied; both a ‘‘high’’
and a ‘‘low’’ dissipation case is considered. For comparison
between the two different microcantilever dissipation
cases, the tip damping (dt) is maintained at a constant low
value. To facilitate a comparison with the previous section,
the time history of the lateral force, Fmeas, is plotted from
the dynamic simulations.

4.1 Dynamic Stick-Slip Events with Highly Damped
Microcantilevers
We begin by considering a highly damped (high dl) microcantilever. Following Johnson and Woodhouse [14], we
set the microcantilever damping, dl = 0.1. Since no
experimental data has been reported on plausible values of
tip damping, we will assume dt = 0.025. While a comprehensive study of the dependence of our results on dt is
beyond the scope of this work, the computations are
qualitatively comparable for a wide range of dt. The results
remain qualitatively similar when dt is varied by an order
of magnitude. If dt is increased by several orders of magnitude, the results approach the well-studied [15] single
degree of freedom of Tomlinson’s model.
While the effective compliance, Ce, determines entirely
the response in the quasi-static model, the numerical integrations of the dynamic Eq. 3 indicate otherwise. For
example in Fig. 3a, the choice ðCt ; Cl Þ ¼ ð0:21; 0:79Þ
yields Ce = 1 and results in a SASSM when Eq. 3 is
numerically integrated. However, while maintaining Ce =
1 if the tip and the sample compliance are varied to
ðCt ; Cl Þ ¼ ð0:20; 0:80Þ; then a DASSM occurs, as shown in
Fig. 3b. Note that in both Fig. 3a and 3b, the measured
lateral force, Fmeas, is plotted as a function of scaled time. It
is instructive to plot in 2-D phase space the cantilever
oscillations over one period of stick-slip. The phase space
diagrams for Ce = 1, ðCt ; Cl Þ ¼ ð0:21; 0:79Þ; and
ðCt ; Cl Þ ¼ ð0:20; 0:80Þ in Fig. 3c also show the saddle-node
bifurcation B and stable equilibriums B1 and B2 corresponding to the points labeled in Fig. 2c. The positions of
the saddle-node bifurcation B and the nodes B1 and B2, and
saddles Bchange imperceptibly when ðCt ; Cl Þ ¼
1
ð0:21; 0:79Þ changes to ðCt ; Cl Þ ¼ ð0:20; 0:80Þ: However,
following a saddle-node bifurcation the tip in the former

123

28

Tribol Lett (2008) 29:23–32
Fig. 4 Results of numerical integration showing regions of steady c
sliding (magenta), SASSM (red), DASSM (blue), and TASSM (black)
for (a) dl = 0.1 and dt = 0.025 and (b) dl = 0.001 and dt = 0.025.
The dashed lines are lines of constant Ce separating increasing number
of atoms involved in the stick-slip motion. The dashed lines predict
possible transitions from one type of stick-slip motion to another and
arise from static considerations alone. However, the colored/shaded
regions are the tip motions that arise once the dynamic equations of
motion (3) are carefully integrated. The differences arise fundamentally due to nonlinear dynamic transients following a stick-slip event
that predisposes the tip to the attractive basin of a specific equilibrium.
The increasing complexity of (b) when compared to (a) is due to the
lower level of microcantilever damping. The tip and microcantilever
may circle the saddles multiple times before becoming associated with
an individual atom. (c) The regions demarcated represent the
experimental work of Medyanik et al. [3], Socoliuc et al. [4], and
Ishikawa et al. [12]. Substantial regions of parameter space remain to
be explored to better understand multiple atom stick-slip motions

case decays into B1 and the other into B2 in the latter case.
This indicates that, while the effective compliance,
Ce  Ct þ Cl ;determines the equilibria and saddle-node
bifurcations, the specific values of Ct and Cl determine the
domains of attraction for the SASSMs and DASSMs.
The above simulations are performed over a wide range
of compliance values, (Ct, Cl), and Fig. 4a shows the
regions in (Ct, Cl) space that lead to steady sliding,
SASSM, DASSM, and TASSM. The dashed lines correspond to C(n)
values from Sect. 3 for n B 4. Note,
e
ð2Þ
however, that the regions for Ce \Ce do not require
numerical simulation and are plotted using the analytical
criteria described in Sect. 3. Several key results are
observed from this figure and described systematically:
–
–

Fig. 3 (a) The measured lateral force Fmeas as a function of
dimensionless time, when tip dynamics Eq. 3 are numerically
integrated for Ct = 0.21, and Cl = 0.79, shows that the tip motion
settles into a periodic SASSM. (b) If Ct = 0.2 and Cl = 0.8, the tip
settles into a periodic DASSM (Note that in (a) and (b) the effective
compliance Ce = 1 is identical), and (c) 2-D phase space projection
of the results in (a) and (b). The labels B, B1, B1 , and B2 correspond
to those in Fig. 2
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Continuous, smooth boundaries in (Ct,Cl) space separate SASSM, DASSM, and TASSM.
Even though Ce may be large enough for a DASSM to
occur based on the quasi-static model, a much larger Ce
value is required for DASSM to actually occur when
the dynamics are taken into account. This can be
understood by considering the potential energy wells
for different values of Ce. The wells are calculated from
the potential energy Eq. 6 and plotted in Fig. 5 for

varying Ce when Y ¼ YSN
ðCe Þ; which corresponds to
the base position at the moment of slip. The tip begins
at the start of stick-slip motion at the saddle-node

bifurcation A with energy UðSSN ; YSN
Þ: For small Ce
values (Fig. 5a), only one stable equilibrium (B1) is
present, and the tip converges toward this stable
ð2Þ
ð3Þ
equilibrium due to damping. If Ce \Ce \Ce ; as
shown in Fig. 5b, the tip transitions to either of two
stable equilibria (B1 or B2) depending on the damping
values. As Ce continues to increase, as shown in
Fig. 5c, then the tip transitions to one of three stable

Tribol Lett (2008) 29:23–32

equilibria (B1, B2, or B3). Clearly, as Ce increases, so
does the likelihood of occurrence of either a DASSM or
TASSM. While a TASSM is possible according to the
quasi-static model for Ce = 1.33 in Fig. 5c, the probability of this motion is very small since the potential
energy at the saddle, B2 , is very close to the potential
energy of the saddle node bifurcation, A. In the
presence of damping, the tip may not cross the unstable
equilibrium B2.

29

Fig. 5 Potential energy landscape when the tip is just about to
undergo a stick-slip motion and is located at a saddle point. The
potential energies are plotted as a function of combined cantilever-tip
deflection, Y*SN - S. The labeled points, B, B1, B1 , B2, B2 , and B3
correspond to those in Fig. 2. The potential energies are plotted for
different effective compliance values (a) Ce = 0.5, (b) Ce = 1, and
(c) Ce = 1.33

–

The key differences between our results and those of
Johnson and Woodhouse [14] are that we observe
multiple boundaries in (Ct, Cl) space separating
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SASSM and DASSM in Fig. 4a. Moreover, unlike Johnson and Woodhouse, we also observe TASSM. These
differences are detected by performing numerical integrations over a larger region of parameter space (Ct, Cl).

4.2 Dynamic Stick-Slip Events in Slightly Damped
Microcantilevers
Now that a thorough understanding of single and multiple
atom stick-slip of a high dissipation microcantilever has
been developed, it is interesting to consider a lower dissipation microcantilever. Sharos et al. [19] measured the
quality factors of torsional and lateral modes of microcantilevers in air to be 700–800. This is a much higher
quality factor than the previous case considered and corresponds to microcantilever damping of dl = 0.000625 0.000714. To evaluate the effect of low damping, we select
dl = 0.001; to aid in comparing these results with those in
the previous section, we maintain dt = 0.025.
Using the same methodology and range of values in
parameter space (Ct, Cl), Fig. 4b shows the results of
numerical integration of Eq. 3. These results are to be
compared to those in Sect. 1.
–

–

–

–

–

Numerous boundaries exist between SASSM, DASSM,
and TASSM in parameter space (Ct,Cl) when the
microcantilever damping dl is decreased. This is due to
the lower dissipation rate which increases the probability of DASSM and TASSM relative to the
probability of a SASSM.
Since dt remains unchanged, for large Ct and low Cl
Fig. 4a is very similar to Fig. 4b. This similarity is due to
the fact that dt and Cl dominate the response for large Ct.
Due to the lower dissipation in microcantilever, a
‘random’ point selected in Fig. 4b has a greater
probability of being a DASSM or TASSM. This may
be understood using Fig. 5. Since the damping is
decreased, in Fig. 5c, for example, the probability of
the tip moving past B2 to rest in B3 is much greater
than in the higher dissipation case presented in Fig. 4a.
Numerous transitional boundaries between SASSM,
DASSM, and TASSM are present for this lower tip
dissipation case. The reason for the increased number of
boundaries is evident when phase space is examined. Each
progressive boundary corresponds to an additional rotation
in the manifold boundary separating SASSM from
DASSM. The coiling of the manifold boundaries in phase
space for low Ct results in the striped pattern shown in
Fig. 4b.
Figure 4a and b both suggest that as the cantilever
compliance is increased, while keeping the tip
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compliance constant, then the number of slips changes
in a non-monotonic manner. This can be explained as
follows. When the cantilever compliance is small, its
deflection just prior to a slip event is very small,
possibly less than an atom spacing. Consequently, the
tip slips very little. As the cantilever compliance
increases, its deflection prior to a slip event is large, of
the order of multiple atom spacings. Then following the
sudden release during a slip event, the transient
oscillations can span several atoms. However, the
precise atom to which the tip sticks to following the slip
event is dictated by the domain of attraction of each
atom. Thus for highly compliant cantilevers, while the
probability of multiple atom slips increases, the actual
number of atoms passed is closely connected to the
domains of attraction of the transient cantilever and tip
dynamics, and can change non-monotonically.
In summary, the main effect of changing microcantilever damping is to modify the rate of energy dissipation. By
decreasing the rate of energy dissipation, a larger number
of atoms are involved in the sudden slip event.
In Fig. 4c, the parameter values for which prior experiments have been performed are compared to the nondimensional parameters in the present work. The work of
Medyanik et al. [3] observes DASSM experimentally by
increasing the normal load, however, since they use conventional microcantilevers, their tip compliances are low.
In the work of Ishikawa et al. [12], the normal load is not
increased to a high enough value to observe DASSM. And
the work of Socoliuc et al. [4] focuses on the regime of
steady sliding for very low normal loads, corresponding to
both very low tip and cantilever compliance.

5 Force Calculations
We now turn our attention to the magnitude of the average
lateral forces encountered during a SASSM, DASSM, or
TASSM. For slow sliding speeds, the quasi-static model
provides an accurate understanding of the forces involved
in moving the microcantilever at constant velocity. The
average measured frictional force, hFmeas i; is simply the
mean value of the measured lateral force averaged over a
complete period of length T:
Z
1 T
hFmeas i ¼
Ce Fmeas dY:
ð10Þ
T Y¼0
This integration is performed for varying Ce, and a specified SASSM (T = 1), DASSM (T = 2), or TASSM
(T = 3). The integrand is simply a scaled version of the
results presented in Fig. 3 which is integrated numerically
in Matlab. The results of this numerical integration are
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2.

3.

4.

Fig. 6 Average frictional force hFmeas i based on static considerations
as a function of effective compliance, Ce. For the same effective
compliance, Ce, the average frictional forces, hFmeas i is reduced for
multiple atom stick-slips when compared to SASSMs

5.
presented in Fig. 6. Several observations can be made from
Fig. 6:
–

–
–

ð1Þ

For Ce \Ce ; hFi ¼ 0: This implies that if the
microcantilever steadily slides over the surface, there
will be no average frictional force. This corresponds to
the regime of superlubricity discussed recently [4].
ð1Þ
However, once Ce [ Ce ; the average frictional force
increases steadily.
The results of the average friction force for DASSM
and TASSM have not previously been reported.
The average lateral forces during a TASSM are lower
than for a DASSM, which in turn are lower than for a
SASSM. This implies that if a stick-slip motion occurs,
maximizing the number of atoms, the tip suddenly slips
over will decrease the average friction force. In this
sense, the work presented in this article indicates that
the lateral friction forces can be modified by tailoring
the Ce values.

6 Conclusions
The influence of tip compliance on the onset of single and
multiple atom stick-slip motions has been investigated by
adapting Tomlinson’s model to account for tip compliance.
The key findings of the work are:
1.

Static considerations lead to analytical expressions for
effective compliance that separate steady sliding
motions from the possibility of single or multiple
atom stick-slip events.

6.

To predict whether a single or multiple atom stick-slip
event will actually occur requires an investigation of
the nonlinear dynamics of the tip following a slip
event.
Depending on the level of microcantilever damping,
multiple boundaries appear in parameter space that
separate regimes corresponding to single or multiple
stick-slip events.
The relative compliances of the tip and microcantilever determine whether a specific atom stick-slip event
is likely to occur or not. Since the lateral force depends
on the number of atoms bypassed in a stick-slip event,
the relative compliances in effect also control the
magnitude of lateral friction forces. The impact of tip
compliance may aid in understanding the results of
Medyanik et al. [3]. In most experimental cases, a
lower normal load was required than predicted experimentally. Including the effects of tip compliance may
improve the theoretical model.
By varying the tip and microcantilever compliances, it
is possible to have transition from a SASSM to a
DASSM, and thus decrease the mean friction force
experienced by the tip.
Finally, the results also have certain implications for
experimental friction force microscopy. For instance,
the relative compliances could place the system near a
boundary in parameter space that separates say a single
from a double atom stick-slip motion. Under small
perturbations, the tip could then evolve either to a
single or double atom stick-slip motion, even while the
sample surface is homogeneous. In other words, this
would lead to artificial friction force variations even on
a homogeneous sample.

The present work has focused on examining the effects
of tip and cantilever compliance in the slowest possible
speed limit. Interesting future work could include a study
of the velocity dependence of the multiple atom stick-slip
motions.
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