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Interactions of Fano resonances in the transmission for an Aharonov-Bohm ring with two embedded quantum dots are examined. As the interaction parameter between two quantum dots is modulated, two Fano dipoles
共a resonance zero-pole pair兲 in the complex-energy plane form a quasiparticle, which behaves as a coupled
object called a “Fano quadrupole.” In the strong overlapping regime of Fano resonance, the collision and
merging of resonance zeros take place and these zeros move off from the real axis of energy in complex
conjugate pairs. The periodic motion of both transmission zeros and resonance poles as a function of a
magnetic field is discussed.
DOI: 10.1103/PhysRevB.72.115310

PACS number共s兲: 73.21.La, 73.23.Ad, 73.63.Kv, 85.35.Ds

Transmission resonances in multibarrier resonanttunneling structures have been extensively studied, using
Breit-Wigner 共BW兲 expressions in the description of resonant tunneling effects. It is well known that resonanttransmission phenomena are related to the quasibound states
of the systems. According to the BW formalism, the scattering amplitude of the transmission possesses a pole for each
quasibound state in the complex-energy plane. The real part
of a pole can be interpreted as the energy of a quasibound
state, and the imaginary part can be connected with the lifetime of this state.1 When more than one resonant quasibound
state is present in a one-channel system, for instance, in a
three-barrier system, the resonance levels interact each other
and result in the overlapping of resonances.2,3 In this situation, therefore, the single BW formula is no longer valid due
to the overlapping of resonances. Hence, the interference effects of resonances have been studied by examining the formation of double poles in the transmission amplitude and the
effect on the collision of two poles 共or merging of two resonances兲 associated with the quasibound states.4–6
In contrast to multibarrier resonant-tunneling structures,
quantum nanostructures such as Aharonov-Bohm 共AB兲 rings
and two-dimensional 共2D兲 electronic waveguides, where alternative electronic paths may be realized, possess both
transmission zeros and resonance poles. This characteristic
of a zero-pole pair, called Fano resonance,7 has been particularly predicted and observed in a hybrid system of an AB
ring and a quantum dot 共QD兲 both theoretically and
experimentally.8–21 This Fano effect arises from quantum
mechanical interference between the discrete state of the QD
in one arm and the continuum in the other arm. The profile of
the Fano asymmetric lineshape in the transmission depends
on the strength of the coupling between discrete and continuum states, and on the phase difference between the paths.
Here, the scattering amplitude near the zero-pole pair behaves like a dipole, where the pole plays the role of a particle
and the zero plays the role of a hole 共antiparticle兲.22–27 Furthermore, the collapse of the particle and hole has been stud1098-0121/2005/72共11兲/115310共6兲/$23.00

ied in a quasi-one-dimensional constriction with an attractive
and finite-size impurity by modulating the parameters of the
system.26,27
In this article we investigate the interaction of Fano resonances in the transmission for an AB ring with coupled
double QDs. When the overlapping of two Fano resonances
takes place in the transmission, two Fano dipoles in the
complex-energy plane form a quasiparticle, which behaves
as a coupled object—a “Fano quadrupole.” In the regime of
strong overlapping resonances, which can be tuned by the
interaction parameter between two QDs, the collision of
transmission zeros occurs, and these zeros leave the realenergy axis and move away in opposite directions in the
complex-energy plane. We also obtain an analytical expression of the transmission zeros, and show that these zeros are
generally complex when two quasibound states lie close together in energy. Finally, we show a periodic motion of the
resonance pole and transmission zero in the complex-energy
plane as a magnetic field through the AB ring is changed.
The model we study is an AB ring, where a coupled
double QD is embedded in one of its arms, as schematically
shown in Fig. 1. Here, double QDs can be formed by three
electrodes that play a role of the barriers for electrons in the
lower arm, and the coupling between two QDs is controlled
by the middle electrode. We consider both arms of the ring
and the leads as perfect waveguides and adopt a singlepropagating channel in the quasi-one-dimensional approximation. Propagating waves in the leads and perfect regions
of the arms are assumed to be in the form 共x , y兲
⬀ e±ikx共y兲, where x is the local coordinate along the waveguide, y is the transverse coordinate 关transverse wave function is 共y兲兴, and wave vector k = 冑2mE / ប of an electron
with energy E in the open channel.
In order to connect incoming and outgoing waves at the
junctions of the ring and the leads, we employ a simple junction model,28 where a scattering matrix describes the splitting of the electron wave functions at the junction. Using the
amplitudes of electron waves in the ring where the relevant
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Al = 冑 + bBu + aBl,

B̄l = bĀu + aĀl .

共5兲

Here,  plays the role of a coupling parameter between the
leads and ring, and the coefficients a and b are expressed as
a function of  : a = 21 共冑1 − 2 + 1兲 and b = 21 共冑1 − 2 − 1兲. After
some matrix manipulations, we obtain the full transmission
amplitude t共E , ⌽兲 analytically as
t共E,⌽兲 =

ieiN共E,⌽兲
.
D共E,⌽兲

共6兲

Here, the numerator of Eq. 共6兲 can be written as
FIG. 1. Geometry of the AB ring with coupled QDs. Three
electrodes in the lower arm produce the depletion regions in the
two-dimensional electron gas and play the role of the barriers for
electrons with potentials V1, V2, and V3. The interaction between
two QDs is controlled by the middle electrode marked by a black
color.

N共E,⌽兲 = ei关␥+2共␦+兲兴关N0共E,⌽兲 + N1共E,⌽兲兴,

共7兲

where
N0共E,⌽兲 = 4isin ␥ + ei/2兵4u sin ␦关cos 2 sin ␦ + 共cos ␦
+ u sin ␦兲sin 2兴 + sin 2共␦ + 兲其,
and

parameters are defined in Fig. 1, the electron transmission
from left to right leads through both the upper and lower
arms can be expressed by

冉冊
Āu
B̄u

= e−i/2M u

冉 冊

Au
,
Bu

冉冊
Āl

B̄l

= ei/2M l

冉冊

Al
.
Bl

共1兲

Here,  = 2⌽ / ⌽0 describes the phase shift introduced by
the magnetic flux ⌽ threading the AB ring 共⌽0 = h / e is the
elementary flux quantum兲, and M u and M l are the transfer
matrices through the upper and lower arms, respectively. In
order to find the transfer matrix M l in the lower arm, we
consider the coupled QDs that are formed by three shortrange potential barriers 共V j, j = 1 , 2 , 3兲. Then, the transfer matrix of each barrier has the form
Mj =

冉

1 − iu j

− iu j

iu j

1 + iu j

冊

with u ⬅ u1 = u3, ␦ = kL1,  = k共L2 − L1兲, ␥ = kLu, and the interaction parameter between two QDs is 共⬅u2 / u1 = V2 / V1兲. On
the other hand, the denominator of Eq. 共6兲 can be expressed
by
D共E,⌽兲 = D0共E,⌽兲 + D1共E,⌽兲,

共8兲

where
D0共E,⌽兲 = ei共␥+2共␦+兲兲共1 + ei兲 + ei/2u2共e4i␦ + 4e4i
+ e2i共␥+2兲兲 − 4e2i␦u共u − i兲 + 4共u − i兲2 − ei/2关e2i␥共u
− i兲2 + 4e2i共␦+2兲u共u + i兲 − e4i共␦+兲共u + i兲2兴,
and
D1共E,⌽兲 = iei共/2+2␥兲u3共e2i − 1兲2 − iei共/2−2共␦+兲兲

,

共2兲

where u j = mV j / k with j = 1 , 2 , 3. The dimensionless matrix
element of the potential u j describes the strength of the repulsive potential barrier. Therefore, the transfer matrix M l for
the lower arm with two QDs can be expressed by
M l = X共Ll − L3兲M 3X共L3 − L2兲M 2X共L2 − L1兲M 1X共L1兲, 共3兲
where X共x兲 = diag共eikx , e−ikx兲, Ll is the upper arm length, and
the L1, L2, and L3 are distances from the left junction to the
first, second, and third electrodes, respectively. On the other
hand, the transfer matrix M u for the upper 共reference兲 arm
has a simple form as M u = X共Lu兲, where Lu is the length of the
upper arm.
Using the transfer matrix and the junction matrices,28 we
can write connections between the amplitudes:
t = 冑共Āu + Āl兲,
Au = 冑 + aBu + bBl,

N1共E,⌽兲 = 8iuei/2关cos  sin ␦ + 共cos ␦ + 2u sin ␦兲sin 兴,

B̄u = aĀu + bĀl ,

共4兲

⫻兵sin ␦关3i cos  + sin 共1 + 6iu兲 − cos ␦共cos 
+ 共2u − i3兲sin 兲2兴其.

共9兲

From Eqs. 共7兲 and 共8兲, we can determine the positions of
transmission zeros and resonance poles by setting N共E , ⌽兲
= 0 and D共E , ⌽兲 = 0. We solve these two transcendental equations numerically by using standard routines. In addition, the
total transmission probability through the ring as a function
of the electron energy and a magnetic flux is given by T
= 兩t共E , ⌽兲兩2 and the conductance is defined by G = 共2e2 / h兲T
according to the Landauer-Büttiker formalism.
In our calculations, we present results for the following
parameters of the ring and dots: the effective electron mass is
m = 0.067m0 for GaAs and the geometrical parameters of the
ring and positions of gates are chosen to be Lu = Ll = 80 nm,
L1 = 10 nm, L2 = 40 nm, and L3 = 70 nm. The scattering parameters describing two coupled QDs in the lower arm are
used for asV j = 0.2 eV nm 共j = 1 , 3兲, where the width and
heights of the barriers are set to as = 4 nm and V1 = V3
= 50 meV, respectively. The interaction between two QDs,
which leads to the overlapping of resonances due to the coupling between the quasibound states, can be controlled by the
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FIG. 2. The total transmission of a nanoscale
AB ring as a function of electron energy 共the left
column兲 and contour plots of the transmission in
the complex-energy plane 共the right column兲 with
an increase of the interaction parameter . The
two distinct Fano resonances are shown in 共a兲 and
共d兲 for the weak overlapping regime 共 = 2.5兲.
Here, there are two poles 关ERb = 共4.70
− i0.11兲 meV and ERa = 共5.30− i0.08兲 meV兴 and
corresponding zeros 关E0b = 4.81 meV and E0a
= 5.21 meV兴 that both zeros are placed on the real
axis of energy. When  = c = 3.77, the collision of
Fano resonances and merging of transmission zeros appear in 共b兲 and 共e兲 with the same zero position as E0b = E0a = 5.12 meV. In the strong overlapping regime of Fano resonances 共 = 5.5兲, two
transmission zeros 关E±0 ⬇ 共5.19± i0.11兲 meV兴
move away in opposite directions from the realenergy axis in 共c兲 and 共f兲.

interaction parameter . A maximum coupling between the
ring and the leads is used for  = 21 so that the coefficients of
Eq. 共5兲 become a = −b = 21 .
First, we study the interaction of Fano resonances in the
transmission through the AB ring in the absence of a magnetic field by investigating the behavior of transmission amplitude for energy near zero-pole pairs. We consider two quasibound states in the double QDs, where even and odd
quasibound states have the energies Eb and Ea, respectively.
In Fig. 2, we show both overlapping of the Fano resonances
in the transmission as a function of electron energy and a
contour plot of transmission in the complex-energy plane for
different values of the interaction parameter . In the weak
coupling between two QDs,  = 2.5, two distinct Fano resonances in the transmission appear in Fig. 2共a兲 due to the
quantum interference between the continuum states in the
upper arm and two discrete states from the coupled QDs in
the lower arm. Notice that the width ⌫a of Fano resonance
through the odd quasibound state at E ⬇ 5.3 meV is less than
the width ⌫b of Fano resonance through the even quasibound
state at E ⬇ 4.7 meV 共⌫a ⬍ ⌫b兲. The two transmission zeros
共E0a and E0b兲 and two resonance poles 共ẼRa = Ea − i⌫a and ẼRb
= Eb − i⌫b兲 in the complex-energy plane are seen in Fig. 2共d兲,
where two zeros are separate on the real-energy axis. As 
becomes a critical value c = 3.77, the two Fano resonances in
the transmission merge 关Fig. 2共b兲兴 and the transmission zeros
move toward each other and collide on the real-energy axis
关Fig. 2共e兲兴. When  = 5.5⬎ c, a minimum of Fano resonance
in the transmission does not reach to zero 关Fig. 2共c兲兴 and
transmission zeros leave the real-energy axis and move away
in opposite directions in the complex-energy plane 关Fig.
2共f兲兴.

In order to see the behavior of transmission zeros and
resonance poles in detail, we calculate the trajectories of the
zeros and poles with the explicit expressions from Eqs. 共7兲
and 共8兲 and present in Fig. 3 the trajectories of zeros and
poles in the complex-energy plane for a variation of the interaction parameter . As  increases, one of Fano resonance

FIG. 3. 共Color online兲 The trajectories of resonance poles
共ẼRa , ẼRb 兲 and transmission zeros 共E0a , E0b兲 in the complex-energy
plane with an increase of the coupling parameter 共2 ⬍  ⬍ 10兲.
When  increases, two zeros E0a 共red arrow兲 and E0b 共pink arrow兲
move toward each other and the collision and merging take place at
c = 3.77. After merging, two zeros move away from the real-energy
axis in opposite directions as complex conjugate pairs 共denoted by
E+0 and E−0 with green arrows兲. The resonance pole ẼRb associated
with an even quasibound state moves to the higher energy 共blue
arrow兲, and ẼRa arising from the odd quasibound state is nearly
motionless 关ẼRa ⬇ 共5.30− i0.08兲 meV兴.
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N共E兲 = 共E − Eb兲共E − Ea兲 − 共E − Eb兲Uaa − 共E − Ea兲Ubb ,
共10兲
where
Uaa =

FIG. 4. A schematic diagram for even and odd quasibound states
with energies Eb and Ea, connecting with the junction states of the
ring by the appropriate matrix elements VLb, VbL, VaL, and VLa. The
matrix element of the junctions through the upper arm is denoted by
V r.

zeros E0b 共shown as diamonds兲 arising from even quasibound
state in the QDs moves to the higher energy and another zero
E0a 共shown as stars兲 arising from odd quasibound state in the
QDs moves to the lower energy. When  = c, the collision
and merging of E0b and E0a takes place at E0a = E0b = 5.12 meV.
In the strong overlapping regime of Fano resonances 共
⬎ c兲, the transmission zeros, denoted by E+0 and E−0 共shown
as circles兲, move away from the real-energy axis in opposite
directions as complex conjugate pairs.
It is interesting to note that the behavior of the resonance
poles 共ẼRb and ẼRa 兲 is different from that of transmission zeros
共E0b and E0a兲. The resonance pole ẼRb arising from an even
quasibound state in the QDs is shifted to the higher energy as
 increases. However, the movement of ẼRb to the higher
energy is hindered by one of the transmission zeros E−0 at
E ⬇ 5.24 meV, which prevents the collision of the resonance
poles ẼRb and ẼRa . On the other hand, the resonance pole ẼRa
arising from the odd quasibound state in the QDs is nearly
motionless because the odd quasibound state of the double
QDs is weakly affected by  due to short-range potentials in
the lower arm of the ring.
In order for zeros of transmission amplitude to confirm to
move away from the real axis in the case of overlapping
Fano resonances, we calculate the transmission zeros analytically by employing a simple model shown in Fig. 4. We
consider two nearest quasibound states in the dots that are
even and odd levels with energies Eb and Ea, respectively.
These two orthogonal states of the dots in the lower arm can
be connected with the junction states of the ring by the appropriate matrix elements VLb, VbL, VaL, and VLa. On the
other hand, Vr is defined as the matrix element of the junctions through the reference arm. Notice that these matrix
elements are generally complex numbers, and they are dependent on the phase difference between localized wave
functions in the dots and propagating waves in the leads. If
the energy of an incoming electron from the lead is near the
resonant energies of the dots, then the matrix elements that
couple an even 共odd兲 quasibound state to the left and right of
the dots are real and have same 共opposite兲 signs: VLb ⬎ 0 and
VbL ⬎ 0 共VLa ⬎ 0 and VaL ⬍ 0兲. With these matrices, we can
obtain an exact expression for the scattering amplitude,
which has the same structure of Fano zero-pole pairs, as
expressed in Eq. 共6兲. Here, the numerator of the scattering
amplitude has the form

VaLVLa
Vr

and

Ubb =

VbLVLb
.
Vr

Then, the transmission zeros 共E0b and E0a兲 can be exactly obtained from the equation N共E兲 = 0, which gives
1
0
= 共Ea + Eb + Uaa
Ea,b
2
+ Ubb ± 冑共Ea − Eb + Uaa − Ubb兲2 + 4UaaUbb兲.
共11兲
The examination of Eq. 共11兲 indicates that E0b and E0a are off
from the real axis of energy when
Ea − Eb ⬍ Ubb + 兩Uaa兩 + 2冑兩Uaa兩Ubb ,

共12兲

where Ubb ⬎ 0 and Uaa ⬍ 0. This implies that when even and
odd quasibound states lie close together in energy, the transmission zeros move off from the real axis of energy. Using
the location of these zeros and poles that are generally complex numbers, the transmission amplitude of Eq. 共6兲 near the
resonances in Fano overlapping regime can be expressed as
tF共E兲 ⬀

共E − E0a兲共E − E0b兲
,
共E − Eb + i⌫b兲共E − Ea + i⌫a兲

共13兲

which characterizes the transmission line shape in the vicinity of the transmission zeros and resonance poles.
Since the coupled Fano resonances in the transmission
can be tuned by the magnetic flux ⌽ threading the AB ring,
we study a magnetic field dependence of transmission zeros
and resonance poles in a strong Fano overlapping regime.
The trajectories of zeros and poles in the complex-energy
plane as a function of magnetic flux are shown in Fig. 5 for
a given interaction parameter  = 5.5. As ⌽ increases, the two
zeros at E+0 = 共5.19+ i0.11兲 meV and E−0 = 共5.19− i0.11兲 meV
for ⌽ = 0 start to move to the higher 共green arrow with
circles兲 and lower 共red arrow with stars兲 energies, respectively, until they reach to the real axis. When ⌽ = 21 ⌽0, these
complex conjugate pairs become real numbers 共E+0
= 5.45 meV and E−0 = 4.95 meV兲, which indicates a full reflection of the transmission. When 21 ⌽0 ⬍ ⌽ ⬍ ⌽0, these zeros continue to move on the other half of the trajectories to
complete a stadiumlike orbit. Then, the zero E+0 comes to
initial position of E−0 and vice versa for ⌽ = ⌽0. In other
words, the upper zero E+0 circumscribes half of the orbit and
then the lower zero E−0 replaces the same part of the orbit
after the flux is changed by a period. On the other hand, the
behavior of the resonance poles is quite different. As ⌽ increases, each pole at ERb = 共5.06− i0.12兲 meV 共shown as triangles兲 and ERa = 共5.30− i0.08兲 meV 共shown as diamonds兲 for
⌽ = 0 moves a short nearly straight line periodically. 共If ⌽
= 21 ⌽0, these two poles are located at the opposite end of the
starting points along these lines.兲
It is worthwhile noting here that the transmission through
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pression for the transmission zeros in the presence of magnetic field is
1
0
Ea,b
= 共Ea + Eb + 共Uaa
2
+ Ubb兲ei ± 冑关Ea − Eb + 共Uaa − Ubb兲ei兴2 + 4UaaUbbei2兲.
共14兲

FIG. 5. 共Color online兲 The trajectories of zeros and poles as a
function of a magnetic flux for a fixed interaction parameter 
= 5.5. The two zeros for ⌽ = 0 at E+0 = 共5.19+ i0.11兲 meV and E−0
= 共5.19− i0.11兲 meV start to move to the right 共green arrow兲 and left
共red arrow兲, respectively, and they reach to the real axis for ⌽
1
= 2 ⌽0 that is a full reflection of the transmission. These zeros continue to move on the other half of the trajectories and complete a
1
stadiumlike orbit for 2 ⌽0 ⬍ ⌽ ⬍ ⌽. The resonance poles at ERb
= 共5.06− i0.12兲 meV and ERa = 共5.30− i0.08兲 meV for ⌽ = 0 move a
short nearly straight line periodically.

the ring is a periodical function of magnetic flux, which
changes the interference between the parts of the wave function in the arms. Hence, the transmission zeros are more
sensitive to the magnetic flux because they are defined by
wave interference. However, the resonance poles are defined
by quasibound energy and move slowly in a magnetic field.
Finally, we present an analytical expression for zero trajectories in the presence of magnetic field using the same
model shown in Fig. 4. If a magnetic flux is applied to the
loop in the perpendicular direction, each wave function gives
a phase shift on the links. The phase shift on the links connecting the dots with the leads is  / 4 so that the matrix
elements between the dots and the leads are replaced by
Vn,m → Vn,me±i/4, where the sign depends on the propagation
direction of an electron. On the other hand, the phase shift
through the reference arm is  / 2, and so we can set Vr
→ Vre−i/2. Then, the effective matrix elements can be written as Uaa → Uaaei and Ubb → Ubbei, and the analytical ex-
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This expression indicates the periodic trajectories for transmission zeros as ⌽ changes, which is shown in Fig. 5. We
note that for the nonoverlapping regime when Fano dipoles
exist, the zeros move in separate circular orbits near their
associated poles 共not shown here兲. In the strong overlapping
regime, however, the zeros as a coupled object move in a
common stadiumlike orbit around two coupled poles. This
means that two overlapped Fano resonances can be considered as a combined object called the “Fano quadrupole.”
In summary, the Fano interference effects have been investigated in an AB ring with two coupled QDs in the presence of magnetic field. In this system, we have examined
new effects on the collision of Fano dipoles and its manifestation in the transmission. It was shown that the proximity of
the Fano dipoles leads to the shift of zero resonances in the
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