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Abstract A novel microresonator operating on the
principle of nonlinear modal interactions due to autoparametric 1:2 internal resonance is introduced.
Specifically, an electrostatically actuated pedal-microresonator design, utilizing internal resonance between
an out-of-plane torsional mode and a flexural in-plane
vibrating mode is considered. The two modes have
their natural frequencies in 1:2 ratio, and the design
ensures that the higher frequency flexural mode excites the lower frequency torsional mode in an autoparametric way. A Lagrangian formulation is used
to develop the dynamic model of the system. The dynamics of the system is modeled by a two degrees of
freedom reduced-order model that retains the essential quadratic inertial nonlinearities coupling the two
modes. Retention of higher-order model for electrostatic forces allows for the study of static equilibrium
positions and static pull-in phenomenon as a function

of the bias voltages. Then for the case when the higher
frequency flexural mode is resonantly actuated by a
harmonically varying AC voltage, a comprehensive
study of the response of the microresonator is presented and the effects of damping, and mass and structural perturbations from nominal design specifications
are considered. Results show that for excitation levels
above a threshold, the torsional mode is activated and
it oscillates at half the frequency of excitation. This
unique feature of the microresonator makes it an excellent candidate for a filter as well as a mixer in RF
MEMS devices.
Keywords Microelectromechanical resonators ·
Parametric resonance · Autoparametric resonance ·
Internal resonance · Flexural-torsional oscillations
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Resonantly actuated micro-structures, referred to as
microresonators, are an integral part of many MEMS
devices such as highly sensitive pressure sensors, mass
sensors [1], biological sensors [2], scanning force and
atomic force microscopes, and radio frequency (RF)
filters [3]. Geometric and inertial nonlinearities due
to structure as well as the nonlinearities due to actuation mechanisms play important role in the dynamics of these microstructures. For example, in the AFM
cantilever probes’ resonant dynamics, van der Waals
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interactions are shown to lead to a softening nonlinear
response while the short range repulsive forces lead to
an overall hardening response [4]. Younis and Nayfeh
[5] in a recent study stressed the importance of accounting for nonlinearities in modeling microsystems.
An inaccurate representation of the nonlinearities can
lead to an erroneous prediction of the frequency response and eventually failure of design based on the
erroneous simulations. Furthermore, microresonators
based on parametric resonances [6] have finite amplitude oscillations due to nonlinearity resulting in detuning from resonance.
The main objective of this paper is to propose
microresonators which depend in an essential way
on nonlinear modal interactions between different
modes for their functioning. In particular, the paper
presents the concept, working principle, and modeling
approach for a nonlinear pedal-type microresonator
which is based on 1:2 internal resonance and modal
interactions [7]. The pedal-type microresonator configuration has a flexural and a torsional mode of vibration. Though these modes are linearly uncoupled, the
pedal structure exhibits inertial quadratic nonlinearities, and thus becomes a candidate for autoparametric
1:2 internal resonance between the two modes of the
structure when the flexural and the torsional modes are
designed to possess natural frequencies that are in a 2
to 1 ratio.
The motivation and guidance for this design came
from such structures investigated on a macro scale. For
example, Balachandran and Nayfeh [8] carefully modeled a L-beam structure and compared the simulation
results with those of experiments with such a structure.
The L-beam structure was designed to have 1:2 internal resonance between the first two modes of the structure. In such an internally resonant system, the directly
excited mode at higher frequency, f , in turn excites
a lower frequency mode with frequency f/2 due to
quadratic nonlinear coupling between the two modes.
This phenomenon, referred to as nonlinear modal interaction [7], can result in transference of much of the
input or excitation energy from the higher frequency
mode to the lower frequency mode, and was utilized
for designing autoparametric vibration absorbers [9].
The attenuation of the higher mode response is accompanied by a large amplitude response of the lower
mode. Thus, the lower mode acts like an autoparametric resonator. This nonlinear interaction with the accompanying high-amplitude response is exploited in
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the present study to develop autoparametric MEMS
mechanical resonators. Now, it is well known that the
indirect response of the lower mode is due to parametric instability of the directly excited higher mode
(pitchfork bifurcation) and this response exists only in
the frequency range where actuation amplitude exceed
some threshold actuation amplitude [10]. Thus, the response can be highly frequency selective, and the frequency selectivity can be controlled by the actuation
amplitudes (e.g., actuation voltage for electrostatic actuation). Potential applications of such a frequency selective response of the indirectly excited mode include
mass sensors, RF filters, sensitive pressure sensors,
etc.
Apart from the pedal-type microresonator detailed
in this paper, some plausible microstructure design
configurations that also utilize autoparametric internal
resonance are a micro L-beam structure, a micro Tbeam structure, or a comb drive folded beam structure
added with another beam mass structure. Essentially,
the design needs to ensure that the two resonant modes
are such that the movement of the higher mode results
in parametric excitation of the lower mode. Vyas and
Bajaj [11] recently presented a possible design and its
nonlinear response for a T-beam microstructure that is
excited electrostatically.
The modeling approach illustrated here provides a
road map for modeling other possible designs as well.
Electrostatic actuation is the most commonly used approach of exciting these structures, and is included in
the model of pedal microresonator. Note that a linear model of this resonator will not be able to predict any interaction between the modes as the two
modes are only coupled via nonlinear terms, with the
lowest coupling nonlinear term being quadratic. Thus,
a nonlinear continuum model of the resonator is presented via a Lagrangian formulation. In addition to the
usual elastic strain energy and the kinetic energy of the
structural elements, the model also retains electrostatic actuation nonlinearities which define the structure’s
equilibrium position. The linearized model is used to
develop natural frequencies and mode shapes, and a
two-mode reduced-order model is developed using the
appropriate linear modes that are likely candidates for
nonlinear interactions. The dependence of natural frequencies on bias voltages is formulated. Then the asymptotic method of averaging is used to determine
amplitude equations that govern periodic response of
the resonator about a static equilibrium position. The
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resonator can either be excited directly in the first
mode, or the second mode, by applying AC voltage
to the appropriate electrodes. The performance of a
typical nonlinear pedal microresonator to excitation of
the higher frequency mode is explained by presenting analytical and simulation results for a structure designed to have internally resonant modes. The effects
of damping, dimensional perturbations from nominal
geometry needed for exact resonance, and perturbations in mass of the pedal on the resonator response
are considered.
We should note here that microresonators based
on parametric resonances, and those operating in torsional modes have been studied in the literature [1,
12]. The response of the system remains bounded due
to the nonlinearities in the system, and specifically
cubic nonlinearities play an important role [13]. The
principal parametric resonance has been used in exciting nano [14] and micro [15] resonators oscillating in
torsional mode by varying the stiffness of the resonator
at twice the natural frequency. Zhang et al. [15] tuned
the cubic nonlinearity in the torsional resonator by adjusting the actuation voltage and this tuning resulted
in adjusting the bandwidth and selectivity of the resonator. Zalalutdinov et al. [16] used a low power laser
to optically (thermally) excite a disk shaped microresonator. The temperature change due to laser heating
results in change in stiffness and the temperature is
modulated at twice the natural frequency to excite the
microstructure parametrically in principal parametric
resonance.
This work is organized as follows. A brief description of the system along with its operation principle
is given in Sect. 2. Section 3 presents linear analysis for the pedal structure to determine design condiFig. 1 A schematic
diagram of the pedal
microresonator showing
(a) top view, and (b) side
view. The stationary
elements of the
microresonator are shown
in gray color
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tions for 1:2 internal resonance of the first two modes.
In Sect. 4, a two-mode approximate model is developed that determines the nonlinear response of the
pedal structure under resonant excitation of the second mode. In Sect. 5, results regarding the static pullin effects are presented, and Sect. 6 derives the slowamplitude evolution equations governing the asymptotic response of the structure. In Sect. 7, representative results on the response of the pedal resonator are
presented along with the effects of model parameters.
The work ends in Sect. 8 with a summary and some
concluding remarks.

2 Nonlinear pedal microresonator: nomenclature
and Lagrangian
A schematic of a pedal microresonator working on the
principle of nonlinear interaction of flexural-torsional
modes is shown in Fig. 1. A plate type structure (the
pedal CD) of length Lp and width bp is supported
by two beams 1 and 2 of lengths L1 and L2 , respectively. The structure has same thickness “b” for the
beams and the pedal. The beams are assumed to have
uniform rectangular cross-sections with beam lateral
thickness h. The schematic also shows two stationary
electrodes A and B, with the electrode A used in the
model to electrostatically actuate the microresonator
in XY plane. The spans of the electrode A on beams
1 and 2 are l1 and l2 , respectively. The gap between
electrode A and the beams is denoted by d1 , and the
gap between the electrode B and the pedal is denoted
by d2 . The electrode B with span “l3 ” serves the purpose of a sensing electrode in the device and senses
displacement in Z direction.
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motion for the torsional mode. This transfer of energy
is most efficient or effective when the torsional mode
frequency is nearly half that of the flexural mode frequency. This process is described as nonlinear modal
interaction [7] and is best studied by the analytical
model of the structure developed in the following.
The arc lengths of the beams 1, 2, and the pedal
CD are denoted by s1 , s2 , and s3 , respectively. vi and
wi are the flexural displacements of the i’th beam in
Y and Z direction, respectively. The torsional angular
displacements θi about the X axis of the i’th beam are
also included in the model. vi , wi , and θi are all functions of the i’th beam arc length si .
The kinetic energy, T , and the potential energy,
U , of the resonator with aforementioned torsional
and flexural displacements can be written as [17]:

The essential mode of operation of the pedal structure as a nonlinear resonator is as follows: The electrode A excites the beams 1 and 2 in their resonant
flexural mode in the XY plane when an AC voltage
is applied. The pedal CD moves as a rigid body in
the XY plane. There is another elastic mode of the
structure which is dominated by the torsional motion
of the beams about the X axis. In the torsional mode,
the pedal moves angularly out of the XY plane in Zdirection. Linearly, the flexural in-plane motion and
the torsional motion about the X-axis are uncoupled
though they are nonlinearly coupled. When the flexural in-plane motion of the beams exceeds a threshold
amplitude, the torsional mode of the structure gets excited due to transfer of energy from the flexural mode
via a parametric excitation like term in the equation of

T =

2  
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2
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24
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where I1 = bh3 /12 and I2 = hb3 /12. mb is the beam
mass per unit length, Mp is the mass of the pedal
structure, E is Young’s modulus, G is the modulus of
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(1)

rigidity for each beam, K is the Saint Venant torsion
constant for noncircular cross-section [18], and g is
the acceleration due to gravity. A prime here denotes

Dynamics of a nonlinear microresonator based on resonantly interacting flexural-torsional modes

derivative with respect to the appropriate arc length,
and a dot denotes derivative with respect to time t. In
writing the expressions for kinetic and potential energies, the following assumptions are made from theory
of slender beams [17, 19, 20]: (a) shear deformation is
negligible; (b) nonlinear warping and curvature effects
are negligible in comparison to the midplane stretching nonlinearities ; (c) ideally, the pedal will not be displaced along the X-axis due to symmetry; and, (d) the
pedal is rigid relative to the beams.
The first two terms in the kinetic energy are for the
beam flexural and torsional displacements. The rest
of the terms in the kinetic energy are associated with
translational (Y and Z directions) and rotational motions of the pedal mass Mp . The first two terms in
the potential energy are for the flexural and torsional
rigidities of the beams. Potential energy also includes
gravitational effect and the nonlinear midplane stretching effect. The last two terms in potential energy are
associated with electrostatic actuation electrode A and
sensing electrode B. Vac is the applied AC voltage with
frequency Ω on electrode A. Vb1 and Vb2 are the bias
voltages on electrodes A and B, respectively, and 0
is the permittivity of free space. The modes considered in this analysis do not result in a large rotation
of the pedal about Z-axis and Y-axis. As a result, the
rotations of the pedal about these axes are neglected
in writing the electrostatic terms associated with electrode A voltages Vb1 and Vac .
The Lagrangian of the system in nondimensional
form, denoted by L̂, can be written as follows:
(T − U )L1
L̂ =
EI1


 1
 1
2

 2
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1
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1
1 1
2


b̄p
1
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2νi 0
2
−

+



ν3
1 S
θ1 
−
2
8
ν1 + ν2
s1 =1
2 


+

1

i=1 0
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where the following nondimensional parameters are
introduced:
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L1 0 b p L1 2
Vb2 .
EI 2d2

and displacements at s̄1 = 1 and s̄2 = 1 are constrained
as follows:

In (2), a dot now denotes derivative with respect to
nondimensional time τ , and a prime denotes derivative with respect to the appropriate nondimensional arc
length s̄i . Since the beam lengths are normalized with
respect to length L1 of beam 1, the length ratio ν1 is
unity. The length ratio ν2 for beam 2 is unity when the
beams 1 and 2 have the same length.

3 Linear equations of motion

We now perform a linear analysis to compute the mode
shapes and natural frequencies of the structure. This
will define conditions on parameters needed to assure 1:2 resonance between the torsional and flexural
modes of the structure.
The Lagrangian in (2) with only quadratic terms
can be used along with Hamilton’s principle to derive
the nondimensional linear equations of motion. The
resulting linear equations of motion without the gravity force due to pedal mass and electrostatic capacitive
effects are as follows:
νi v̂¨ i +
¨i +
νi ŵ

1
νi3
I¯

v̂i = 0,

ŵ  = 0,
νi3 i
γ
νi κ θ̈i − θi = 0, i = 1, 2.
νi

(4)

The associated geometric and natural boundary conditions for the linear problem are described next. The
assumption that the beams 1 and 2 are clamped at, respectively, s̄1 = 0 and s̄2 = 0, results in the following
geometric boundary conditions:
v̂i |s̄i =0 = 0,
ŵi |s̄i =0 = 0,

v̂i |s̄i =0 = 0,
θi |s̄i =0 = 0,

ŵi |s̄i =0 = 0,
i = 1, 2.


(5)

Since the pedal structure is assumed to be rigid for the
modes considered in this analysis, the beams slopes

θ1 |s̄1 =1 = θ2 |s̄2 =1 ,
(v̂1 + b̄p v̂1 )|s̄1 =1 = v̂2 |s̄2 =1 ,
ν2 v̂1 |s̄1 =1 = −v̂2 |s̄2 =1 ,

(6)

(ŵ1 + b̄p ŵ1 )|s̄1 =1 = ŵ2 |s̄2 =1 ,
ν2 ŵ1 |s̄1 =1 = −ŵ2 |s̄2 =1 .
The natural boundary conditions can be derived either
by force and moment balances at the pedal or by introducing the geometric constraints at the pedal end, (6),
in the Lagrangian using Lagrange multipliers and applying the Hamilton’s principle. The resulting natural
boundary conditions are:
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ŵ1 + ŵ 1 +
2
3
4
s̄1 =1



b̄p
I¯
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(7)

Note that in the linear equations of motion (4) and
the boundary conditions (5)–(7), the in-plane bending motion is uncoupled from the torsional and out-ofplane bending motions of the structure. However, the
out-of-plane bending and torsional motion are coupled
through the pedal inertia.
The linear mode shapes and natural frequencies of
the structure are obtained by assuming the solution in

Dynamics of a nonlinear microresonator based on resonantly interacting flexural-torsional modes

37

following form:

v̂i (s̄i , τ ) = λ1i (cos βf i s̄i − cosh βf i s̄i )


+ λ2i (sin βf i s̄i − sinh βf i s̄i ) e(j ωτ ) ,

ŵi (s̄i , τ ) = λ3i (cos βoi s̄i − cosh βoi s̄i )

+ λ4i (sin βoi s̄i − sinh βoi s̄i ) e(j ωτ ) ,

(8)

θi (s̄i , τ ) = (λ5i sin βti s̄i )e(j ωτ ) , i = 1, 2,
√
where j = −1, and βf i , βoi , and βti are defined as:
√
βf i = νi ω,

βti =

κ
νi ω,
γ

βoi =

νi √
ω,
(I¯)1/4

(9)

i = 1, 2.

Note that the assumed solution satisfies the geometric
boundary conditions at s̄i = 0 in (5). The ten unknown
coefficients, λ1−5 i with i = 1, 2, defining the mode
shapes are then determined by the characteristic matrix generated by the remaining ten boundary conditions in (6) and (7).
The natural frequencies and mode shapes of the
pedal structure depend on geometric as well as material parameters of the model. As an example, consider
a pedal resonator with dimensions:
L1 = 100 μm,

L2 = 100 μm,

h = 3 μm,

b = 5 μm,

bp = 25 μm,

d1 = 2 μm,

Fig. 2 Variation of the natural frequency of the in-plane flexural
mode (ω2 ), and two times the natural frequency of the torsional
mode (ω1 ), as a function of the pedal length Lp

(10)
d2 = 2 μm.

The resonator is assumed to be made of polysilicon.
The properties of polysilicon material [21] are assumed to be: Young’s modulus E = 170 GPa, density
ρ = 2330 kg/m3 , and Poisson’s ratio ν = 0.22. The
lowest natural frequencies of the pedal resonator can
be then computed and are plotted in Fig. 2 as a function of the pedal length Lp . This allows us to identify the pedal length Lp for which the lowest torsional
mode natural frequency is half of the lowest in-plane
flexural mode frequency. From Fig. 2, the two frequencies are closest to 1:2 ratio when Lp = 102 µm.
The first two natural frequencies for the design pedal
length, Lp = 102 µm, are 95.041 kHz (in torsion) and
189.695 kHz (in flexure), and the mistuning from 1:2
internal resonance between the modes is ∼0.2%. We
will later see that this mismatch can be eliminated
by proper application of electrostatic bias voltages on
electrodes A and B.

Fig. 3 The angular twists of beams 1 and 2, and the accompanying out-of-plane flexural deflections, in the lowest torsional
mode of the microresonator with natural frequency 93.478 kHz

The first mode shape for the resonator with dimensions in (10) and pedal length Lp = 102 µm is shown
in Fig. 3. It shows the angular deflections and out-ofplane bending deflections of the beams 1 and 2. In this
mode shape, the pedal primarily moves because of the
torsional angular deflections. There is a very small,
though nonzero, component of out-of-plane flexural
motion. As a result, we refer this mode as torsional
mode shape. In the torsional mode computed by linear
analysis, the beams do not deflect in Y-direction since
in-plane bending motions are uncoupled from the torsional and out-of-plane bending motions. Note that the
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torsional angular deflections are almost a linear function of the beam arc lengths s̄i , which is a result of
the pedal mass being much larger than the total beam
mass and the beams being relatively slender. Figure 4
shows the beam deflections in Y direction corresponding to the resonator’s second mode where the beams
are only in flexure. In this flexural mode, the coefficients for beam out-of-plane bending deflections and
twist angles, λ3−5 1 , λ3−5 2 in (8), are identically zero.
Thus, the beams only deflect in Y direction with no
twisting, as is expected.
Figures 5(a) and (b) show the torsional and flexural
modes of the same pedal resonator, as predicted by a
finite element model (3-D brick model) developed in
ANSYS. For this model, 3-D 20 node structural solid
elements (solid95) were used. The torsional mode natural frequency for the FEM model is 91.4 kHz. FEM
generated torsional mode shape in Fig. 5(a) is in excellent agreement with the analytically computed mode

A. Vyas et al.

shape, with the beams showing no deflection in Y direction and only a very small deflection in Z direction.
For the flexural mode, the prediction by the ANSYS
model is shown in Fig. 5(b) and the computed natural
frequency is 182.4 kHz. In the flexural mode, as is confirmed by the FEM model, the beams do not undergo
any torsional deflection and as a result, the pedal structure moves only in Y direction.
The lowest mode in which out-of-plane bending deflection, along with torsional motion, contribute significantly is also obtained analytically as well as using ANSYS. The resulting ANSYS mode shape which
matches with analytical mode shape is shown in Fig. 6.
The analytical natural frequency of this mode for the
example resonator is 586.1 kHz. In this mode shape,
the bending and torsional deflection of the beam are
in out-of-phase. The spatial configuration of applied
electrostatic force through pedal electrode limits the
contribution of this out-of-phase mode shape in the
pedal response.

4 Two-mode reduced-order model
In steady state nonlinear response of the system,
modes not excited directly or indirectly through internal resonance are expected to decay due to the presence of damping [7]. As a result, the resonator angular
and flexural deflections are assumed to be of the form:
θi (s̄i , τ ) = Φti (s̄i )A1 (τ ),
ŵi (s̄i , τ ) = Φoi (s̄i )A1 (τ ),
v̂i (s̄i , τ ) = Φf i (s̄i )A2 (τ ),
Fig. 4 The flexural deflections of the two beams for in-plane
flexural mode of the microresonator with natural frequency
186.365 kHz. The beams only undergo transverse deflections
with no twist

Fig. 5 The first two linear
modes of the pedal
microresonator, as predicted
by the finite element
package ANSYS. (a) The
first mode is with the two
beams in torsion about the
X-axis; (b) the second
mode is with both beams in
flexure in XY plane

(11)
i = 1, 2,

where Φti and Φoi are torsional and out-of-plane
bending deflection of i’th beam, respectively, in torsional mode. Φf i is the deflection of i’th beam in
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ÛMt




b̄p
= Rp Rt ḡ ŵ1 + ŵ1 + ν3 θ1 
,
2
s̄1 =1
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where Rt = Mt /Mp is the nondimensionalized mass
of the particle.
Substituting the expressions in (11) in the Lagrangian with tip mass, (2) and (12), the following
Lagrange’s equations governing the modal amplitudes
are obtained:
Ä1 + 2ζ1 ω1 Ȧ1 + ω12 A1
Ak1
α
G0 
A1 Ä2 +
hk k+1
,
R1
R1
g2
n

= −ḡR0 − k31 A31 +

k=0

Fig. 6 The lowest out-of-plane bending mode, with
out-of-phase torsional angular deflection and out-of-plane
bending deflection, as predicted by the finite element package
ANSYS

in-plane bending mode. A1 and A2 are functions of
time that represent the torsional and in-plane bending modal amplitudes, respectively. Analytically computed mode shapes, as described in linear analysis, are
used in the above expansion.
We also include the effect of placing a mass particle
on the resonator; say, a particle of mass Mt placed in
the middle of the tip of the pedal. Such a situation can
occur when the resonator is used for sensing, or the
mass particle is used to change the natural frequencies
and thereby tuning the structural system to bring the
resonator to exact 1:2 internal resonance. The particle
mass is assumed to be small so that the mode shapes
are not changed. The particle will result in changing
the kinetic energy and gravitational potential energy of
the structure. The additional kinetic and potential energy of the particle, T̂Mt and ÛMt , respectively, nondimensionalized by EI /L1 , are given as follows:



1
˙ 2 + b̄p v̂˙ 1 v̂˙  + b̄2 /4 + ν 2 v̂˙ 2
T̂Mt = Rt Rp v̂˙ 21 + ŵ
p
1
1
3 1
2
+

b̄p2
4

˙ 1 θ̇1 + b̄p ŵ
˙ 1 ŵ
˙
˙ 2 + ν 2 θ̇ 2 + 2ν3 ŵ
ŵ
1
3 1
1

˙  θ̇1 − 2ν3 v̂˙ 1 v̂  v̂˙ 
+ b̄p ν3 ŵ
1
1 1
(12)


b̄p ˙ 
  ˙
˙
˙
− 2ν3 v̂ 1 + v̂ 1 θ1 θ̇1 + ν3 b̄p ŵ1 ŵ1 v̂ 1
2


2 ˙ ˙ 
 
˙
+ 2ν3 (v̂ 1 ŵ 1 θ1 + v̂ 1 ŵ1 θ̇1 ) 
,
s̄1 =1

Ä2 + 2ζ2 ω2 Ȧ2 + ω22 A2
= −k32 A32
+

(13)
 Γ  2

α  2
Ȧ1 + Ä1 A1 +
Ȧ2 + 2A2 Ä2
+
R2
R2

1
(F0 + F1 cos Ω̄τ
R2

n

Ak2
,
+ F2 cos 2Ω̄τ ) fk k+1
g
1
k=0

ω12 =


2  
1  1 γ 2
I¯ 2
d s̄i ,
Φti + 3 Φoi
R1
νi
νi
i=1 0

2 
1  1 1 2
Φf i d s̄i ,
R2
νi3
i=1 0
 2
ν
2
R1 = Rp 3 (1 + 3Rt )Φt1
3

 2

+ (1 + Rt ) Φo1
+ b̄p Φo1 Φo1

 2
b̄p2
b̄p
2
+ Rt
Φo1
+
3
4

ω22 =

+ (1 + 2Rt )



1


× ν3 Φo1 Φt1 + b̄p ν3 Φt1 Φo1

2
s̄1 =1
+κ

2 


1

i=1 0



2
d s̄i ,
νi Φti2 + Φoi



R2 = Rp (1 + Rt ) Φf2 1 + b̄p Φf 1 Φf 1 s̄


1 
+ Rp b̄p2 + ν32 Φf21 s̄ =1
1
3
 2
 2 
2
+ Rp Rt b̄ /4 + ν Φ 
p

3

f 1 s̄1 =1

1 =1
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+

2 


1

i=1 0

force. Parameters fk and hk in the electrostatic actuation terms are introduced to keep the equations of motion concise. Note that the electrostatic potential terms
are approximated to nth order by Taylor series expansion, which resulted in electrostatic actuation parameters fk and hk .
In the actuation terms corresponding to electrostatic forces, nonlinearities up to order n are retained.
Higher-order actuation nonlinearities will be utilized
primarily for calculating static pull-in voltages [5, 22,
23]. Further note that in equation of motion for the
flexural modal amplitude A2 , the nonlinearity in electrostatic actuation results in parametric excitation effect as well in addition to the direct excitation of the
flexural mode.

νi Φf2 i d s̄i ,


Rp ν3
(1 + 2Rt )Φt1
R1 2



b̄p 

+ (1 + Rt ) Φo1 + Φo1
,

2
s̄1 =1


b̄p
1
2
2
+ Φf 1 Φt1
α = Rp ν3 (1 + 2Rt ) Φf 1 Φt1
2
2

1
2
− b̄p ν3 Φf 1 Φo1
2


4

Φt1 
,
− (1 + 6Rt )ν3 Φf 1 Φo1
3
s̄1 =1


1
Γ = Rp (1 + 2Rt )ν3 Φf 1 Φf21 s̄ =1 ,
1
2
2

2
1 Φ 2

1 S
o/f i
k3 1/2 =
d s̄i ,
2 ν1 + ν2
νi
0
R0 =

5 Static equilibrium solution
As is expected, static forces due to bias voltages and
the pedal weight result in deflecting the beams and the
pedal structure from zero equilibrium position. The
equations governing static equilibrium of the structural system can be obtained from equations of motion, (13), by setting the time derivatives and the AC
voltage contributions F1 and F2 to zero. The resulting
equations are:

i=1

fk = (−1)k+1 (k + 1) b̄p Φfk+1
1 (1)
+


2

νi
i=1

1

1−l¯i

Φfk+1
i d s̄i ,

k+1 
(Φo1 + ν3 Φt1 )k+2
(k + 2)Φt1
k+2 


− Φo1 + ν3 (1 − l¯3 )Φt1
,

hk = (−1)k+1

s̄1 =1

k = 0, 1, . . . , n,

G0  Ak10
+
hk k+1 ,
R1
g2
n

ω12 A10

= −ḡR0 − k31 A310

k=0

(14)

and ζ1 and ζ2 are the modal dampings introduced
for torsional mode and flexural mode, respectively.
Also, ω1 and ω2 are, respectively, the nondimensional natural frequencies of the torsional and the
flexural modes, and α is the coefficient of inertial
quadratic nonlinearities coupling the flexural and the
torsional modal amplitudes. Γ is the coefficient of
inertial quadratic nonlinearities affecting the flexural
modal amplitude, which arise due to the in-plane rotation of the pedal about Z axis. k31 and k32 are the
coefficients of cubic nonlinearities due to stretching
of neutral axis. R1 and R2 are the modal masses for
the torsional and the flexural modes, respectively. Note
that the modal mass R2 includes the inertia contribution of the in-plane rotation of the pedal due to a
nonzero slope of the transverse beam displacement
at the pedal end. ḡR0 is the nondimensional gravity

F0  Ak20
ω22 A20 = −k32 A320 +
fk k+1 ,
R2
g1
n

(15)

k=0

where A10 and A20 are the modal amplitudes in static
equilibrium. Equations (15) are uncoupled nonlinear
equations for the deflection amplitudes A10 and A20 .
This shows that the bias voltage, embedded in parameter G0 , on electrode B beneath the pedal does not
cause any deflection in Y-direction. Similarly, the bias
voltage on the lateral electrode A, embedded in parameter F0 , results in an in-plane deflection of the beams
(in Y-direction) with no out-of-plane displacements of
the pedal. Since (15) are nonlinear, they can possess
multiple equilibrium solutions as a function of bias
voltages. We can also use these equations to predict
static pull-in voltages for the pedal resonator. Here,
by a “pull-in” voltage, we refer to the voltage beyond
which there is a jump in the gradually increasing static deflection position to where the deflection increases
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Fig. 7 The ratio of out-of-plane static deflection of the resonator at the tip of the pedal (θ1 (s1 = 1)Lp ) to the electrode
B gap d2 , as a function of the electrode B bias voltage Vb2 . The
vertical dashed line indicates the pull-in voltage for the model
retaining fifth order nonlinear electrostatic terms, and the horizontal dashed line indicates the corresponding pull-in deflection

and Vb1 (on electrode A). Note that (θ1 |s1 =1 Lp ) is the
out-of-plane (Z-direction) pedal tip displacement with
beams in torsion, and (v1 |s1 =1 L1 ) is the transverse (inplane) beam 1 displacement at the pedal end, s1 = 1.
For results in these and later figures, the electrodes are
assumed to span the whole length of the beams and the
pedal, that is, l¯1 = l¯2 = l¯3 = 1. These are computed by
using the mode shapes obtained in the linear analysis
above and (15). The structure is assumed to have no
tip mass. To see the effect of including nonlinear actuation terms of different order, the deflection vs. voltage
curves are shown for models that retain nonlinear actuation terms up to third, fourth, and fifth orders. Clearly,
in both the figures, as the bias voltage increases, the
nonlinear terms become more important.
Note that for some bias voltage values, as expected,
there are more than one possible equilibrium deflections. Physically, when the bias voltages are small and
are slowly increased starting from zero, the deflections
are on the solution branch close to the zero equilibrium. The pull-in voltages can be obtained from the
plots by identifying the voltage for which the two
solution branches merge or the slope of the solution
curve is ∞. The resulting pull-in voltages, (Vb1 )pi and
(Vb2 )pi , for this resonator using the model that retains
fifth-order actuation nonlinearities are:
(Vb1 )pi = 158 Volts,

Fig. 8 The ratio of transverse static deflection of the resonator
at the end of the beam 1 (v1 (s1 = 1)) to the lateral electrode
gap d1 , as a function of the electrode B bias voltage Vb1 . The
vertical dashed line indicates the pull-in voltage for the model
retaining fifth order nonlinear electrostatic terms, and the horizontal dashed line indicates the corresponding pull-in deflection

unboundedly. Note that there are two possible pull-in
voltages independent of each other, one for the flexural
in-plane deflection and the other for torsional out-ofplane deflection.
Figures 7 and 8 show, respectively, the nondimensional deflections (θ1 |s1 =1 Lp /d2 ) and (v1 |s1 =1 L1 /d1 )
as functions of the bias voltages Vb2 (on electrode B)
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(Vb2 )pi = 32.4 Volts. (16)

For the case of clamped-clamped beam, the pull-in
voltage [23] is 168 Volts with the electrodes spanning
the beam lengths. The torsional pull-in voltage (Vb2 )pi
using the formula by Degani et al. [22], which accounts only for the torsional energy of the pedal, is
32 Volts. Thus, the pull-in voltage values presented
here are in good agreement with published results.
For the example resonator, the deflection of pedal
tip due to gravity (41 pico m) is much smaller than the
deflection due to electrostatic forces. The contribution
of out-of-plane bending in pedal tip deflection, determined by the mode shape of the resonator, is 4.4%. In
a related study of a symmetric torsional mirror, Daqaq
[24, 25] concluded that as the ratio of bending stiffness
to the torsional stiffness increases, the pull-in voltage
increases. The study also detailed the effect of electrode length on pull-in voltage. They also studied the
response of the structure when the torsional mode and
out-of-plane bending mode are in 1:2 internal resonance, and the lower frequency torsional mode is excited in resonance. However, a symmetric torsional
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mirror structure does not have the same quadratic nonlinearities as the pedal structure discussed in this paper. Further, unlike the out-of-plane bending and torsional mode interaction in [24], the interacting modes
in this study are in-plane bending mode and the torsional mode.
In the nonlinear resonator mode of operation considered in this work, we focus on small bias voltages
which are much lower than the pull-in voltages. The
corresponding equilibrium positions or deflections are
represented by the upper branch of the roots of these
equations and can be obtained by assuming a power
series solution for A10 and A20 in terms of gravity and
electrostatic actuation terms (F0 and G0 ). The resulting equilibrium solutions are given by:
 
R0
h0 G0
+ 2
+ O G20 ,
2
ω 1 ω 1 g 2 R1
 
f 0 F0
A20 = 2
+ O F02 .
ω 2 g 1 R2

A10 = −ḡ

(17)

The equilibrium solutions in (17) clearly show the dependence of out-of-plane and in-plane deflections of
the pedal structure on the bias voltages applied to electrode B and to electrode A.

6 Dynamic response formulation and asymptotic
equations
The oscillatory response of the structure about an equilibrium position is of utmost interest in the resonator
applications. The total resonator response comprises
of the static deflection and the time-dependent motion
about the static equilibrium. As a result, we assume the
following form of the modal amplitudes A1 and A2 :
Ai (τ ) = Ai0 + ai (τ ),

i = 1, 2,

(18)

where a1 and a2 denote the time-dependent components of the modal amplitudes A1 and A2 , respectively.
In order to study the response analytically, we apply the method of averaging [7] to obtain slow evolution equations that govern the approximate asymptotic
response of the nonlinear microresonator when subjected to harmonic electrostatic actuation of the flexural in-plane mode of oscillation. The equations of
motion (13) need to be first appropriately scaled and
transformed to the standard-form [7, 26] in the method

of averaging. We scale the angular and transverse displacement modal amplitudes, a1 and a2 , respectively,
and modal dampings and actuation forces, using a dimensionless parameter , with 0 <   1, as follows:
ai =  âi ,
G0 =  Ĝ0 ,

ζi =  ζ̂i ,

Fi =  2 F̂i ,

F0 =  F̂0 ,

i = 1, 2.

(19)

These scalings in (19) along with the static equilibrium solutions, (17), when substituted in equations
of motion (13) order the various linear and nonlinear
terms in the scaling parameter . To obtain a first-order
asymptotic approximation to the resonator response,
terms up to order  2 are retained in the equations of
motion. The resulting equations of motion in terms of
the scaled parameters are as follows:

¨â 1 + ω2 â1 =  Ĝ0 h1 â1 − 2ζ̂1 ω1 â˙ 1 − α ω2 â1 â2
1
R1 g22
R1 2

 2
α Ĝ0 h0 ω22
−
â
2 +O  ,
2
R1 R1 ω 1 g 2

F̂0 f1
â¨ 2 + ω22 â2 = 
â2 − 2ζ̂2 ω2 â˙ 2
R2 g12


α ˙2
Ĝ0 h0
2 2
+
â1
â − ω1 â1 −
R2 1
R1 g 2


F̂0 f0
Γ
2 2
2
˙
−2
+
â2 − 2ω2 â2 + â 2
R2
g 1 R2

1
f0
+
(F̂1 cos Ω̄τ + F̂2 cos 2Ω̄τ )
R2
g1
 2
(20)
+O  .
6.1 Sensitivity of the natural frequencies
As shown earlier, the microresonator natural frequencies ω1 and ω2 of the lowest torsional and flexural
modes can be chosen by adjusting the structural dimensions such that they are in 1:2 ratio. The resonator’s natural frequencies can be different from the
designed (or nominal) microresonator due to many
reasons, e.g., the addition of a mass particle if the
resonator is used as a mass sensor, or due to fabrication uncertainties. First, consider the changes in pedal
length and beam lengths from the nominal dimensions,
as follows:
ν2 = (ν2 )c + ν2 ,

ν3 = (ν3 )c + ν3 ,

(21)
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where ()c will now denote the critical dimensions determined by linear analysis for which linear torsional
and flexural modes of the microresonator are in exact 1:2 internal resonance. ν2 and ν3 in the above
equations account for changes in the ratio of the beam
lengths and the pedal length, respectively. We further scale the nondimensionalized particle mass Rt
as Rt =  R̂t to explicitly state that the particle mass
is much smaller compared to the pedal mass and the
nominal/critical design has zero tip mass. Substituting
the changes in the beam lengths and the pedal length,
(21), and the scaled tip mass R̂t in (14) for natural
frequencies, the change in natural frequencies to firstorder can be written as follows:
 
ωi2 = ωi2 c + (S1i ν2 + S2i ν3 + S3i R̂t ),
i = 1, 2,

frequency of the second mode. Further, the microresonator is designed to have natural frequencies of the
lowest torsional and flexural modes in 1:2 ratio. The
internal resonance between the natural frequencies of
the modes for nominal dimensions, denoted by ()c ,
and the resonant actuation are made explicit as follows:
(ω2 )c = 2(ω1 )c (1 + σin ),

(24)
Ω̄ = (ω2 )c (1 + σ2 ),
where σin is a detuning between the torsional and the
flexural modes from perfect 1:2 resonance, and σ2 is
the external detuning from perfect resonant actuation
of the flexural mode. Using the resonance conditions
in (24), the excitation frequency and the torsional natural frequency can be related as follows:
 
(25)
Ω̄ = 2ω1 (1 + σ1 ) + O  2 ,

(22)

where
 2
∂ωi
S1i =
,
∂ν2 c
 2
∂ωi
S21 =
,
∂Rt c


S2i =

∂ωi2
∂ν3

where σ1 = σin + σ2 .


,
c

6.3 Averaged equations

(23)

i = 1, 2.

With equations properly scaled, we are in a position
to now apply the method of averaging. For this, the
scaled equations of motion (20) can be written in statespace form as follows:
 
u̇ = Au + w(u, τ ) + O  2 ,
(26)

The parameters S1j , S2j , and S3j define the sensitivities of the j ’th natural frequency to changes in the
length of beam 2, length of the pedal, and the added
mass at the tip of the pedal Mt , respectively. Note that
the pedal mass is a function of the pedal length and
as a result, the sensitivity S22 of the second natural
frequency, ω2 , with respect to the pedal length is not
zero.

where
u = [u11 , u12 , u21 , u22 ]T ,
ui1 = âi ,
⎡

6.2 Resonance conditions

2 21
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⎪
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0
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A=⎢
⎣
0
0

We are interested in studying the response of the microresonator for a resonant actuation of the in-plane
flexural mode. The second mode can be resonantly excited when the frequency of AC voltage is near the

R2
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2

g1

(28)
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with σ̄in and σ̄2 defined as follows:

 Ĝ0 h1

2
σ̄in = σin + 1/2ω1
− S11 ν2 − S21 ν3
R1 g22



 F̂0 f1
F̂0 f0
2
− S31 R̂t − 1/2ω2
− 2Γ
2
R2 g 1
g1 R22

(29)
− S12 ν2 − S22 ν3 − S32 R̂t ,

 F̂0 f1

F̂0 f0
σ̄2 = σ2 + 1/2ω22
− 2Γ
− S12 ν2
2
R2 g 1
g1 R22

− S22 ν3 − S32 R̂t .
The variable σ̄in introduced above represents the effective mistuning of natural frequencies from 1:2 internal
⎡

cos Ω̄τ
⎢ Ω̄ 2 Ω̄τ
⎢
 = ⎢ −( 2 ) sin 2
⎣
0
0

sin Ω̄τ
2
Ω̄τ
( Ω̄τ
)
cos
2
2
0
0

0
0
cos Ω̄τ
−(Ω̄) sin Ω̄τ

and p = [p1 , q1 , p2 , q2 ]T .
The transformation matrix  is a fundamental matrix solution of the linear system given in (26). The
transformed equations in standard form are:
 
ṗ =  −1 (τ )w(p, τ ) + O  2 .

(32)

Using the standard form (32), first-order averaged
equations for the original nonautonomous equations of
motion, (13), are given by [10]:
ṗ = 

Ω̄
4π



4π/Ω̄

 −1 (τ )w(p, τ ) dτ.

(33)

0

The resulting averaged equations using (33) are:
α
ω1 (p1 q2 − q1 p2 ),
R1
α
q̇1 = −ζ̂1 ω1 q1 + σ̄1 ω1 p1 −
ω1 (p1 p2 + q1 q2 ),
R1

ṗ1 = −ζ̂1 ω1 p1 − σ̄1 ω1 q1 +

ṗ2 = −ζ̂2 ω2 p2 − σ̄2 ω2 q2 +

1 α
ω 1 p1 q 1 ,
2 R2

(34)

resonance, and the variable σ̄2 represents the effective mistuning between the flexural mode natural frequency ω2 and the excitation frequency Ω̄. The bias
voltages related terms F0 and G0 in σ̄1 and σ̄2 , respectively, capture the change in natural frequencies
due to electrostatic forces. Note that the inertial nonlinearities due to in-plane rotation of the pedal about
Z axis, terms with Γ , also result in mistuning the flexural mode natural frequency due to the nontrivial equilibrium position. The parameters ω1 , ω2 , R1 , and R2
in (28) and (29), and when used later in this section,
are evaluated at the nominal dimensions ()c .
The state space (26) are transformed into the standard form [10, 26] for applying the method of averaging using the following transformation:
u = p,

(30)

where
⎤
0
⎥
⎥
0
⎥,
sin Ω̄τ ⎦
(Ω̄) cos Ω̄τ

q̇2 = −ζ̂2 ω2 q2 + σ̄2 ω2 p2 −
+

(31)



1 α
ω1 p12 − q12
4 R2

F̂1 f0
,
2R2 Ω̄g1

where a dot now denotes derivative with respect to
slow time τ . Thus, the variables (p1 , q1 ) and (p2 , q2 )
are slowly varying functions of time, and are asymptotic approximations to modal amplitudes a1 and a2 ,
respectively. Note that the equations for (p1 , q1 ) and
(p2 , q2 ) are uncoupled linearly, and are only coupled
through nonlinear quadratic terms.
The averaged equations (34) obtained here are of
the same form as the averaged equations obtained for
internally resonant oscillators coupled by quadratic
nonlinearities and when excited externally in the
higher frequency mode. The equilibrium solutions
and stability analysis of the averaged system for such
coupled oscillators has been conducted in detail by
many researchers (see Chap. 2 in Nayfeh [7] for a
quick overview). It has been shown that two types
of equilibrium solutions arise: single-mode solutions
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(with p1 = q1 = 0), and coupled-mode solutions (with
all states nonzero). These solutions exist for different parameter combinations. The coupled-mode solution branches arise due to pitchfork bifurcation from
single-mode solutions, and also exhibit turning points.
The coupled-mode equilibrium responses can also undergo a Hopf bifurcation to limit cycle oscillations.
Eventually, for some parameter combinations (and
small damping), the limit cycles can lead to chaos by
period-doubling bifurcations. These studies have been
further extended to higher-order averaging analysis by
Banerjee et al. [27], and a Melnikov analysis by Banerjee and Bajaj [28].
The analysis of averaged equations (34) for the case
of resonant excitation of the flexural mode shows that
there is a threshold voltage level (embedded in F̂1 ) below which the coupled-mode response does not arise,
that is, the flexural mode cannot autoparametrically
excite the torsional mode. This threshold actuation
level is given by:
  !



2R2 Ω̄g1  R1 
(F̂1 )th =
ω2 σ̄12 + ζ̂12 σ̄22 + ζ̂22 ,


f0
α
(35)
and is the parameter combination needed for a pitchfork bifurcation from single-mode to coupled-mode
solutions. Thus, for the flexural mode to autoparametrically excite the internally resonant torsional mode,
the voltage level should be such that F̂1 is greater than
the threshold forcing level given in (35). The significance of this threshold value will become apparent in
the following section where results are more specifically presented and discussed. Note, however, that for
zero dampings and mistunings, no threshold voltage is
needed to excite the torsional mode.

7 Microresonator response and discussion
We now illustrate the performance of such a nonlinear
microresonator by simulating the response of the pedal
resonator configuration used as an example earlier in
the linear analysis. Recall that the dimensions of the
resonator are as given in (10). It was assumed that the
resonator is made of polysilicon and a linear analysis
resulted in specifying the pedal length of 102 µm, with
specified beam dimensions, for 1:2 internal resonance
between the lowest torsional and flexural modes. Thus,
the dimensions in (10) along with the pedal length of
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102 µm are the nominal dimensions of the resonator
structure for having internal resonance.
Note the natural frequencies of the torsional and
flexural modes, as predicted by linear analysis for
nominal dimensions are not in perfect 1:2 resonance,
and there is a small nonzero internal mistuning of
σin = −0.002/. Using the mode shapes obtained in
linear analysis, the effective mistunings σ̄in and σ̄2 for
the resonator can be written as follows:
2
σ̄in = (−2 × 10−3 + 0.13 × 10−3 Vb2
 2

− 0.6 × 10−5 Vb1
+ 0.5Vac2 /

− 0.49ν2 + 0.95ν3 + 0.97R̂t ,
 2

σ̄2 = σ2 + 0.6 × 10−5 Vb1
+ 0.5Vac2 /

(36)

+ 0.77ν2 + 0.45ν3 + 0.46R̂t .
This clearly shows that the effective internal mistuning
σ̄in between the natural frequencies from exact 1:2 internal resonance can be adjusted by varying the bias
voltages, the beam lengths, as well as the attached
mass particle.
Consider the resonator structure with nominal dimensions, and with no additional mass or length perturbations, that is R̂t = ν2 = ν3 = 0. Also, suppose that we set the bias voltage at electrode A, Vb1 ,
to 10 Volts, a voltage which is much smaller than the
static pull-in voltage of 158 Volts for electrode A;
then the two linear modes about the deformed static equilibrium position of the pedal structure can be
brought in near exact internal resonance (σ̄in  0) by
appropriate choice of the bias voltage for the output
electrode B. Thus, if we choose Vb2 = 4.46 Volts, it
results in decreasing the internal mistuning to σ̄in =
0.6 × 10−5 / which clearly demonstrates the ability
to change internal mistuning between the two modes
by choice of bias voltages.
For the microresonator design proposed here,
squeeze film damping is the most critical damping
mechanism [29]. The damping can be reduced by operating the microresonator in vacuum. Designing the
pedal with apertures can also reduce the damping significantly. Here, the damping for both the modes is
assumed to be ζ1 = ζ2 = 0.0001 (corresponding to a
quality factor Q = 5,000) except when the effect of
damping on the response is considered.
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Figures 9(a) and (b) show the simulated response
amplitudes of the resonator using the averaged system (34) with bias voltages set to Vb1 = 10 Volts and
Vb2 = 4.46 Volts. Figure 9(a) shows the out-of-plane
(Z direction) displacement of the resonator at the pedal
tip point D (ZD ), see Fig. 1, as a function of the actuation signal frequency for different values of the applied AC voltage signal, Vac . Figure 9(b) shows the
corresponding in-plane (Y direction) displacement at
the pedal point C (YC ). The figures show that the structure responds linearly and moves only in the transverse direction until a threshold AC voltage level of
Vac  0.005 Volts is achieved. However, when the
threshold voltage is exceeded, the in-plane flexural
motion becomes unstable (indicated by dotted lines)
and a new stable response arises due to pitchfork bifurcation, as is clearly indicated in Fig. 9(a) for the torsional response. In this stable response, the nonlinear
interaction between the flexural mode and the torsional
mode results in an out-of-plane rotation of the pedal at
half the input frequency due to the participation of the
torsional mode in the response. Thus, the out-of-plane
response will be zero unless the torsional mode participates. As can be seen, the indirectly excited mode

responds only in a small frequency interval around the
directly excited resonant frequency. Furthermore, the
frequency bandwidth over which the pedal responds
with out-of-plane displacement can be controlled by
changing the actuation level.
The uniqueness of the present resonator response
is in the actuation of an out-of-plane mode (torsional)
through resonant actuation of an in-plane lateral mode
(flexural). Further, the out-of-plane response is completely different from the response of a typical linear
microresonator in three ways: (1) the out-of-plane response is nonzero only for a narrow bandwidth of input signal frequency centered about the natural frequency of the lateral mode, (2) the out-of-plane response is at half the input signal frequency, and (3) the
bandwidth can be controlled by varying voltage signal.
Thus, if the pedal motion is measured electrostatically
through electrode B or by out-of-plane vibrometer, it
will result in capturing the unique nonlinear response
of the microresonator. From an applications perspective, these characteristics make the resonator suitable
for RF MEMS filtering and mixing device with exceptional rejection for stop band rejection characteristics.
It is also interesting to note that in the bandwidth of
operation where the out-of-plane response is nontrivial, the response amplitude remains relatively constant

Fig. 9 Response of a pedal microresonator when excited resonantly in the in-plane flexural mode as a function of input frequency for different actuation voltages (Vac in Volts). (a) The
out-of-plane displacement at the tip of the pedal (ZD ); (b) Inplane displacement of the pedal (YC ). Parameters of the mi-

croresonator are: L1 = L2 = 100 µm, Lp = 102 µm, t = 3 µm,
b = 5 µm, bp = 25 µm, d1 = d2 = 2 µm, Vb1 = 10 Volts, Vb2 =
4.46 Volts, ζ1 = ζ2 = 0.0001, E = 170 GPa, ρ = 2330 kg/m3 ,
ν = 0.22. Solid lines represent stable response and dotted lines
represent unstable response

7.1 A representative resonator response
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dictions of the asymptotic analysis through averaged
equations. Also, the mean deflections of the pedal
point C and the pedal tip D are close to the approximate static deflections predicted by (17).
7.2 Effect of damping

Fig. 10 The microresonator response as a function of time
using direct numerical integration of two-mode reduced-order
model for actuation voltage Vac = 0.03 Volts and actuation
frequency Ω = 189.581 kHz. (a) The out-of-plane displacement at the tip of the pedal (ZD ); (b) In-plane displacement of the pedal (YC ). Parameters of the microresonator are:
L1 = L2 = 100 µm, Lp = 102 µm, t = 3 µm, b = 5 µm,
bp = 25 µm, d1 = d2 = 2 µm, Vb1 = 10 Volts, Vb2 = 4.46 Volts,
ζ1 = ζ2 = 0.0001, E = 170 GPa, ρ = 2330 kg/m3 , ν = 0.22

over the whole frequency interval. This is distinct from
the resonantly excited linear MEMS resonators where
the response rolls off rather sharply away from exact
resonance.
In Fig. 10, the time responses of the resonator are
shown in terms of the displacements YC and ZD at
a given actuation frequency Ω = 189.581 kHz and
AC voltage Vac = 0.03 Volts. These were obtained
by a direct numerical integration of the two-mode reduced order model in (13). Note that the actuation signal frequency corresponds to σ̄2 = 0, that is, the natural frequency of the flexural mode (mistuned by bias
voltage Vb2 ) is in perfect resonance with the actuation signal frequency. The simulation here was started
with zero initial conditions for velocities and displacements of both the modal amplitudes, and the electrostatic nonlinearities up to fifth-order were retained
in the model. The steady-state amplitude is reached
in about 0.080 secs, and the steady-state amplitudes
for transverse displacement (YC ) and out-of-plane displacement at tip D (ZD ) are 8.2 nm (with mean deflection ∼−1.6 nm) and 0.086 µm (with mean deflection ∼−8.9 nm), respectively. The corresponding amplitudes from averaged system response in Fig. 9 are
YC = 7.8 nm and ZB = 0.082 µm. Thus, the original system response matches very well with the pre-

Damping plays a very crucial role in the resonator response. The effect of damping in general on the response of two degree of freedom autoparametric systems is detailed in [7, 10]. Furthermore, for a given excitation voltage Vac , a decrease in damping in the first
and second modes along with mistuning from 1:2 internal resonance can result in a Hopf bifurcation in the
response. This can be further accompanied by period
doubling bifurcations and chaotic motions of the beam
at higher excitation or lower damping levels [10]. As
already pointed out, the threshold actuation level, (35),
needed for coupled-mode response essential to the performance of the present resonator is strongly dependent on the system damping.
Figure 11 illustrates the response of the resonator
for higher modal dampings, with ζ1 and ζ2 set to
0.001. These damping values correspond to a quality factor of 500 for each of the modes, and can be
achieved for microresonators operating in air [30]. The
bias voltages and other parameters, except for dampings, remain unchanged from the parameters used for
Fig. 9. Since both the dampings are increased tenfold, the threshold voltage increases hundred times to
Vac  0.5 Volts. Thus, the minimum voltage required
to indirectly excite the torsional mode increases as the
damping increases.
7.3 Effects of length variations
As introduced earlier, the natural frequencies for the
two interacting modes are sensitive to variations in
length of the beams as well as the pedal. First, we
study the effect of variations in the beam lengths on
the response of the example pedal microresonator.
This variation in beam lengths significantly affects
the mistunings σ̄2 and σ̄in , as expressed through the
formulas in (36). This in turn affects the threshold
voltage (see (35)) needed for the coupled-mode response to arise, and hence the torsional mode to be
activated. Figure 12 shows the response of the system for three different lengths L2 of the beam 2,
L2 = 100.01, 100.1, and 101 µm. The mistunings in
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Fig. 11 Response of the pedal microresonator for increased
dampings ζ1 = ζ2 = 0.001 as a function of input frequency
for different actuation voltages (Vac in Volts). (a) The out-ofplane displacement at the tip of the pedal (ZD ); (b) In-plane displacement of the pedal (YC ). Parameters of the microresonator

are: L1 = L2 = 100 µm, Lp = 102 µm, t = 3 µm, b = 5 µm,
bp = 25 µm, d1 = d2 = 2 µm, Vb1 = 10 Volts, Vb2 = 4.46 Volts,
E = 170 GPa, ρ = 2330 kg/m3 , ν = 0.22. Solid lines represent
stable response and dotted lines represent unstable response

Fig. 12 Response of the pedal microresonator for different
lengths of beam 2, L2 = 101 µm, 100.1 µm, and 100.01 µm,
as a function of input frequency. The actuation AC voltage is
fixed at Vac = 0.03 Volts. (a) The out-of-plane displacement
at the tip of the pedal (ZD ); (b) In-plane displacement of the

pedal (YC ). Parameters of the microresonator are: L1 = 100 µm,
Lp = 102 µm, t = 3 µm, b = 5 µm, bp = 25 µm, d1 = d2 =
2 µm, Vb1 = 10 Volts, Vb2 = 4.46 Volts, ζ1 = ζ2 = 0.0001,
E = 170 GPa, ρ = 2330 kg/m3 , ν = 0.22. Solid lines represent
stable response and dotted lines represent unstable response

the slow evolution equations due to these variations
in the length of beam 2 were calculated using (36)
with ν2 defined using (21). All the parameters ex-

cept length L2 remain unchanged from the parameters used for Fig. 9. The AC voltage level is set to
Vac = 0.03 Volts.

Dynamics of a nonlinear microresonator based on resonantly interacting flexural-torsional modes

49

Fig. 13 Response of the microresonator with electrode B bias
voltage adjusted to Vb2 = 7.51 Volts to remove the internal mistuning resulting from change in the length of beam 2
with ν2 = 0.01. The actuation AC voltage is fixed at Vac =
0.03 Volts. (a) The out-of-plane displacement at the tip of the

pedal (ZD ); (b) In-plane displacement of the pedal (YC ). Parameters of the microresonator are: L1 = 100 µm, L2 = 101 µm,
Lp = 102 µm, t = 3 µm, b = 5 µm, bp = 25 µm, d1 = d2 =
2 µm, Vb1 = 10 Volts, ζ1 = ζ2 = 0.0001, E = 170 GPa, ρ =
2330 kg/m3 , ν = 0.22

As can be seen from Fig. 12(b), variation in the
length of beam 2 changes the natural frequency of the
flexural mode. However, Fig. 12(a) shows that the outof-plane response of the pedal is affected more drastically, and determines through internal mistuning σ̄in
whether or not the torsional mode can be indirectly excited. For L2 = 101 µm, the internal mistuning is large
enough that the torsional mode is not excited. Thus,
the pedal moves only in Y-direction in the XY plane.
As demonstrated below, the pedal response in the torsional or out-of-plane mode can be reactivated by tuning the natural frequencies nearer to 1:2 resonance, by
increasing the actuation level, or by reducing the resonator modal dampings.
Here, we discuss the use of bias voltages in tuning natural frequencies as a means to counteract variation in the length of beam 2. As mentioned earlier,
the effective internal mistuning σ̄in , (36), depends on
bias voltages as well as on the variation in lengths and
on added mass. For L2 = 101 µm, natural frequencies of the modes can be tuned to 1:2 internal resonance by increasing bias voltage at electrode B, Vb2 ,
to 7.51 Volts while keeping the bias voltage at electrode A at the same value of 10 Volts. The response
of the resonator with bias voltage Vb2 = 7.51 Volts

and length of beam 2 at L2 = 101 µm is shown in
Fig. 13. Also, note that the effective internal mistuning
between the natural frequencies for zero bias voltages
is −0.69% for  = 1.
Unequal beam lengths also implies that the slope of
the beams at the pedal end can be nonzero, and as a result the pedal can rotate about Z-axis in the XY plane.
Since the mode shapes used in obtaining the effective
mistunings, (36), are for a resonator configuration with
equal beam lengths, the effect of pedal rotation in XY
plane is not captured by the mistunings. To see the effect of the rotation of pedal in XY plane, we obtain
linear mode shapes for a pedal resonator with a different length of beam 2, L2 = 101 µm, while keeping all
other parameters the same. The resulting natural frequencies of the torsional and the flexural modes for
zero bias voltages are mistuned by −0.70% from 1:2
internal resonance (σ̄in = −0.0070 for  = 1). Thus,
for a length variation corresponding to a nondimensional variable ν2 = 0.01, the effect of including the
pedal rotation about Z-axis is not significant.
The coefficients of parameter for change in pedal
length ν3 , see (36), that define the change in natural frequencies are different from those for parameter ν2 . Thus, the effect of variation in pedal length
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differs only in sensitivity from the effect of variation
in beam 2 length. Equating the sensitivities for ν2
and ν3 in the equation for σ̄in , we can conclude for
the present example that the effect of having beam 2
lengths of 101 µm, 101.1 µm, and 101.01 µm on internal mistuning, and consequently, indirect excitation
of the torsional mode, is equivalent to having pedal
lengths of approximately 102.5 µm, 102.95 µm, and
102.995 µm, respectively. Thus, the frequency mistunings are twice as sensitive to the changes in the pedal
length as compared to the changes in the length of
beam 2.
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Sensitivity of natural frequencies to placement of a
mass particle on the pedal tip is captured by the coefficient of R̂t in (36). Placing a mass particle on the
resonator can be a functional requirement if the resonator is used as a mass sensor device, or commercially available mass particles can be used as a tool for
tuning the resonator to 1:2 internal resonance following fabrication.

The shift in natural frequencies due to the addition
of mass depends on sensitivities S3j , j = 1, 2, and the
ratio Rt of the mass of the added particle to the mass of
the pedal structure. Thus, as expected, a smaller sized
structure will result in a larger shift in frequency for
the same mass particle. This shift in natural frequencies results in mistuning the resonator from 1:2 internal resonance. The indirectly excited out-of-plane
motion of the pedal is very sensitive to any internal
resonance mistunings, and this sensitivity of the indirectly excited response can be utilized in making a
mass sensor device based on the nonlinear pedal microresonator.
Figure 14 shows the effect of adding a particle of
mass ∼6 × 10−12 gm (or 6 pgm) on the pedal tip
which corresponds to Rt = 0.0002. Except for the
AC voltage and the added mass, all other parameters are the same as used for Fig. 9. There are three
responses shown: (i) no mass on the pedal and AC
voltage set to Vac = 0.01 Volts, (ii) a mass of 6 pgm
added to the pedal tip, and the voltage kept the same at
Vac = 0.01 Volts, and (iii) a mass of 6 pgm attached
to the pedal tip, and the voltage level increased by

Fig. 14 Response of the microresonator as a function of input
AC signal frequency for: (i) zero added mass and AC voltage
Vac = 0.01 Volts, (ii) an added mass of 6 picogm at the pedal tip
D and Vac = 0.01 Volts, and (iii) an added mass of 6 picogm at
the pedal tip D with Vac = 0.011 Volts. (a) The out-of-plane

displacement at the tip of the pedal (ZD ); (b) In-plane displacement of the pedal (YC ). Parameters of the microresonator
are: L1 = L2 = 100 µm, Lp = 102 µm, t = 3 µm, b = 5 µm,
bp = 25 µm, d1 = d2 = 2 µm, Vb1 = 10 Volts, Vb1 = 4.46 Volts,
ζ1 = ζ2 = 0.0001, E = 170 GPa, ρ = 2330 kg/m3 , ν = 0.22

7.4 Effect of adding a tip mass
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1 mV to Vac = 0.011 Volts. In case (i), the pedal tip
point D oscillates in an out-of-plane motion with amplitude of ∼0.04 µm when the AC signal frequency is
in resonance with the flexural mode natural frequency.
When a mass of 6 pgm is attached to the pedal tip
while keeping the same actuation level, case (ii), the
torsional mode is sufficiently mistuned away from exact internal resonance, and, therefore, it is not excited.
As a result, the pedal moves only in Y direction in
the XY plane and no response is measured on electrode B. If, however, when the voltage level is now increased to Vac = 0.011 Volts, case (iii), the pedal again
moves in the out-of-plane Z direction with amplitude
of response smaller than the amplitude for zero added
mass and Vac = 0.01 Volts. Thus, the response of the
pedal in the indirectly excited mode is very sensitive
to added mass and can switch from nonzero to zero
amplitude due to the addition of a small mass. Linear microresonators have been designed that utilize a
shift in natural frequency to detect addition of mass [2,
31]; for the present nonlinear pedal microresonator, a
shift in actuation level required to reactivate the out-ofplane motion of the pedal can be used to detect presence of additional mass.

8 Summary and conclusion
A pedal microresonator operating on the principle of
nonlinear modal interactions arising due to autoparametric 1:2 resonance between the lowest torsional and
flexural modes of the resonator is introduced in this
study. Nominal dimensions of the resonator, for having the lowest torsional and flexural mode frequencies in 1:2 ratio, are determined using linear analysis. The flexural mode results in an in-plane motion
of the pedal, while the torsional mode results in an
out-of-plane motion of the pedal. For analyzing the
resonator response for electrostatic actuation of the
flexural mode through a lateral electrode, a two-mode
reduced-order model is developed using the torsional
and flexural mode shapes. The reduced-order model
retains quadratic nonlinearities coupling the flexural
and torsional modes. Asymptotic equations obtained
by first-order averaging are used to determine the response of an example pedal microresonator.
A typical response of such a resonator shows four
unique characteristics in comparison to a linear microresonator: (1) laterally actuated in-plane flexural
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mode results in exciting the internally resonant torsional mode through autoparametric 1:2 resonance,
(2) the out-of-plane response of the pedal structure
arising due to the participation of torsional mode is
nonzero only for an actuation signal frequency interval around the natural frequency of the directly excited flexural mode, (3) the frequency bandwidth over
which the torsional mode participates, and sets the
pedal in out-of-plane motion, can be controlled by actuation voltage, and (4) out-of-plane response of the
pedal is at half the frequency of the actuation signal.
Because of these unique characteristics, the nonlinear
microresonator design holds great potential for use in
RF mixer-filter and sensor devices.
The operation of such a resonator is very sensitive
to any mistuning in 1:2 resonance between the modes.
Adding a mass particle on the resonator impacts drastically the participation of the indirectly excited torsional mode in the resonator response. For a very small
mass perturbation, the out-of-plane response of the
pedal can switch from nonzero (torsional mode participating) to zero amplitude (torsional mode not participating). However, the torsional mode can be reactivated by increasing the actuation level. The required
increase in the actuation level can transduce the addition of mass, and thereby the microresonator can also
be used as a mass sensor.
We finally note that this work is part of a much
larger dedicated effort on design and development of
nonlinear responses based MEMS resonators. The authors are currently working on fabricating such 1:2
internal resonance based microresonators and experimentally verifying the performance characteristics observed in the analytical results.
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