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Abstract: Recent advances in metamaterial research have provided us a
blueprint for realistic cloaking capabilities, and it is crucial to develop
practical designs to convert concepts into real-life devices. We present two
structures for optical cloaking based on high-order transformations for TM
and TE polarizations respectively. These designs are possible for visible and
infrared wavelengths. This critical development builds upon our previous
work on nonmagnetic cloak designs and high-order transformations.
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1. Introduction
Cloaking (or being invisible) is a longtime dream that may date back to the very beginning of
human civilization. In the last few years, this dream moves one step closer to reality, thanks to
various schemes proposed to control and manipulate electromagnetic waves in unprecedented
ways [1-6]. From among these methods, the transformation approach, which generalized a
similar idea on cloaking of thermal conductivity [7, 8], has generated enormous interest [912], partially because of its similarity to the mythological version of cloak: a closed surface is
created which renders arbitrary objects within its interior invisible to detection. The
constitutive parameters of the cloak are determined by the specific form of the spatial
transformation. They are usually anisotropic with gradient requirements that are only possible
using artificially engineered structures, such as the previously demonstrated microwave cloak
[13].
The word “invisible” naturally implies the inaccessibility of an object to waves with
wavelengths perceivable by human eyes, which are so-called “visible light”. Unfortunately, an
electromagnetic cloak working at optical frequencies has yet to be demonstrated, although a
conceptual design with reduced non-magnetic parameters has been discussed by the present
authors [14]. Recently we also proposed non-magnetic cloaks based on high-order
transformations [15], which may provide not only better cloaking performance, but also more
flexibility in determining the properties of constitutive materials. A rigorous analysis of highorder cloaks was presented afterwards in [16]. As a critical development of our recent work
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[14, 15], in this paper we propose two practical designs of optical cloaks based on high-order
transformations. Specifically, we demonstrate i) a non-magnetic cylindrical cloaking system
for TM incidence (magnetic field polarized along the cylindrical axis) which consists of a
layered metal-dielectric without any variation in either material or structure along the vertical
direction; ii) a magnetic cylindrical cloak for TE incidence (electric field polarized parallel to
axis) utilizing Mie resonance in periodic rod-shaped high-permittivity materials. In each
scheme, through careful design of the geometry, the anisotropy and gradient of material
properties in the cloaking shell fits remarkably well to the intended transformation.
2. Material properties in cylindrical cloaks
For a cloak in the cylindrical geometry, a coordinate transformation function r

=

g(r ′) from

( r ′, θ ′, z ′ ) to ( r , θ, z ) is used to compress the region r ′ ≤ b into a concentric shell of
a ≤ r ≤ b , and the permittivity and permeability tensors required for an exact cloak can be
determined as [15]:
εr

=

μr

=

(r ′ r ) ∂g (r ′)

∂

r

′

;

εθ

=

μθ

=

1

εr ; εz

μz

=

=

(r ′ r ) ⎢∂ g(r ′)
⎡

⎣

∂

r

′

⎤
⎥
⎦

−1

(1)

For the standard states of incident polarization, the requirement in Eq. (1) can be relaxed
such that only three of the six components are relevant. For example, for TE (TM)
polarization, only εz, μr and μθ (μz, εr and εθ) enter into Maxwell’s equations. Moreover, the
parameters can be further simplified to form reduced parameters which are more realistic for
practical applications. Since the trajectory of the waves is determined by the cross product
components of the ε and μ tensors instead of the two tensors individually, the cloaking
performance is sustained as long as n θ = εz μr and nr = εz μθ ( n θ = μz εr and

nr = μz εθ ) are kept the same as those determined by values in Eq. (1). This technique
results in a specific set of reduced parameters which allow for a permeability gradient along
only the radial direction for the TE mode [13]:
μr

2

=

(r ′ r )

g(r

⎡
∂
⎢
⎣

)

′

r

∂

′

⎤

2

⎥
⎦

;

μθ

=

εz

1;

and can be purely non-magnetic for the TM mode [14]:
εr

2

=

(r ′ r ) ; εθ

=

⎡
⎢
⎣

∂

g(r

)

′

∂

r

′

⎤
⎥
⎦

=

−2

;

⎡
∂
⎢
⎣

g(r

μz

)

′

=

1

∂

r

′

⎤
⎥
⎦

−2

(2)
(3)

From an application point of view, the design of an electromagnetic cloak is meant to
elaborate realistic structures and materials which fulfill the set of parameters corresponding to
any of Eqs. (1-3). The reported experimental demonstration of a microwave cloak in [13]
presented a structure where Eq. (2) was satisfied, and the proposed non-magnetic optical cloak
in [14] corresponded to the case described by Eq. (3). One common feature shared in the two
systems is that both works obtained designs based on a standard linear transformation
r

=

g(r ′) = (1 − a b ) r ′ + a . In sharp contrast to the previous work, the purpose of this paper

is to present realistic designs based on more general high-order transformations. In particular,
for the TM polarization, we propose a non-magnetic cloak design compatible with mature
fabrication techniques such as direct deposition and direct etching; for TE incidence, we
present a structure that allows for a radial gradient in the magnetic permeability while
avoiding the use of plasmonic metallic units in the optical range.
3. Optical cloak with high-order transformations I: TM mode
First we focus on the non-magnetic cloak in the TM mode with parameters given in Eq. (3). In
this case, the design of cloak is essentially to produce the required gradient in εr and εθ using
readily available materials. Apparently, a cloak cannot consist of only a single-constituent
material, because a spatial variation in material properties is critical to building a cloak. To
start the design, we first examine the overall flexibility we can achieve in the effective
permittivity of a general two-phase composite medium. When an external field interacts with
#92614 - $15.00 USD
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Fig. 1. The principle of constructing a non-magnetic cloak in the TM mode with highorder transformations. The thick solid and dashed lines represent the two Wiener bounds
ε||(f) and ε⊥(f), respectively. Basic material properties for this calculation: ε1 = εAg =
−10.6+0.14i and ε2 = εSiO2 = 2.13 at λ = 532 nm.

a composite consisting of two elements with permittivity of ε1 and ε2 respectively, minimal
screening occurs when all internal boundaries between the two constituents are parallel to the
electric field, and maximal screening happens when all boundaries aligned perpendicular to
the field. These two extremes are possible in an alternating layered structure, provided that the
thickness of each layer is much less than the wavelength of incidence [17]. In this case the
two extreme values of the effective permittivity can be approximated as
ε = f ε1 + (1 − f )ε2 ; ε⊥ = ε1ε2 ( f ε2 + (1 − f )ε1 )
(4)
where f and 1−f denote the volume fractions of components 1 and 2, and the subscripts || and
⊥ indicate the cases with electric field polarized parallel and perpendicular to the interfaces of
the layers, respectively. Such layered structures have been studied extensively in recent years
for various purposes, especially in sub-diffraction imaging for both the near field and the far
zone [18-23].
The two extrema in Eq. (4) are called the Wiener bounds to permittivity, which set the
absolute bound on all possible values of the effective permittivity of a two-phase composite
[24, 25]. In realistic composites, more strict limits, for example those from the spectral
representation developed by Bergman and Milton [26, 27], might apply in addition to the
Wiener bounds, but Eq. (4) nonetheless provides a straightforward way to evaluate the
accessible permittivity in a composite with given constituent materials. The Wiener bounds
can be illustrated on a complex ε-plane with the real and imaginary parts of ε being the x and
y axis, respectively. In this plane, the low-screening bound in Eq. (4a) corresponds to a
straight line between ε1 and ε2, and the high-screening bound in Eq. (4b) defines an arc which
is part of the circle determined by the three points ε1, ε2 and the origin.
The required material properties for the cloak in Eq. (3) indicates that, for a non-magnetic
cylindrical cloak with any transformation function, εr varies from 0 at the inner boundary of
the cloak (r = a) to 1 at the outer surface (r = b), while εθ is a function of r with varying
positive value, except for the linear transformation case where ∂g(r ′) ∂r ′ is a constant. Now
we can evaluate the possibility of fulfilling the required parameters in Eq. (3) based on
alternating metal-dielectric slices whose properties are estimated by Eq. (4). With phase 1
being a metal (ε1 = εm < 0) and phase 2 representing a dielectric (ε2 = εd > 0), the desired
material properties of the cloak are only possible when the slices are within the r-z plane of
the cylindrical coordinates. In this case εr and εθ correspond to ε|| and ε⊥ in Eq. (4),
respectively. This scenario is illustrated in Fig. 1. The thick solid and dashed lines represent
#92614 - $15.00 USD
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Fig. 2. Schematic of a cylindrical non-magnetic cloak with high-order transformations
for TM polarization.

the two Wiener bounds ε||(f) and ε⊥(f) respectively. The constituent materials used for the
calculation are silver and silica at a green light wavelength of 532 nm. The pair of points on
the bounds with the same filling fraction are connected with a straight line for clarification
purposes. When εr changes between 0 and 1, the value of εθ varies accordingly as shown by
the arrow between the two thin dashed lines. Therefore, the construction of a non-magnetic
cloak requires that the relationship between the two quantities ε|| and ε⊥ (as functions of f)
within the range shown in Fig. 1 fits the material properties given in Eq. (3) for a particular
transformation function r = g(r ′) . Another attractive feature of the proposed scheme is the
minimal loss factor. As shown in Fig. 1, the loss feature described by the imaginary part of the
effective permittivity is on the order of 0.01, much smaller than that of a pure metal or any
resonant metal-dielectric structures. A schematic of the proposed structure consisting of
interlaced metal and dielectric slices is illustrated in Fig. 2.
Mathematically, for a preset operational wavelength we seek a transformation together
with the cylindrical shape factor a/b that fulfills the following equation:
2

⎛

2

⎞
⎛
⎞
⎟⎟ + ⎜r ′
⎟⎟ − (ε + ε ) = 0
m
d
∂r ′⎠⎟
⎝⎜⎜ g(r ′)⎠⎟

∂g(r ′)
εm εd ⎜⎜⎜
⎝

(5)

and

g(0) = a; g(b) = b;

g(r ′) ∂r ′ > 0

(6)

∂

There does not exist an exact analytical solution to the equations above. However, we may
use polynomial functions to approach a possible solution. More specifically, a quadratic
function in the following form
r

with p

< (b − a ) b

2

=

g(r

) = ⎡⎢1 − a

′

⎣

b

+

p (r

′ −

b) r
⎤

⎥
⎦

′ +

a

(7)

can serve as a good candidate for an approximate solution to Eq. (5).

Table 1. Approximate quadratic transformations and materials for constructing a cloak with alternating slices

λ
488 nm
532 nm
589.3 nm
632.8 nm
11.3 μm
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ε1
εAg = −8.15+0.11i
εAg = −10.6+0.14i
εAg = −14.2+0.19i
εAg = −17.1+0.24i
εSiC = −7.1+0.40i

ε2
εSiO2 = 2.14
εSiO2 = 2.13
εSiO2 = 2.13
εSiO2 = 2.12
εBaF2 = 1.93

p × (b2/a)
0.0662
0.0517
0.0397
0.0333
0.0869

a/b
0.389
0.370
0.354
0.347
0.356
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3

εθ , εr

ε
2

θ
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0
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1.5

2
r/a
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2.5

Fig. 3. Anisotropic material parameters εr and εθ of a non-magnetic cloak made of silversilica alternating slices corresponding to the third row (λ = 532 nm) in Table 1. The solid
lines represent the exact parameters determined by Eq. (2), and the diamond markers
show the parameters on the Wiener’s bounds given by Eq. (4).

Such a transformation automatically satisfies the boundary and monotonicity requirements in
Eq. (6), and it is possible to fulfill Eq. (5) with minimal deviation when a proper shape factor
is chosen. In Table 1 we provide transformations, materials and geometries for non-magnetic
cloaks designed for several important frequency lines across the visible range including 488
nm (Ar-ion laser), 532 nm (Nd:YAG laser), 589.3 nm (sodium D-line), and 632.8 nm (He-Ne
laser). In the calculations, the permittivity of silver is taken from well accepted experimental
data [28], and the dielectric constant of silica is from the tabulated data in [29]. Note that the
same design and transformation work for all similar cylindrical cloaks with the same shape
factor a/b. When the approximate quadratic function is fixed for a given wavelength, the
filling fraction function f(r) is determined by the following equation:
f (r )

=

Re (εd )

−(

Re (εd

g

−1(r ) r

− εm )

2

)

(8)

As an example, in Fig. 3 we show the anisotropic material properties of a non-magnetic
cloak corresponding to the λ = 532 nm case in Table 1. Our calculation shows that with the
approximate quadratic transformation, the effective parameters εr and εθ obtained with the
Wiener bounds in Eq. (4) fit with the exact parameters required for this transformation by Eq.
(2) remarkably well, with the average deviation of less than 0.5%.
Compared to the previously designed cloak in [14] which requires thin metal needles
embedded in a dielectric host following a pre-designed distribution, the fabrication feasibility
of the newly proposed design is obvious because such vertical wall-like structures are
compatible with mature fabrication techniques like direct deposition and direct etching.
4. Optical cloak with high-order transformations II: TE mode
In the next part of the paper, we focus on constructing a cylindrical cloak for TE mode
working within the mid-infrared frequency range with a gradient in the magnetic permeability,
as requested by Eq. (2). An electromagnetic cloak operating at mid-infrared is of great
military and civilian interests, because this wavelength range corresponds to the thermal
radiation band from human bodies. For this purpose there could be several different
approaches which all involve silicon carbide, an important media for metamaterial research in
mid-infrared. SiC is a polaritonic material with its phonon resonance band falling into the
spectral range centered at around 12.5 μm (800 cm-1), which introduces a sharp Lorentz
behavior in its electric permittivity. The dielectric function of SiC at mid-infrared is well
described with the following model [30, 31]:
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Fig. 4. Schematic of a cylindrical non-magnetic cloak with high-order transformations
for TE polarization.

εSiC

=

ε∞ ω 2
⎡
⎣

−

ωL2

+

i γω ⎤
⎦

⎡
⎣

ω2

−

ωT2

+

iγω ⎤
⎦

(9)

where ε∞ = 6.5 , ωL = 972 cm −1 , ωT = 796 cm −1 and γ = 5 cm −1 . On the highfrequency side, the dielectric function is strongly negative, which makes its optical response
similar to that of metals and has been utilized in applications like a mid-infrared superlens
[31, 32]. At frequencies lower than the resonance frequency, the permittivity can be strongly
positive, which makes SiC an attractive candidate for producing high-permittivity Mie
resonators at the mid-infrared wavelength range [33].
SiC structures can be used to build mid-infrared cloaking devices in different styles. For
example, we may consider using the needle-based structure detailed in [14] for the TM mode,
where needles made of a low-loss negative-ε polaritonic material like SiC or TiO2 are
embedded in an IR transparent dielectric like ZnS. The non-magnetic cloak using alternating
slices structure as proposed in this paper provides a more realistic design. With SiC as the
negative-ε material and BaF2 as the positive-ε slices with material properties given in [29], we
can find the appropriate transformation function and shape factor that fulfills the material
property requirements at a preset wavelength. The result for λ = 11.3 μm (CO2 laser range) is
shown in the last row of Table 1.
Now we consider a cylindrical cloak for the TE mode with the required material properties
given in Eq. (2), which indicates that a gradient in the magnetic permeability along the radial
direction is necessary. To be more specific, μr varies from 0 at the inner boundary (r = a) to
⎡
⎢
⎣

g(r )

∂

′

r

∂

′

⎤

2

⎥
⎦

the function

at the outer surface (r = b), while the required εz changes accordingly following
⎡
⎢
⎣

∂

g(r )
′

r

∂

′

⎤
⎥
⎦

−2

. The magnetic requirement may be accomplished using metal

elements like split-ring resonators, coupled nanostrips or nanowires. However, such
plasmonic structures inevitably exhibit a high loss, which is detrimental to the cloaking
performance. A SiC based structure provides an all-dielectric route to a magnetic cloak for the
TE mode due to the Mie resonance in a subwavelength SiC unit.
Meta-magnetic responses and a negative index of refraction in structures made from highpermittivity materials have been studied extensively in recently years [33-37]. Magnetic
resonance in a rod-shaped high-permittivity particle can be excited by different polarizations
of the external field with respect to the rod axis. When a strong magnetic resonance and an
effective permeability substantially distinct from 1 are desired, the rod should to be aligned
parallel to the electric field to assure the maximum possible interaction between the rod and
the external field. In our conceptual design of a cylindrical cloak for the TE mode, the desired
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Fig. 5. The required and the calculated effective parameters μr and εz for a cylindrical TE
cloak with SiC wire arrays for λ = 13.5 μm.

radial permeability has values of less than (but close to) 1, and resonance behavior in the
effective permittivity εz should be avoided for a minimal loss. Therefore, with the electrical
field polarized along the z axis of the cylindrical system, we arrange the SiC rods along the r
axis and form an array in the θ-z plane. The proposed structure is depicted in Fig. 4, where
arrays of SiC wires along the radial direction are placed between the two surfaces of the
cylindrical cloak.
The effective permeability of the system can be estimated as follows using the approach in
[34]:

L J (kL ) − tJ (kt ) + a tH (kt ) − a L H (kL ) + c tJ (nkt ) n
μ =
kL
J (kL 2) − a H (kL 2)
(1)

2

r

1

1

1

1

0

(1)

1

0

2

1

1

1

0

1

(1)

1

0

2

0

0

(10)

2

where h and ϕ represent the periodicities along the z and θ directions respectively, t denotes
the radius of each wire, n = εSiC is the refractive index, k = 2π λ0 denotes the wave
vector,

L1

= hr ϕ π

and

L2

= (h + r ϕ) 2

represent the two effective unit sizes based on

area and perimeter estimations respectively.

a
c

0

0

nJ (nkt )J (kt ) J (kt )J (nkt ) nJ (nkt )H (kt ) H (kt )J (nkt ) and
J (kt ) a H (kt ) J (nkt ) are the scattering coefficients, and the Bessel functions in

=

[

=

⎡
⎢⎣

0

0

−

1

−

(1)

0

0

0

⎤
⎥⎦

1

]

⎡
⎢⎣

(1)

0

1

−

(1)

0

1

⎤
⎥⎦

0

the equation follow the standard notations. The permittivity along the z direction is well
approximated using Maxwell-Garnett method [34]. In the design we choose the appropriate
transformation, geometry and operational wavelength such that the calculated effective
parameters μr and εz follow what is required by Eq. (2) with tolerable deviations. In Fig. 5 we
plot the required and the calculated μr and εz for a TE cloak at λ = 13.5 μm. The parameters
used for this calculation are a = 15 μm, a/b = 0.35, t = 1.2 μm, h = 2.8 μm, ϕ = 10.6°, and the
p coefficient in the quadratic transformation is 0.5a/b2. We observe very good agreement
between the required values and the calculated ones based on analytical formulae, and the
imaginary part in the effective permeability is less than 0.06. This computation verifies the
feasibility of the proposed cloaking system based on SiC wire arrays for the TE polarization.
5. Conclusions
In summary, using high-order transformations we proposed two novel designs of optical
cloaks for TM and TE polarizations. This critical development builds upon our previous work
on the design of a non-magnetic cloak and the suggestion of using high-order transformations
to produce more flexible cloaking systems. We should note that the effective material
properties in the two designs presented in this paper are evaluated using simple analytical
models, and the bulk dielectric functions of the constituent materials are used in all
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calculations. In the real-life construction of such cloaking systems, there would be expected
deviations from the presented parameters in terms of particular values in the geometry and
transformation functions. Nevertheless, this work provides realistic structures and models
which lead to a practical path towards realizing actual cloaking devices at optical
wavelengths.
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