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P( f ) = kf -a                                                                                                                            (2)

log P( f ) = log kf -a                                                                                                       (3)

log P( f ) = log k + f –a                                                                                              (4)

log P( f ) = log k - α log f,                                                (5)

where P is power as a function of frequency f, involving a positive constant k and a scaling 

exponent α. The top panel of Figure 3 shows an example of a power-law relationship.  

One way to understand power-law behavior is in terms of nesting. As observation of 

a system takes on progressively finer grain, progressively more detail is uncovered. Each 

element of the system is made up of smaller elements, which are themselves made up of 

yet smaller elements, and so on. There are no fundamental, indivisible units in such nested 

structure. What remain fundamental are the relationships among elements. At all scales 

of observation, the dynamics are the same. In this case, structure is driven by interactions 

rather than by separable components (Jensen, 1998).

The link between self-organization and power-law behavior is embedded in the de-

tails of how self-organization occurs. Because self-organizing systems reform themselves 

into new structures (in the absence of a controlling external agent), the current configura-

tion of micro-elements (i.e., microscopic constituent parts) must become flexible. At all 

scales, the constraints among micro-elements must break or loosen to some degree before 

the system can change. This breaking apart of micro-elements brings about the nested 

structure that generates power-law behavior. It allows the interactions to dominate the 

behavior of the system. That is, the micro-elements can now explore different structural 

relationships with each other, at every scale. When the micro-elements arrive at a new 

configuration, then the system exhibits different structure (Bak, 1996; Jensen, 1998). 

The degree to which the system exhibits power-law behavior changes as it undergoes 

reorganization. The breaking of constraints increases the degree of power-law behavior 

(i.e., the nested behavior increases). As the system reconfigures, the micro-elements 

are again constrained and power-law behavior decreases.  Figure 4 shows a schematic 

example of the system’s elements breaking apart, and thereby increasing the degree 

of nesting or power-law behavior. Figure 4 illustrates the breaking of constraints across 

three size scales. In reality, this process continues ad infinitum across the size scales (Bak, 

1996; Jensen, 1998).

One standard approach to evaluating the degree of power-law behavior is to run 

spectral analysis on a time series. Spectral analysis decomposes a time series into its con-

stituent oscillations (i.e., sine waves), from very low frequency to very high frequency. It 

describes the dynamics of micro-elements at all time scales; each frequency represents 

a different time scale. The top panel of Figure 3 shows a power-law relationship between 

frequency and power. The bottom panel shows the same relationship plotted on axes of 
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Figure 4. Schematic illustrating the nesting that generates power-law behavior. The mac-
roscopic components apparent in (a) break down into smaller and smaller divisions from 
(b) to (f ) into progressively smaller elements. The tripartite organization at the macroscopic 
scale is found within each of the three elements, and so on down to the more microscopic 
scales. The arrows among the parts indicate the interactions between the elements, that is, 
the dynamics among elements that remain invariant across scales. Large elements popu-
late the system in (a), smaller elements first appear in (b) and overtake the entire system 
in (d), and even smaller elements appear in the rightmost portion of (e). These smallest 
elements spread further in (f ).
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log-power against log-frequency (i.e., a double-log plot). The slope of a linear regression 

of this power spectrum is an estimate of the power-law exponent (see Eqs. 2-5). For a 

power spectrum with slope –α, it is more convenient simply to describe the power-law 

exponent in terms of α. The power-law exponent of a system can vary over time and can 

be an indicator of criticality. As a system approaches a phase transition, its power-law 

exponent will approach a critical value. The critical value of this exponent is the threshold 

value beyond which the system will be at risk for a phase transition. In short, steepness of 

the power-law function is related to the likelihood that a self-organizing system will take 

on a new structure (Van Orden et al., 2003).

As we noted above, the power-law exponent increases toward its critical value, pro-

gressively more constraints within the system are broken, allowing the incipient phase 

transition. In the case of the gear-system problems, we might expect a specific trajectory 

in the power-law behavior of the force-tracing motions. As participants continued force-

tracing, they would be more likely to discover the alternation strategy and thus at greater 

risk for the phase transition that this discovery entails. So, power-law exponents should 

increase as participants continue force-tracing. As the new representation of the gear 

system emerges, power-law behavior decreases, and the constraints of the new structure 

should return. This return of constraints would entail a decrease in power-law exponent 

just before discovery. A power-law exponent of α = 1 has been taken as the standard for 

self-organized criticality and pure interaction-dominant dynamics because it reflects a 

perfect balance between incremental logarithmic power with incremental logarithmic 

frequency. At such a balance, the system is optimally uncommitted to any particular 

configuration (see Bak, 1996; Gilden, 2001; Jensen, 1998; Van Orden et al., 2003). We wish 

to discuss interaction dominance as occurring along a continuum, where α indicates the 

degree to which the system is approaching a phase transition. 

We now present new findings from our work with the gear-system paradigm (Stephen 

et al., 2007, in press). We compiled the angular velocity time series from both studies and 

ran spectral analyses on each trial for each participant, computing the slope to estimate 

power-law exponents. In keeping with our discussion above, we expected that power-

law behavior would first exhibit an increase in power-law exponent (i.e., an extending of 

power-law behavior to longer time-scales) as participants completed more trials of the 

gear-system task without discovering alternation and then a decrease in power-law ex-

ponent (i.e., a weakening of power-law behavior) as participants approached discovery. 

We captured these effects in a simple growth-curve model. The dependent measure, 

α, is modeled as a function of trial number, pre-discovery trial, a dichotomous variable 

distinguishing discoverers from non-discoverers (coded as “everdisc,” since it indexed 

whether participants ever discovered), and an interaction between everdisc and trial num-

ber. Growth-curve modeling is a maximum-likelihood, regression technique developed 

for over-time data analysis. Like ordinary-least-squares multiple regression, it assigns B 
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Figure 5. Power-law exponents of force-tracing motions by trial. Top panel shows a plot 
of power-law exponent by trial, with separate curves for discoverers and non-discoverers. 
Bottom panel shows a plot of power-law exponent by pre-discovery trial, indicating power-
law behavior on the approach to discovery. 
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coefficients to main effects and interactions. The improvement of model fit with each new 

B can be assessed with a single-degree-of-freedom chi-square statistic. This chi-square 

statistic tests the amount of improvement in the deviance of the model, often expressed 

as -2LL, where LL stands for log-likelihood (Singer & Willett, 2003). Figure 5 shows the mean 

power-law exponent for participants who have not yet discovered alternation. As can be 

seen in the figure, the power-law exponent increased over trials as predicted. Interestingly, 

the power-law exponent increased more rapidly for participants who discovered relative 

to non-discovers, B = .01, change in -2 LL χ2 (1) = 4.40, p < .05. The top panel of Figure 5 

shows a separate curve for discoverers and non-discoverers.  Consistent with the predic-

tions described above, the power-law exponent decreased just prior to discovery, B = -.01, 

change in -2 LL χ2 (1) = 4.40, p < .05. This effect is illustrated in the bottom panel of Figure 

5 in which each individual’s trials are aligned on discovery. 

As predicted, the phase transition underlying the discovery of alternation exhibited a 

period of relatively long-range power-law behavior as old structural constraints dissolved 

and as new structural constraints emerged. The implication of this finding is that the cogni-

tive system moves through a continuum of interaction-dominance in order to take on new 

structure. At one end of this spectrum, there would be a regime of complete component-

dominance in which structure might justifiably be decomposed into separable parts. This 

regime of complete component-dominance is characterized by maximal constraint. The 

other end of the spectrum would be a regime of complete interaction-dominance in 

which there are no separable components but only nested interactions. Complementary 

to the regime of complete component-dominance, the regime of complete interaction-

dominance is characterized by fluctuation. 

12. General Discussion

Problem-solving research is the study of cognition as it unfolds in action. Two additional 

facts imbue this seemingly uncontroversial statement with deep implications. First, cog-

nition and action are intertwined in a highly interactive system. While it may seem trivial 

that cognition should have consequences for action, we emphasize the slightly more 

unintuitive converse. Action is not simply a downstream effect of commands from cogni-

tion. Action exerts its own influence on cognition. Here the story gets interesting because 

action entails a continuous exchange with the environment as it must bring about a fit 

between a cognitive system and external constraints. The ability for a cognitive system 

to move adaptively through its environment relies on the system’s openness. Therefore, 

cognition, action, and the environment are involved in a tightly knit process. In this light, 

problem solving can be understood as an open, nonlinear system, and our explanations 

will require the concepts and methods normally brought to bear on such systems.

We propose that the theory of open, nonlinear systems (see Ebeling & Sokolov, 
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2005; Hilborn, 1994; Klimontovich, 1991 for further discussion of this theory) is of utmost 

relevance to problem solving. It provides a compelling account of the unfolding of cogni-

tion in action and the phenomenon of insight. The exchange between an open, nonlinear 

system and its environment leads to complex interactions and energy flows. These interac-

tions and flows amount to perturbations with which the system must cope. The solution 

to such perturbations is the self-organization of new steady states. Action is the complex 

interface at which the cognitive system and environment meet. The self-organizing steady 

states are cognitive structures that emerge as a result of exchanges between the cognitive 

system and environment. Insight is thus emergent structure forged amidst the nonlinear 

interactions of cognition, action, and the environment. 

As controversial as this proposal may seem at first, the core ideas are not new. Köhler 

(1947) suspected long ago that something along these lines was at play. According to 

Gestalt theory, dynamics of the cognitive system in its environment conspire to produce 

insight. All that was missing from the Gestalt enterprise was the correct physics; not 

enough was yet known about the kind of dynamics needed to make the Gestalt theory 

concrete. 

Although the ideas are old, the tractability of putting Köhler’s suspicions to the test 

is new. The recent developments in nonlinear dynamics suggest exciting ways to revisit 

the old interpretations of psychological issues (Haken et al., 2005). In our research, we 

have placed problem solving in dynamical terms, only applying newer aspects of what 

dynamical system theory has to offer. 

13. The gear-system paradigm: Insights from problem solving

In our work with the gear-system paradigm (Dixon & Bangert, 2002, 2004 ; Dixon & Dohn, 

2003; Dixon & Kelley, 2006, 2007; Stephen et al., in press), we have focused on the interac-

tion of the solver with the environment. We propose that these interactions may carry 

subtle structure that has not yet been fully explored and that action captures the fine-

grained details of these interactions. Whereas action has often been treated merely as a 

downstream consequence of existing cognitive structure, we propose that action is crucial 

for understanding the emergence of new cognitive structure. Thus, our work has been 

an attempt to describe cognitive structure as an emergent property of the interactions 

between solver and task environment.

The interaction of a problem-solving system with its environment finds a strong 

parallel with the notion of an open, nonlinear dynamical system. This framework rests 

solely on the assumption that a cognitive system behaves according to the laws of phys-

ics, specifically those of irreversible thermodynamics (Iberall, 1977; Prigogine, 1961, 1980; 

Soodak & Iberall, 1987). Following this framework, we set out to test the hypothesis that 

cognitive structure is a self-organizing consequence of action. Our findings provided 

preliminary support for this prediction. 
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The work reviewed above strikes a contrast with more conventional approaches to 

problem solving that involve representational systems. These representational systems 

often rely on symbols or insular mental processes. On our account, a representation is 

dynamical organization specifying the behavior of a biological system in a given task 

environment. In the conventional interpretations of cognition as a symbolic or mental 

phenomenon, computations play a major role in structuring impoverished sensory inputs 

and structuring actions around preexisting representations (Fodor, 2000). We propose 

that, on the contrary, the continuous, dynamic interactions between an organism and its 

environment are sufficient to generate new cognitive structure. Indeed, we recognize that 

the term “representation” may no longer apply to our description of cognitive structure. A 

representation would entail an intermediary cognition structure between organism and 

environment and an indirect relationship between the two. The dynamical organization 

does not represent information to any mental faculty but, rather, directly embodies the 

environmental structure to which it refers (Thelen & Smith, 1994).

Our approach to problem solving deviates dramatically from the traditional ap-

proaches taken more frequently in cognitive science. We propose that it is both possible 

and instructive to consider cognitive structure in non-representational terms. Clearly, 

problem-solving behavior reflects structure in the cognitive system. This structure appears 

sufficiently stable in the short term to have merited a symbolic description. However, if 

we wish to tackle the issue of emergent structure that lies at the heart of problem solv-

ing, the symbolic description will benefit from a thoroughly nonsymbolic account from 

nonlinear dynamics. Taking a step in this direction means reconciling symbolic description 

with the morphology and dynamics of embodiment. In this view, structure in problem-

solving behavior is a by-product of self-organization. Improvement of performance and 

optimization remain the important factors, but our approach simply phrases these factors 

in the subsymbolic terms of nonlinear dynamics. 

In this formulation, cognition is the perpetual breaking and reforming of constraints 

to produce progressively complex order. There is no mental agent exploiting rules and 

manipulating sensory data. Instead, the cognitive system is softly assembled organism 

and in direct contact with a world rich with environmental structure. The soft assembly 

of the cognitive system and its tendency toward interaction-dominance leaves it open 

to reorganization and sensitive to what new structure the environment might afford. En-

vironmental structure is the groundwork upon which the reorganization occurs, giving 

rise to emergent cognitive structure. Throughout, there is the ongoing sequence noted 

above, namely, the breaking and reforming of constraints. Changes in entropy and power-

law behavior each indicate this ongoing sequence, and we have shown these changes to 

hold for the emergence of cognitive structure in the gear-system task. We anticipate that 

concepts from nonlinear dynamics, such as entropy and power-law behavior, will soon be 

central to our understanding of cognition.
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